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Preface

Geometric measure theory has roots going back to ancient Greek mathematics, for
considerations of the isoperimetric problem (to find the planar domain of given
perimeter having greatest area) led naturally to questions about spatial regions and
boundaries.

In more modern times, the Plateau problem is considered to be the wellspring of
questions in geometric measure theory. Named in honor of the nineteenth century
Belgian physicist Joseph Plateau, who studied surface tension phenomena in general,
and soap films and soap bubbles in particular, the question (in its original formulation)
was to show that a fixed, simple, closed curve in three-space will bound a surface of
the type of a disk and having minimal area. Further, one wishes to study uniqueness
for this minimal surface, and also to determine its other properties.

Jesse Douglas solved the original Plateau problem by considering the minimal
surface to be a harmonic mapping (which one sees by studying the Dirichlet integral).
For this work he was awarded the Fields Medal in 1936.

Unfortunately, Douglas’s methods do not adapt well to higher dimensions, so it
is desirable to find other techniques with broader applicability. Enter the theory of
currents. Currents are continuous linear functionals on spaces of differential forms.
Brought to fruition by Federer and Fleming in the 1950s, currents turn out to be
a natural language in which to formulate the sorts of extremal problems that arise
in geometry. One can show that the natural differential operators in the subject
are closed when acting on spaces of currents, and one can prove compactness and
structure theorems for spaces of currents that satisfy certain natural bounds. These
two facts are key to the study of generalized versions of the Plateau problem and
related questions of geometric analysis. As a result, Federer and Fleming were able
in 1960 to prove the existence of a solution to the general Plateau problem in all
dimensions and codimensions.

Today, geometric measure theory, which is properly focused on the study of
currents and their geometry, is a burgeoning field in its own right. Furthermore, the
techniques of geometric measure theory are finding good use in complex geometry,
in partial differential equations, and in many other parts of modern geometry. It is
desirable to have a text that introduces the graduate student to key ideas in this subject.
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The present book is such a text. Demanding minimal background—only basic
courses in calculus and linear algebra and real variables and measure theory—this
book treats all the key ideas in the subject. These include the deformation theorem,
the area and coarea formulas, the compactness theorem, the slicing theorem, and
applications to fundamental questions about minimal surfaces that span given bound-
aries. In an effort to keep things as fundamental and near-the-surface as possible, we
eschew generality and concentrate on the most essential results. As part of our effort
to keep the exposition self-contained and accessible, we have limited our treatment
of the regularity theory to proving almost-everywhere regularity of mass-minimizing
hypersurfaces. We provide a full proof of the Lipschitz space estimate for harmonic
functions that underlies the regularity of mass-minimizing hypersurfaces.

The notation in this subject—which is copious and complex—has been carefully
considered by these authors and we have made strenuous effort to keep it as stream-
lined as possible. This is virtually the only graduate-level text in geometric measure
theory that has figures and fully develops the subject; we feel that these figures add
to the clarity of the exposition.

It should also be stressed that this book provides considerable background to bring
the student up to speed. This includes

* measure theory

* lower-dimensional measures and Carathéodory’s construction
e Haar measure

e covering theorems and differentiation of measures

* Poincaré inequalities

o differential forms and Stokes’s theorem

e athorough introduction to distributions and currents

Some students will find that they can skip certain of the introductory material; but it
is useful to have it all present to establish terminology and notation, as a resource, and
for reference. We have also made a special effort to keep this book self-contained.
We do not want the reader running off to other sources for key ideas; he or she should
be able to read this book while sitting at home.

Geometric measure theory uses techniques from geometry, measure theory, anal-
ysis, and partial differential equations. This book showcases all these methodologies,
and explains the ways in which they interact. The result is a rich symbiosis that is
both rewarding and educational.

The subject of geometric measure theory deserves to be known to a broad audience,
and we hope that the present text will facilitate the dissemination of the subject to a
new generation of mathematicians. It has been our pleasure to record these topics in
a definitive and accessible and, we hope, lively form. We hope that the reader will
derive the same satisfaction in studying these ideas in the present text. Of course, we
welcome comments and criticisms, so that the book may be kept lively and current
and as accurate as possible.
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1

Basics

Our purpose in this chapter will be to establish notation and terminology. The reader
should already be acquainted with most of the concepts discussed and thus might
wish to skim the chapter or skip ahead, returning if clarification is needed.

1.1 Smooth Functions

The set of real numbers will be denoted by R. In this book, we will be concerned with
questions of geometric analysis in an N-dimensional Euclidean space. That is, we
will work in the space RY of ordered N-tuples of real numbers. The inner product
x -y of two elements x, y € R is defined by setting

N
Xey=y Xy,

i=1

where
x =(x1,x2,...,xy) and y = (y1,y2,..., YN) .

Of course, the inner product is a symmetric, bilinear, positive definite function on
RYN x RN. The norm of the element x € RY, denoted by |x|, is defined by setting

x| = /x - x, (1.1)

as we may since x - x is always nonnegative. The standard orthonormal basis elements
for RY will be denoted bye;,i = 1,2,..., N. Specifically, e; is the vector with
N entries, all of which are 0’s except the ith entry, which is 1. For computational
purposes, elements of R" should be considered column vectors. Column vectors can
waste space on the page, and so we sometimes take the liberty of using row vector
notation, as we did above.

The open ball of radius r > 0 centered at x will be denoted by B(x, r) and is
defined by setting

G.S. Krantz, R.H. Parks (eds.), Geometric Integration Theory, doi: 10.1007/978-0-8176-4679-0 1, 1
© Birkhduser Boston, a part of Springer Science + Business Media, LLC 2008



2 1 Basics

Bx,r)={yeRY : |x—y|<r}.

The closed ball of radius r > 0 centered at x will be denoted by B(x, r) and is defined
by setting _
Bx.r)={yeR" : x—y|=r}.

The standard topology on the space R is defined by letting the open sets consist
of all arbitrary unions of open balls. The closed sets are then defined to be the
complements of the open sets. For any subset A of RV (or of any topological space),

there is a largest open set contained in A. That set, denoted by A, is called the interior
of A. Similarly, A is contained in a smallest closed set containing A and that set,
denoted by A, is called the closure of A. The topological boundary of A, denoted by
0A, is defined by setting

IA=A\A.

Remark 1.1.1.

(1) At this juncture, the only notion of boundary in sight is that of the topological
boundary. Since later we shall be led to define another notion of boundary, we
are taking care to emphasize that the present definition is the topological one.
When it is clear from context that we are discussing the topological boundary,
then we will refer simply to the “boundary of A.”

(2) The notations A and A for the interior and closure, respectively, of the set A
are commonly used but are not universal. A variety of notations is used for the
topological boundary of A, and d A is one of the more popular choices.

Let U € R" be any open set. A function f : U — R is said to be continuously
differentiable of order k, or C, if f possesses all partial derivatives of order not
exceeding k and all of those partial derivatives are continuous; we write f € C¥ or
f € CKU) if U is not clear from context. If the range of f is also not clear from
context, then we write (for instance) f € C k(U :RM). When k = 1, we simply say
that f is continuously differentiable. The function f is said to be C®°, or infinitely
differentiable, provided that f € C¥ for every positive k. The function f is said to be
in C®, or real analytic, provided that it has a convergent power series expansion about
each point of U. We direct the reader to [KPk 02] for matters related to real analytic
functions. We also extend the preceding notation by using f € C° to indicate that f
is continuous.

The order of differentiability of a function is referred to as its smoothness. By a
smooth function, one typically means an f € C°°, but sometimes one may mean an
f € CK, where k is an integer as large as turns out to be needed.

The support of a continuous function f : U — RM denoted by supp f, is the
closure of the set of points where f # 0. We will use Cf to denote the C* functions
with compact support; here k can be a nonnegative integer or co.

Let Z denote the integers, Z™ the nonnegative integers, and N the positive integers.
A multi-index « is an element of (Z1)", the Cartesian product of N copies of Z7.
fa = (a1, a2, ...,ay) is a multi-index and x = (x1, x2, ..., xy) is a point in RV,
then we introduce the following standard notation:
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x% = ()" () - ()N,
ol =a1 +oa2+---t+an,

glel 9u g2 9N

@ = a.01 a o ay
0x dx; ' 0x, Xy

o= (a]!)(az!) R ((XN!).

With this notation, a function f on U is CX if (8! /9x%) f exists and is continuous
for all multi-indices « with |a| < k.
We will sometimes find it convenient to use the alternative notations

9 0?
Dy f = —f and Dy, x, f = 8x-8{c~
! J

3)6,'

for the partial derivatives of the function f (which may be a real-valued or vector-
valued function).

Definition 1.1.2. If f is defined in a neighborhood of p € RV, and if f takes values
in RM | then we say that f is differentiable at p when there exists a linear function
Df(p) : RN — RM sych that

_ (D _
@) = f(p) = (DFP). x =P _ 12

li
x—=p |x — pl

In case f is differentiable at p, we call Df (p) the differential of f at p.

Advanced calculus tells us that if f is differentiable as in Definition 1.1.2, then
the first partial derivatives of f exist and that we can evaluate the differential applied
to the vector v using the equation

N of N of
D , V) = i —(p) = - v) —(p), 1.3
(Df(p), v) ;v 7 () ;“” V) 5 (P) (1.3)
where v = Y 7, vie;. The Jacobian matrix' of f at p is denoted by Jac f and is
defined by
af1 af1 af1
ox1 (p) 31z (p) Bxn (p)
af2 af2 af2
cf=| 3 o P gy P
afu . ofu 8fu
ﬂ(p) ﬂ(p) ﬂ(p)
0x] 0x2 oxn

I Carl Gustav Jacobi (1804-1851).



4 1 Basics
For v € RY, we have
(Df(p), v) = [Jac f]v, (1.4)

where on the right-hand side of (1.4) the vector v is represented as a column vector
and Jac f operates on v by matrix multiplication. Equation (1.4) is simply another
way of writing (1.3). We will sometimes find it convenient to use the notation

Dy f(p) = (Df(p), v).
We will denote the collection of all M-by-N matrices with real entries by
Muy.n -

The Hilbert—Schmidt norm> on My, y is defined by setting

172

M N
| (@) | = | 22 @p?

i=1 j=1

for (ai, j) € My, n. The standard topology on My,  is that induced by the Hilbert—
Schmidt norm. Of course, the mapping

M N
(ai.j) — Z Zflw‘ Cit(j-HM
i=1 j=1
from My n to RMN 5 a homeomorphism.

The function sending a point to its differential, when the differential exists, takes its
values in the space of linear transformations from RN toRM a space often denoted
by Hom (R, RM). The space Hom (RY, RM) can be identified with My y by
representing each linear transformation by an M x N matrix. The Jacobian matrix
provides that representation for the differential of a function.

The standard topology on Hom (RY, RM) is that induced by the Hilbert—Schmidt
norm on My, y and the identification of Hom (R, R™) with M, y. On a finite-
dimensional vector space, all norms induce the same topology, so, in particular, the
same topology is given by the mapping norm on Hom (RY, R™) defined by

ILIl = sup{ |IL(v)| : veRY, [v] <1}.
We see that f : U — RM is C! if and only if
p+ Df(p)

is a continuous mapping from U into Hom (RY , RM).

2 David Hilbert (1862-1943), Erhard Schmidt (1876-1959).
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Definition 1.1.3. If f € Ck(U, RM), k=1,2,..., we define the kth differential of
f at p, denoted by DX f(p), to be the k-linear R™ -valued function given by

N k k

(D f @) rovzo) = 3, [ mﬂm . (15)
i1,00,..,ig=1j=1

Note that in the case k = 1, equations (1.3) and (1.5) agree. Also note that the
equality of mixed partial derivatives guarantees that DX f (p) is a symmetric function.
The interested reader may consult [Fed 69, 1.9, 1.10, 3.1.11] to see the kth differential
placed in the context of the symmetric algebra over a vector space.

Finally, note that in case k > 1, one can show inductively that (1.5) agrees with
the value of the differential at p of the function

(D1 £ (), (i, 02, k)
applied to the vector vy, that is,
(DX F(p), (1,02, ..., 00)) = (D (D f(p), (v1,v2, ..., vk—1)), wg)

holds.
In case M = 1, one often identifies the differential of f with the gradient vector
of f, denoted by grad f and defined by setting

Similarly, the second differential of f can be identified with the Hessian matrix> of
f, denoted by Hess (f) and defined by

32 f 3 f 3 f
8_)512 0x10xy  9x10xy
3 f 3 f 3 f
Hess (f) = 0x2 0x] B_x% T 9x00xy
3 f 3 f 3 f
8xN8x1 8)61\]3)62 @

If f is suitably smooth, one has

v-grad f = (Df, v)
and
v+ ([Hess (f)]w) = (D*f, (v, w)),

for vectors v and w represented as columns and where [Hess ( f)] w indicates matrix
multiplication.

3 Ludwig Otto Hesse (1811-1874).



6 1 Basics
1.2 Measures

Standard references for basic measure theory are [Fol 84], [Roy 88], and [Rud 87].
Since there are variations in terminology and notation among authors, we will briefly
review measure theory. We shall not provide proofs of most statements, but instead
refer the reader to [Fol 84], [Roy 88], and [Rud 87] for details.

Definition 1.2.1. Let X be a nonempty set.

(1) By a measure on X we mean a function u defined on all subsets of X satisfying
the conditions u(¥) = 0, A € B implies u(A) < u(B), and

7 ( U A) < Z w(A) if F is collection of subsets of X

AT AT with card (F) < Ry. (1.6)
(2) If aset A C X satisfies
w(E)=pn(ENA)+p(E\ A) forall E C X, (1.7)

then we say that A is u-measurable.

The condition (1.6) is called countable subadditivity. Since the empty union is
the empty set and the empty sum is zero, countable subadditivity implies u (%) = 0.
Nonetheless, it is worth emphasizing that () = 0 must hold.

Proposition 1.2.2. Let u be a measure on the nonempty set X.
(1) If u(A) = 0, then A is p-measurable.
(2) If A is u-measurable and B C X, then
n(AUB) = u(A) + n(B) — u(AN B).
Definition 1.2.3. Let X be a nonempty set. By a o-algebra on X is meant a family

M of subsets of X such that
(HPeM,XeM,

(2) M is closed under countable unions,
(3) M is closed under countable intersections, and
(4) M is closed under taking complements in X.

Theorem 1.2.4. If 11 is a measure on the nonempty set X, then the family of |-
measurable sets forms a o-algebra.

Theorem 1.2.5. Let j be a measure on the nonempty set X.

(1) If F is an at most countable family of pairwise disjoint j.-measurable sets, then

M(U A>= D u(A).

AeF AeF
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2)If A1 € Ay C A3 C ---is a nondecreasing family of -measurable sets, then

o0
n (Ul Ai> = lim u(Ay).
1=

(3)If By 2 B> 2 B3 2 --- is a nonincreasing family of w-measurable sets and

w(B1) < 00, then
o0
B; | =1 B)).
u(ﬂ z> iingou( i)

i=1

Remark 1.2.6. The conclusion (1) of Theorem 1.2.5 is called countable additivity.
Many authors prefer the term outer measure for the countably subadditive functions
we have called measures. Those authors define a measure to be a countably additive
function on a o-algebra. But if M is a o-algebra and

m:M—{t:0<t <00}
is a countably additive function, then one can define ;t(A) for any A C X by setting
w(A) =inf{m(E): AC E e M}.

With u so defined, we see that (A) = m(A) holds whenever A € M and that every
set in M is u-measurable. Thus it is no loss of generality to assume from the outset
that a measure is defined on all subsets of X. It should be stressed that even though the
measure is defined on all subsets of X, some subsets of X will not be -measurable.

The notion of a regular measure, defined next, gives additional useful structure.

Definition 1.2.7. A measure 1 on a nonempty set X is regular if for each set A C X
there exists a u-measurable set B with A C B and u(A) = u(B).

One consequence of the additional structure available when one is working with
a regular measure is given in the next lemma. The lemma is easily proved using the
analogous result for p-measurable sets, i.e., Theorem 1.2.5(2).

Lemma 1.2.8. Let u be a regular measure on the nonempty set X. If a sequence of
subsets {A j} of X satisfies Ay € Ay C ---, then

o0
A | = lim wa)).
m U1 j| = lim p(a))
]:

Definition 1.2.9. If X is a topological space, then the Borel sets* are the elements of
the smallest o -algebra containing the open sets.

4 Emile Borel (1871-1956).



8 1 Basics

For a measure on a topological space, it is evident that the measurability of all
the open sets implies the measurability of all the Borel sets, but it is typical for the
Borel sets to be a proper subfamily of the measurable sets. For instance, the sets in
RN known as Suslin sets® or (especially in the descriptive set theory literature) as
analytic sets are pu-measurable for measures p of interest in geometric analysis. Any
continuous image of a Borel set is a Suslin set, so every Borel set is ipso facto a Suslin
set. Suslin sets are discussed in Section 1.7.

For the study of geometric analysis, the measures of interest always satisfy the
following condition of Borel regularity.

Definition 1.2.10. Let & be a measure on the topological space X. We say that p is
Borel regular if every open set is p-measurable and if for each A € X, there exists
aBorel set B C X with A C B and u(A) = u(B).

Often we will be working in the more restrictive class of Radon measures® defined
next.

Definition 1.2.11. Suppose y is a measure on a locally compact Hausdorff space’ X.
We say that u is a Radon measure if the following conditions hold:

(1) Every compact set has finite © measure.
(2) Every open set is p-measurable, and if V C X is open, then

w(V) =sup{ u(K): K iscompactand K C V }.

(3) Forevery A C X,

w(A) =inf{ u(V):V isopenand ACV }.
Definition 1.2.12. Let X be a metric space with metric o.
(1) Foraset A € X, we define the diameter of A by setting

diam A = sup{ o(x,y) :x,y € A }.

(2) For sets A, B C X, we define the distance between A and B by setting

dist(A, B) = inf{o(a,b):a € A, be B}.

If A is the singleton set {ag }, then we will abuse the notation by writing dist(ag, B)
instead of dist({ag}, B).

When one is working in a metric space, a convenient tool for verifying the mea-
surability of the open sets is often provided by Carathéordory’s criterion,® which we
now introduce.

5 Mikhail Yakovlevich Suslin (1894-1919).
6 Johann Radon (1887-1956).

7 Felix Hausdorff (1869-1942).

8 Constantin Carathéodory (1873-1950).
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Theorem 1.2.13 (Carathéodory’s criterion). Suppose w is a measure on the metric
space X. All open subsets of X are pu-measurable if and only if

n(A) + u(B) <= n(AUB) (1.8)
holds whenever A, B C X with 0 < dist(A, B).

Proof. First, suppose all open subsets of X are p-measurable and let A, B € X with
0 < dist(A, B) be given. Setting d = dist(A, B), we can define the open set

V={xeX: dist(x,A) <d/2}.
Since V is open, thus p-measurable, we have
HAUB) =p[(AUB)NV]+ ul(AUB)\ V] = u(A) + n(B),

so (1.8) holds.

Conversely, let V. C X be open and suppose (1.8) holds whenever A, B € X
with 0 < dist(A, B). Let E C X be an arbitrary set. Without loss of generality, we
may suppose that £(E) < oo holds. Using (1.8) inductively, we see that

W(E) =Y p(lx € E:1/Qi+1) < dist(x, V) < 1/(20)})

i=1
and likewise,

n

W(E) =Y p(lx € E:1/Q2i +2) <dist(x, V) < 1/2i + D}).

i=1
Since n was arbitrary, we conclude that
o0
2u(E) 2 ) p(fx € E: 1/ + 1) <dist(x, V) < 1/i}),

i=1

SO

0=€nooo P p({x € E:1/( +1) < dist(x, V) < 1/i})

> upu({x e E:0 <dist(x, V) < 1/n}).
Again using (1.8), we see that

WE) > pn(ENV)+u({x € E: 1/n <dist(x, V)})
>u(ENVY+u(E\V)—u({x € E:0<dist(x, V) < 1/n}),

and letting n — 0o, we obtain
wWE) = u(ENV)+u(E\V).

Since E C X was arbitrary, V is u-measurable. O
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1.2.1 Lebesgue Measure

To close out this section, we define Lebesgue measure’ on R. Other measures will
be defined in Chapter 2.

Definition 1.2.14. For A C R, the (one-dimensional) Lebesgue measure of A is
denoted by £'(A) and is defined by setting £!(A) equal to

inf { Z length (1) : Z is a family of bounded open intervals, A C U 1 } . (1.9)
1T 1€T

Here, of course, if I = (a, D) is an open interval, then length(/) = b — a.

Itis easy to see that £! is ameasure, and it is easy to apply Carathéodory’s criterion
(by dividing long intervals into short intervals) to see that all open sets in the reals
are £! measurable. The purpose of the Lebesgue measure is to extend the notion of
length to more general sets. It may not be obvious that the result of the construction
agrees with the ordinary notion of length, so we confirm that fact next.

Lemma 1.2.15. If a bounded, closed interval [a, b] is contained in the union of
finitely many nonempty, bounded, openintervals, (a1, b1), (az, ba), ..., (a,, by), then
it holds that

b—a §Z(b,-—a,~). (1.10)

Proof. Noting that the result is obvious when n = 1, we argue by induction on n by
supposing that the result holds for all bounded, closed intervals and all  less than or
equal to the natural number N.

Consider
N+1

vlc @ b
i=1

At least one of the intervals contains a, so by renumbering the intervals if need be,
we may suppose a € (an+1,by+1). Also, we may suppose by < b, because
b <byy1 would giveusb —a < byi+1 —an+1.

We have

N
[bn1, D] QU(ai,b:’),

and thus, by the induction hypothesis,

N

b—byy1 < Z(bi —a;),
i=1

SO

9 Henri Léon Lebesgue (1875-1941).
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N N+1

b—a < (byy1—an41)+(b—byy1) < (bypi—ansD)+ Y (bi—a) = Y (bi—a;),
i=1 i=1

as required. O

Corollary 1.2.16. The Lebesgue measure of the closed, bounded interval [a, b] equals
b—a.

Proof. Clearly, we have £l ([a, b]) < b —a. To obtain the reverse inequality, we ob-
serve that, if [a, b] is covered by a countable family of open intervals, then by com-
pactness, [a, b] is covered by finitely many of the open intervals. It then follows from
the lemma that the sum of the lengths of the covering intervals exceeds b — a. O

Lebesgue measure is the unique translation-invariant measure on R that assigns
measure 1 to the unit interval. The next example shows us that not every set is
L!-measurable.

Example 1.2.17. Let Q denote the rational numbers. Notice that for each a € R, the
set X, defined by
Xe={a+q:qeQ}
intersects the unit interval [0, 1]. Of course, if a; — ap is a rational number, then
X4, = Xg,, but also the converse is true: if X, = X,,, thena; —ap € Q.
By the axiom of choice, there exists a set C such that

cnNilo, 11N X,

has exactly one element for every a € R. By the way C is defined, the sets C — g =
{c—q:ceC}, q e 0, 1]1NQ, mustbe pairwise disjoint. Because £! is translation-
invariant, all the sets C — ¢ have £! measure equal to L£1(C), and if one of those sets
is £!-measurable, then all of them are.

Now, if t € [0, 1], then there is ¢ € [0, 1] N X,, thatis, ¢ =t + g with ¢ € Q.
Equivalently, we can write ¢ = ¢ —t, sowe see that —1 < g < landf € C —gq.
Thus we have

o.11c |J €-g9ci-1.2] (1.11)
qe[-1,11NQ
and the sets in the union are all pairwise disjoint.

If C were £!-measurable, then the left-hand containment in (1.11) would tell us
that £1(C) > 0, while the right-hand containment would tell us that £'(C) = 0.
Thus we have a contradiction. We conclude that C is not £!-measurable. O

The construction in the Example 1.2.17 is widely known. Less well known is
the general fact that if u is a Borel regular measure on a complete, separable metric
space such that there are sets with positive, finite measure and with the property that
no point has positive measure, then there must exist a set that is not p-measurable
(see [Fed 69, 2.2.4)).

The construction of nonmeasurable sets requires the use of the axiom of choice.
In fact, Robert Solovay has used the method of forcing (originally developed by Paul
Cohen (1934-2007)) to construct a model of set theory in which the axiom of choice
is not valid and in which every set of reals is Lebesgue measurable (see [Sov 70]).
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1.3 Integration

The definition of the integral in use in the mid 1800s was that given by Augustin-Louis
Cauchy (1789-1850). Cauchy’s definition is applicable to continuous integrands,
and easily extends to piecewise continuous integrands, but does not afford more
generality. This lack of generality in the definition of the definite integral compelled
Bernhard Riemann (1826-1866) to clarify the notion of an integrable function for his
investigation of the representation of functions by trigonometric series.

Recall that Riemann’s definition of the integral of a function f : [a, b] — R is
based on the idea of partitioning the domain of the function into sub-intervals. This
approach is mandated by the absence of a measure of the size of general subsets of the
domain. Measure theory takes away that limitation and allows the definition of the
integral to proceed by partitioning the domain via the inverse images of intervals in
the range. While this change of the partitioning may seem minor, the consequences
are far-reaching and have provided a theory that continues to serve us well.

1.3.1 Measurable Functions

Definition 1.3.1. Let x be a measure on the nonempty set X.

(1) The term p-almost can serve as an adjective or adverb in the following ways:
(a) Let P(x) be a statement or formula that contains a free variable x € X. We
say that P(x) holds for w-almost every x € X if

u,({x € X : P(x) is false }) —0.

If X is understood from context, then we simply say that P (x) holds w-almost
everywhere.

(b) Two sets A, B € X are u-almost equal if their symmetric difference has
[L-measure zero, i.e., ,u[(A \ B)U(B\ A)] =0.

(c) Two functions f and g, each defined for p-almost every x € X, are said to
be w-almost equal if f(x) = g(x) holds for p-almost every x € X.

(2) Let Y be a topological space. By a u-measurable, Y -valued function we mean
a Y-valued function f defined for u-almost every x € X such that the inverse
image of any open subset U of Y is a p-measurable subset of X, that is,

@f:DCX—>Y,
®) u(X \ D) =0, and
(¢) f~1(U) is u-measurable whenever U C Y is open.

Remark 1.3.2.

(1) For the purposes of measure and integration, two functions that are p-almost
equal are equivalent. This defines an equivalence relation.

(2) It is no loss of generality to assume that a p-measurable function is defined at
every point of X. In fact, suppose f is a u-measurable, Y-valued function with
domain D and let yp be any element of Y. We can define the p-measurable
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function f X — Y by setting f fonD and f(x) = yp, forallx € X \ D.
Then f and f are p-almost equal and f is defined at every point of X.

Next we state two classical theorems concerning measurable functions due to
Egorov!? and Luzin.!!

Theorem 1.3.3 (Egorov’s theorem). Let i be a measure on X and let f1, fa, ...
be real-valued, w-measurable functions. If A C X with u(A) < oo,

lim f,(x) = g(x) exists for p-almost every x € A,
n—o0

and € > 0, then there exists a p-measurable set B, with u(A \ B) < €, such that f,
converges uniformly to g on B.

Theorem 1.3.4 (Luzin’s theorem). Letr X be a metric space and let u be a Borel
regular measure on X. If f : X — R is pu-measurable, A C X is p-measurable with
Ww(A) < oo, and € > 0, then there exists a closed set C C A, with u(A\ C) < ¢,
such that f is continuous on C.

One reason for the usefulness of the notion of a p-measurable function is that
the set of p-measurable functions is closed under operations of interest in analysis
(including limiting operations). This usefulness is further enhanced by using the
extended real numbers, which we define next.

Definition 1.3.5. Often we will allow a function to take the values +0o0 = oo and
—o0. To accommodate this generality, we define the extended real numbers

R=RU {o0, —o0}.
The standard ordering on R is defined by requiring
x <y if and only if

(x,y)e({—oo}xﬁ) U (Rx{oo}) U{G,y) eRxR:x <y).

The operation of addition is extended by requiring that it agree with values already
defined for the real numbers, by demanding that the operation be commutative, and
by assigning the values given in the following table:

+| -0 xeR 400
+oolundefined +o0 +o00
—00| —o0 —o0 undefined

The operation of multiplication is extended by requiring that it agree with values
already defined for the real numbers, by demanding that the operation be commutative,
and by assigning the values given in the following table:

10 Dimitrir Fedorovich Egorov (1869-1931).
' Nikolai Nikolaevich Luzin (Nicolas Lusin) (1883-1950).
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X |-o0o<x<0 0 0<x <400
+00 —00 undefined +00
—00 +00 undefined —00

The topology on R has as a basis the finite open intervals and the intervals of the form
[—00, a) and (a, oo] fora € R.

The extension of each arithmetic operation given above is maximal subject to
the requirement that the operation remain continuous. Nonetheless, when defining
integrals, it is convenient to extend the above definitions by adopting the convention
that

0-0c0=0-(—00)=0.

Theorem 1.3.6. Let (1 be a measure on the nonempty set X.

() If f and g are p-measurable, extended-real-valued functions and if f + g (re-
spectively, fg) is defined p-almost everywhere, then f + g (respectively, fg) is
u-measurable.

(2) If f and g are p.-measurable, extended-real-valued functions, then the functions
max{ f, g} and min{ f, g} are pt-measurable.

B If f1, f2, ... are u-measurable, extended-real-valued functions, then the func-
tions limsup,,_, o, fn and liminf,_,  f, are p-measurable.

1.3.2 The Integral

Definition 1.3.7. For a function f : X — R we define the positive part of f to be
the function f* : X — [0, oo] defined by setting

fx)if f(x) >0,

+oy
[T = 0 otherwise.

Similarly, the negative part of f is denoted by f~ and is defined by setting

_ | fxif f(x) <0,
)= 0 otherwise.

Definition 1.3.8.

(1) The characteristic function of S C X is the function with domain X defined, for
x € X, by setting
lifx €S,
Ks(x) = {o ifx ¢S,
(2) By a simple function is meant a linear combination of characteristic functions of
subsets of X; that is, f is a simple function if it can be written in the form

n
f=Yaix,, (1.12)
i=1

where the numbers a; can be real or complex, but only finite values are allowed
(that is, a; # £00).



1.3 Integration 15

The nonnegative, u-measurable, simple functions are of particular interest for
integration theory.

Lemma 1.3.9. Let u be a measure on the nonempty set X. If f : X — [0, oo]
is u-measurable, then there exists a sequence of wu-measurable, simple functions
hy: X —>[0,00],n=1,2,..., such that

MHO0<h =hy<---=<f, and
2) lin;oh,, = f(x), forall x € X.
n—

Proof. We can set
n2"—1

hn=nXy + Y 27",

i=1

where B, = f_1<[n,oo]>,and
A; =f—1([i.2—", (i+1).2—")), i=1,2,...,02" 1. O

Definition 1.3.10. Let . be a measure on the nonempty set X. If f : X — R is u-
measurable, then the integral of f with respect to u or, more simply, the u-integral
of f (or, more simply yet, the integral of f when the measure is clear from context)

is denoted by
[ ran= [ reoduc

and is defined as follows:

(1) In case f is a nonnegative, simple function written as in (1.12) with each A;
jp-measurable, we set

/fdu=2al~u(Ai>. (1.13)
i=1

(2) In case f is a nonnegative function, we set

/ fdu= sup{ [hdu :0<h < f, h simple, u-measurable } . (1.14)

(3) In case at least one of/ ftdu and / f~ du is finite, so that

[ rran= [ 5 au
/fdusz+du—/f‘du~ (1.15)

is defined, we set
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(4) In case both / fTdu and / f~ du are infinite, the quantity / f du is unde-
fined.

Definition 1.3.11.

(1) To integrate f over a subset A of X, we multiply f by the characteristic function
of A, that is,
/fduz/f-XAdu.
A

(2) The definition of | f du extends to complex-valued, respectively RV -valued,

functions by separating f into real and imaginary parts, respectively components,
and combining the resulting real-valued integrals using linearity.

3 If / | f1du is finite, then we say that f is wu-integrable (or simply integrable if

the measure p is clear from context). In particular, f is p-integrable if and only
if | f] is w-integrable.

Remark 1.3.12.

(1) By a Lebesgue integrable function is meant an £!-integrable function in the
terminology of Definition 1.3.11(3).
(2) The theories of Riemann integration and Lebesgue integration are connected by
the following theorem:
A bounded, real-valued function on a closed interval is Riemann inte-
grable if and only if the set of points at which the function is discontinuous
has Lebesgue measure zero.
We will not prove this result. A proof can be found in [Fol 84, Theorem (2.28)].
(3) The reader should be aware that the terminology in [Fed 69] is different from that
which we use: In [Fed 69] a function is said to be “u integrable” if f fduwis
defined, the values +o00 and —oo being allowed, and “u summable” if f |fldu
is finite.

The following basic facts hold for integration of nonnegative functions.

Theorem 1.3.13. Let . be a measure on the nonempty set X. Suppose f, g : X —
[0, oo] are p-measurable.

() If A C X is u-measurable, and f(x) = 0 holds for w-almost all x € A, then

/Afdu=o.

(2) If A C X is u-measurable and (1 (A) = 0, then

/Afduzo.
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3) If0 < ¢ < oo, then

/(c-f)du=6/fdu-
/fdME/ng-

(5) If A € B C X are u-measurable, then

/AfdMS/deu.

Proof. Conclusions (1)—(4) are immediate from the definitions, and conclusion (5)
follows from (4). ]

A If f < g then

Of course, it is essential that the equation [(f +g)du = [ fdu+ [ gdu hold.
Unfortunately, this equation is not an immediate consequence of the definition. To
prove it we need the next lemma, which is a weak form of Lebesgue’s monotone
convergence theorem.

Lemma 1.3.14. Let v be a measure on the nonempty set X. If f : X — [0, o0] is
u-measurable and O < hy < hy < --- < f is a sequence of simple, -measurable
functions with 1im h, = f, then

n—0o0

lim h,,du:/fd,u,.
n— o0

Proof. The inequality lim, o [ hydp < [ f dp is immediate from the definition
of the integral.

To obtain the reverse inequality, let £ be an arbitrary simple, p-measurable func-
tion with 0 < £ < f and write

k
= Zai XAi s
i=1

where each A; is u-measurable. Let ¢ € (0, 1) also be arbitrary.
For eachm € N, set

Em={x:c~£(x)§hm(x)}and€m=c-E-XE .

For m < n, we have ¢,, < h,, so applying Theorem 1.3.13(4), we obtain

/Emd,ug lim /hndu.
n—oo

Finally, we note that for each i = 1,2, ..., k, the sets A; N E,, increase to A; as
m — 00,80 W(A;) = limy, o u(A; N Ey,) and thus

C/EdM:/C'EdM:mli_{noo/gmd“5,111,120/}’”‘1“'

The result follows from the arbitrariness of £ and c. O
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Theorem 1.3.15. Let i be a measure on the nonempty set X. If f, g : X — [0, 00]
are -measurable, then

/(f+g)du=/fdu+/gdu.

Proof. The result clearly holds if f and g are simple functions, and the general case
then follows from Lemmas 1.3.9 and 1.3.14. O

Corollary 1.3.16. The ju-integrable functions form a vector space, and the -integral
is a linear functional on the space of u-integrable functions.

The decisive results for integration theory are Fatou’s lemma'? and the monotone
and dominated convergence theorems of Lebesgue (see any of [Fol 84], [Roy 88], and
[Rud 87]). In the development outlined above, it is easiest first to prove Lebesgue’s
monotone convergence theorem, arguing as in the proof of Lemma 1.3.14. Then one
uses the monotone convergence theorem to prove Fatou’s lemma and the dominated
convergence theorem. We state these results next.

Theorem 1.3.17. Let u be a measure on the nonempty set X.

(1) [Fatou’s lemma] If f1, f2, ... are nonnegative u-measurable functions, then

11rn1nf/ f,,d,u>/ hmmffn du.

(2) [Lebesgue’s monotone convergence theorem] If 1 < f» < ---arenonnegative
w-measurable functions, then

lim fndu:/ lim f, du.
n— 00 X X n— 00

(3) [Lebesgue’s dominated convergence theorem] Ler fi, f2,... be complex-
valued p-measurable functions that converge ju-almost everywhere to f. If there
exists a nonnegative w-measurable function g such that

sup | fu(x)| < g(x) and /gdu<oo,
n X

then

lim | fu — fldu =0 and lim/.fndu:/fd,u.
n— 00 X n—0od X X

One of the beauties of measure theory is that we deal in analysis almost exclusively
with measurable functions and sets, and the ordinary operations of analysis would
never cause us to leave the realm of measurable functions and sets. However, in
geometric measure theory it is occasionally necessary to deal with functions that either
are nonmeasurable or are not known a priori to be measurable. In such situations, it
is convenient to have a notion of upper and lower integral.

12 pierre Joseph Louis Fatou (1878-1929).
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Definition 1.3.18. Let ;« be a measure on the nonempty set X and let f : X — [0, o0]
be defined p-almost everywhere. We denote the upper u-integral of f by

/_ fdp
and define it by setting
/_fdu = inf { ftpdu :0 < f <+ and ¢ is u-measurable } .
Similarly, the lower p-integral of f is denoted by

_/fdu

and defined by setting
/fdu = sup{ /q&du :0 < ¢ < f and ¢ is u-measurable } .

Lemma 1.3.19. If 1 is a measure on the nonempty set X and f, g : X — [0, oo] are
defined j-almost everywhere, then the following hold:

(D/fduff_fdu,

<2>sz<g,rhenffdu</gduand/fdu<fgdu,

@) if f is p-measurable, then /fdu /fdu /fdu,

@) if0 <c, then/cfdu:c/fduand/cfdu:c/fd,u,

(5)/fdu+/gdu5/(f+g)duand/_(f+g)du§/_fdwr/_gdu-
;he lemma_ follows e;sily from the definitions.

Proposition 1.3.20. Suppose f : X — [0, oo] satisfies /f du < oo. For such a

_/fdu=/_fdu

holds if and only if f is w-measurable.

function,

Proof. Suppose the upper and lower p-integrals of f are equal. Choose sequences
of u-measurable functions g1 < go <--- < fandh; > hy > --- > f with
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lim gndy,szdu:/fd,uzlim /hnd,u.
n—od n—od

Then g = lim,— o0 gy and A = lim,_,  h, are pu-measurable with g < f < h.
Since, by Lebesgue’s dominated convergence theorem, the p-integrals of g and 4 are
equal, we see that g and & must be p-almost equal to each other, and thus p-almost
equal to f. O

1.3.3 Lebesgue Spaces

Definition 1.3.21. Fix 1 < p < oo. Let u be a measure on the nonempty set X.
The Lebesgue space L (1) (or simply L7 if the choice of the measure is clear from
context) is the vector space of p-measurable, complex-valued functions satisfying

Ifllp < oo,

where || f, is defined by setting

1/
(/|f|1’d,u> p, if p < oo,
1Al =

inf{t:u(Xﬂ{x:|f(x)|>t}>=0],ifp=oo.

The elements of L are called L? functions. Of course, the L' functions are just the
p-integrable functions. The L? functions are also called square integrable functions,
and, for 1 < p < oo, the L? functions are also called p-integrable functions.

Remark 1.3.22.

(1) A frequently used tool in analysis is Holder’s inequality'3

/fng = Iflpligly

where f and g are pu-measurable, | < p < oo, and 1/p 4+ 1/g = 1. We note
that Holder’s inequality is also valid when the integrals are replaced by upper
integrals. The proof of this generalization makes use of Lemma 1.3.19(2)5).

(2) The functional | - || , is called the L”-norm. In the cases p = 1 and p = oo, itis
easy to verify that the L”-norm is, in fact, a norm, but for the case 1 < p < oo,
this fact is a consequence of Minkowski’s inequality'*

If+gllp < Ifllp+lgllp-

(3) Much of the importance of the Lebesgue spaces stems from the discovery that
LP, 1 < p < o0, is a complete metric space. This result is sometimes (for
instance in [Roy 88]) called the Riesz—Fischer theorem.!®

13 Otto Ludwig Holder (1859-1937).
14 Hermann Minkowski (1864—1909).
15 Frigyes Riesz (1880-1956), Ernst Sigismund Fischer (1875-1954).
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1.3.4 Product Measures and the Fubini-Tonelli Theorem

Definition 1.3.23. Let 1« be a measure on the nonempty set X and let v be a measure
on the nonempty set Y. The Cartesian product of the measures | and v is denoted
w x v and is defined by setting

(i x W(E) =inf | 34 - v(B) : E < JAi x By,
i=1 i=1

A; C X is u-measurable, fori =1,2, ...,
B; C Y is v-measurable, fori =1, 2, ... } . (1.16)
It is immediately verified that ; x v is ameasure on X x Y. Clearly the inequality
(n x v)(A x B) < u(A) - v(B)

holds whenever A C X is u-measurable and B C Y is v-measurable. The product
measure i X v is the largest measure satisfying that condition.

One of the main concerns in using product measures is justifying the interchange of
the order of integration in a multiple integral. The next example illustrates a situation
in which the order of integration in a double integral cannot be interchanged.

Example 1.3.24. The counting measure on X is defined by setting

card(E) if E is finite,
00 otherwise,

H(E) = {

for E C X. If v is another measure on X for which 0 < v(X) and v({x}) = O for
eachx € X,andif f : X x X — [0, oo] is the characteristic function of the diagonal,
that is,

1if x1 = x2,
o, x2) = {O otherwise,
then
/(/f(xl,m)du(xl)) dv(xy) = / ldv =v(X) >0,
but

/(/f(xl,xz)dvm)) du(x) =/0du=o. !

To avoid the phenomenon in the preceding example we introduce a definition.

Definition 1.3.25. Let ;+ be a measure on the nonempty set X. We say that u is
o -finite if X can be written as a countable union of p-measurable sets each having
finite u measure.

The main facts about product measures, which often do allow the interchange of
the order of integration, are stated in the next theorem. We refer the reader to any of
[Fol 84], [Roy 88], and [Rud 87].
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Theorem 1.3.26. Let i1 be a o -finite measure on the nonempty set X and let v be a
o -finite measure on the nonempty set Y.

(1) If A € X is pu-measurable and B C Y is v-measurable, then A X B is (it X v)-
measurable and

(n x v)(A X B) = u(A) -v(B).

(2) (Tonelli’s'® theorem) If f : X x Y — [0, oo] is (1 X v)-measurable, then

g(X)fo(x,y)dV(y) (1.17)

defines a jt-measurable function on X,

h(y) =ff(x,y>du<x) (118)

defines a v-measurable function on Y, and

/fd(u X v) =/</f(x,y)du(X)) dv(y)
=/</f<x,y)dv<y>) dnx). (1.19)

(3) (Fubini’s!” theorem) If f is (;u x v)-integrable, then
(a) p(x) = f(x,y) is pu-integrable for v-almost every y € Y,
®) v (y) = f(x,y) is v-integrable for w-almost every x € X,
(c) g(x) defined by (1.17) is a u-integrable function on X,
(d) h(y) defined by (1.18) is a v-integrable function on Y, and
(e) equation (1.19) holds.

Definition 1.3.27. The N-dimensional Lebesgue measure on R, denoted by LN is
defined inductively by setting LV = £N~1 x £,

1.4 The Exterior Algebra

In an introductory vector calculus course, a vector is typically described as repre-
senting a direction and a magnitude, that is, an oriented line and a length. When
later an oriented plane and an area in that plane are to be represented, a direction
orthogonal to the plane and a length equal to the desired area are often used. This
last device is viable only for (N — 1)-dimensional oriented planes in N-dimensional
space, because the complementary dimension must be 1. For the general case of an

16 1 eonida Tonelli (1885-1946).
17 Guido Fubini (1879-1943).
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oriented m-dimensional plane and an m-dimensional area in R¥, some new idea must
be invoked.

The straightforward way to represent an oriented m-dimensional plane in RY is
to specify an ordered m-tuple of independent vectors parallel to (contained in) the
plane. To simultaneously represent an m-dimensional area in that plane, choose the
vectors so that the m-dimensional area of the parallelepiped they determine equals
that given m-dimensional area. Of course, a given oriented m-dimensional plane
and m-dimensional area can be represented equally well by many different ordered
m-tuples of vectors, and identifying any two such ordered m-tuples introduces an
equivalence relation on the ordered m-tuples of vectors. To facilitate computation
and understanding, the equivalence classes of ordered m-tuples are overlaid with a
vector space structure. The result is the alternating algebra of m-vectors in RY. We
now proceed to a formal definition.

Definition 1.4.1.
(1) Define an equivalence relation ~ on

(RN>m=RNxRNx-~-xRN

m factors

by requiring, foralle e Rand 1 <i < j < m,

(a)

Wy, ooy 0y ooy Ujy ey Upy) ~ (UL, oy Uiy oy AU, ey Upy),
(b)

Wi, ooy Wiy oo Uy e Uy) > U, e WU, L U, Uy,
()

Wy, ooy My ooy Uy ey Uy) (UL, e =Wy e Uy ey Upg),

and extending the resulting relation to be symmetric and transitive.

(2) The equivalence class of (11, us, ..., ..., uy)under ~ is denoted by u Aus A
<o Ay Wecall uy Auz A -+ A uy, asimple m-vector.

(3) On the vector space of formal linear combinations of simple m-vectors, we define
the equivalence relation & by extending the relation defined by requiring
@auy Aur A+ Auy) = (0up) Aupg A -+ A Uy,

D) (g Aup A ANtyyy) + (W1 Aup A= Alyy) X (U1 +01) Aug A=+ A ly,.

(4) The equivalence classes of formal linear combinations of simple m-vectors under
the relation ~ are the m-vectors in RN . The vector space of m-vectors in RV is
denoted by A, (RM).

(5) The exterior algebra of RN, denoted by A , (RY), is the direct sum of the
A (RN together with the exterior multiplication defined by linearly extending
the definition

(U AU A AU AUIAVIA - AUy) = UTAUIA - AUgAVIAVIA- AUy, .
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Remark 1.4.2.
(1) When m = 1, Definition 1.4.1(1) is vacuous, so /\ (RM) is isomorphic to, and
will be identified with, RN . If the vectors uy, us, . . ., iy, are linearly dependent,

then uy A ua A - -+ A uy, is the additive identity in /\m (RN), so we write u A
uy A --- Auy = 0. Consequently, when N < m, /\m (RV) is the trivial vector
space containing only 0.

(2) Asanexercise, the reader should convince himself thate; ne;+-e3/eq € A (R*)
is not a simple 2-vector.

For a nontrivial simple m-vector uj Aus A- - - Ay, in R the associated subspace
is that subspace spanned by the vectors uy, us, ..., uy. It is evident from Defini-
tion 1.4.1(1) thatif u; Aus A--- Ay = £vp Avy A - -+ A vy, then their associated
subspaces are equal. We assert thatifu; Aup A+ Auy = v Ava A=+ Ay, then
also the m-dimensional area of the parallelepiped determined by u1, us, ..., u,;, is
equal to the m-dimensional area of the parallelepiped determined by vy, va, ..., vy.
To see this last fact, we need the next proposition, which gives us a way to compute
the m-dimensional areas in question. The proof is based on [Por 96].

Proposition 1.4.3. Let uy, us, ..., u, be vectors in RN, Then the parallelepiped
determined by those vectors has m-dimensional area

Jdet (UtU), (1.20)

where U is the N x m matrix with uy, uy, ..., Uy as its columns.

Proof. 1f the vectors uy, ua, ..., u, are pairwise orthogonal, then the result is im-
mediate. Thus we will reduce the general case to this special case.

Notice that Cavalieri’s principle'® shows us that adding a multiple of u j toanother
vector u;, i # j, does not change the m-dimensional area of the parallelepiped
determined by the vectors. But also notice that such an operation on the vectors u;
is equivalent to multiplying U on the right by an m x m triangular matrix with 1’s
on the diagonal. The Gram—Schmidt orthogonalization procedure'® is effected by
a sequence of operations of precisely this type. Thus we see that there is an upper
triangular matrix A with 1’s on the diagonal such that U A has orthogonal columns
and the columns of U A determine a parallelepiped with the same m-dimensional area
as the parallelepiped determined by u1, us, ..., u;. Since the columns of U A are

orthogonal, we know that \/ det ((U AU A)) equals the m-dimensional area of the

parallelepiped determined by its columns, and thus equals the m-dimensional area of
the parallelepiped determined by u, uz, ..., u,. Finally, we compute

det ((UA)t (UA)) — det (At Utu A)
= det (At) det (Ut U) det(A)
— det (Ut U) . 0

18 Bonaventura Francesco Cavalieri (1598-1647).
19 Jgrgen Pedersen Gram (1850-1916).
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Corollary 1.4.4. Ifuy, us, ..., uy, and vy, v, ..., vy are vectors in RN with
UTAUIAN AUy =TV AVIA- AUy,

then the m-dimensional area of the parallelepiped determined by the vectors uy, uy,
..., Uy equals the m-dimensional area of the parallelepiped determined by the vectors
V1, U2, .. Upe

Proof. We consider the m-tuples of vectors on the left-hand and right-hand sides of
Definition 1.4.1(1a,b,c). Let U; be the matrix whose columns are the vectors on the
left-hand side and let U, be the matrix whose columns are the vectors on the right-
hand side. For (a), we have U, = U;A, where A is the m x m diagonal matrix with
1/« in the ith column and « in the jth column. For (b), we have U, = U; A, where A
is an m x m triangular matrix with 1’s on the diagonal. For (c), we have U, = Uj A,
where A is an m x m permutation matrix with one of its 1’s replaced by —1. In all
three cases, det(A) = %1, and the result follows. O

For computational purposes, it is often convenient to use the basis
e, Ne,N---ANe,, 1 <ii<ih<---<inp <N, (1.21)

for A\, (RM). Specifying that the m-vectors in (1.21) are orthonormal induces the
standard inner product on ) (RN). The exterior product (sometimes called the
wedge product)

AN RV XA RY) = A ®Y)

is an anticommutative, multilinear multiplication. Any linear F : RY — RP extends
to a linear map Fy, : /\ ,, RNy — Am (R?) by defining

Foui Aupy AN+ ANuy) =Fu) ANFu) A--- AN Fuy).

1.5 The Generalized Pythagorean Theorem

The generalized Pythagorean theorem (Theorem 1.5.2 below) tells us that for a figure
¥ lying in an m-dimensional affine subspace of R, the square of the m-dimensional
area of X equals the sum of the squares of the m-dimensional areas of the orthogonal
projections of ¥ onto all possible coordinate m-planes. For conceptual simplicity,
we will restrict our attention to polyhedral figures ¥. We consider a few instances of
this theorem:

e Ifm = 1 and X is a line segment, then the generalized Pythagorean theorem
tells us that the square of the length of the segment is the sum of the squares
of the lengths in each of the coordinate directions; that is, we recover the usual
Pythagorean theorem.
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e Suppose X is the parallelepiped generated by the m vectors uy, ..., u, and U is
the matrix whose columns are u1, . .., u,,. Then the (signed) m-dimensional area
of each projection of X onto a coordinate m-plane is given by an m-by-m minor
determinant of U. Proposition 1.4.3 tells us that the m-dimensional area of X

equals v/det (U* U). Thus the generalized Pythagorean theorem implies—and,
in fact, is equivalent to—the nontrivial fact that

det (U*U) =) [det (U)T? (1.22)
A
holds, where in (1.22) the summation extends over all A = {iy,...,in} <
{1, ..., N} and where for each such A, U, is the m-by-m submatrix whose rows
are the rows numbered iy, ..., i, in U.

« If ¥ is an m-dimensional simplex in RY, then ¥ automatically lies in an m-
dimensional affine subspace of RY, and the generalized Pythagorean theorem
applies to X. Figure 1.1 illustrates this situation when ¥ is a triangle in R3. We
have used A to denote the area of the triangle and A;; to denote the area of the
projection of the triangle onto the (x;, x;)-coordinate plane.

X2

v

. 2 _ A2 2 2
Fig. 1.1. A2 = A3, + A2, + AL,

In this section, we will give a geometrical proof of the generalized Pythagore-
an theorem. In particular, the proof will make no use of determinants. The main
computation in the proof is made by applying the divergence theorem of advanced
calculus to a constant vector field, while our other primary tool is the fact that the
m-dimensional area of a figure is unchanged when the figure is mapped by an isometry.
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Notation 1.5.1.

(1) Any m-dimensional polyhedral figure can be written as the union of m-dimension-
al simplices that intersect only in their boundaries. Thus, to prove the generalized
Pythagorean theorem, it is sufficient to prove it when ¥ € R" is an m-simplex.
Accordingly we will assume throughout the remainder of this section that ¥ is
the m-dimensional simplex determined by the m + 1 points uo, . .., u,.

(2) We will denote the m-dimensional area of ¥ by A.

B)If A € {1,2,...,N} and card(\) = K, then IT, : RY — RX will be the
orthogonal projection given by

I ey, X2, cc oy XN) = (Xip,s Xigs - Xig )

where A = {iy,i2,...,ig}and i} < iy < --- < ig. We will need only the two
cases K =m and K = 2.

@HIfrC{1,2,...,N}and card(A) = m, let A, denote the m-dimensional area
of IT, (¥). We will sometimes abuse this notation (as we did in Figure 1.1) by
writing A;, ;, ... iy instead of the more pedantic Ay, i, . ix}-

(5) Since aset A C {1,2,...,m + 1} with card(X) = m is most easily described by
the one element it omits, we will write

A= A1, i-1i+1,..m+1 -
Using the notation given above, we can state our result as follows:

Theorem 1.5.2 (Generalized Pythagorean theorem). If X is an m-dimensional
simplex in RN then it holds that

A% = }: A2, (1.23)
AC{l,....N}
card (A\)=m

Note that if N = m, the theorem is trivial. We first give a proof of the theorem in
thecase N = m + 1.

The Codimension-One Case, N =m + 1
Our proof for the case N = m 4 1 will be based on an application of the divergence
theorem.

Proposition 1.5.3. Let ¥ be an m-simplex in R"™*! with m-dimensional area A. Let
ng be a unit vector normal to . Then

Alng - €| = A7
holds fori =1,...,m+ 1.

Proof. We may assume for convenience thati = m + 1. If ng - e,,4-1 = 0, then the
result is trivial, so we also may assume that ng - e,,41 > 0, i.e., ng points “up.”
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By translating X if necessary, we may assume that all the coordinates of all the
points in ¥ are positive. Consider the closed polyhedral cylinder C made up of the
line segments connecting each point of X with its projection on the (xi, ..., x;)-
coordinate hyperplane; that is,

.....

(Figure 1.2 illustrates C in the case m = 2). It will be convenient to call £ the “top”
of C and to call B =TI, (%) the “bottom” of C.

Note that except on the top and bottom of C, the outward unit normal to 9C is
orthogonal to €,,+1. On the top of C the outward unit normal to C equals ng, and on
the bottom of C the outward unit normal to C equals —e;,+ (see Figure 1.2).

Fig. 1.2. Applying the divergence theorem.

The divergence theorem tells us that if wis a C ! vector field on C, then

/ w~nd0:/divde
aC C

holds, where n is the outward unit normal vector to dC, do is the element of m-
dimensional area on dC, and d'V is the element of (m + 1)-dimensional volume in C.

Applying the divergence theorem to the constant vector field w = e,,4.; on C, we
obtain

0= /(;divde = Acw-ndo =Ang - e+ _Am/ﬁ’
and the result follows. O
Corollary 1.5.4. The generalized Pythagorean theorem holds when N = m + 1.

Proof. Let ng be a unit vector normal to ¥ C R™*+! " Since ng is a unit vector,
Proposition 1.5.3 gives us
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m+1 m+1 m+1

A2=A22(n0-e,-)2=ZAz(no-ei)2=ZA%. O
i=1 i=1 i=1

The Higher Codimension Case, N > m + 2

Definition 1.5.5. By a coordinate-plane rotation of RV we will mean a linear trans-
formation that for some i < j, rotates the (x;, x;)-plane while leaving the remaining
(N — 2) coordinates unchanged. We will call x; and x; the rotated coordinates.

Our strategy for completing the proof of the generalized Pythagorean theorem is
to show that the result holds for ¥ if and only if it holds for the image of ¥ under a
coordinate-plane rotation. We then show that a sequence of coordinate-plane rotations
of ¥ will move X into an m-dimensional plane parallel to a coordinate m-plane—a
situation in which the generalized Pythagorean theorem holds trivially.

Notation 1.5.6.

(1) Suppose F : RY — RY is a linear transformation. We set
$=F(2).

For A §~{1, 2,..., N} withcard(A) = m, A » will denote the m-dirrlensional area
of IT, (X). Similarly, when N = m + 1, we will use the notation A+ .
(2) For each positive integer K, we let Igxx be the identity map on RX.

Lemma 1.5.7. Let ' = R x Ign—2, where R : R? — R? is a rotation. Suppose
AC{lL,2,..., N} withcard(A) = m. If

either {1,2}NA =0 or {1,2}Nnr={1,2},
then A, = Z;L.
Proof. When {1, 2} N A = @ holds, we have
M(2) = Mu(E).,

so the result is trivial in this case.
Now suppose that {1, 2} € A. Then we have

My o F =TI o (R x Ign-2) = (R X Igm—2) o Ty,
and the result follows because R x Ipm-2 is an isometry. O

In Lemma 1.5.7, we considered projections IT; such that A either included the
indices of both rotated coordinates or omitted the indices of both rotated coordinates.
In contrast, the m-dimensional area of the projection is not preserved when A includes
exactly one of the indices of the rotated coordinates. But we do have the next result.
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Lemma 1.5.8. Let FF = R x Ign-—2, where R : R? — R? is a rotation. If M C
(3,4,..., N}y withcard(\') = m — 1, then

2 2 2 2
Alhur T Aur = Alyur T Ay - (1.24)
Proof. For notational convenience, suppose that
MN={3,4,...,m+1}.

Each summand in (1.24) is unchanged if ¥ is replaced by its projection into R”*1,
so we may and shall assume that N = m + 1.

We have already shown that the generalized Pythagorean theorem holds when
N = m + 1, so we can apply that theorem to & € R”*! and to & € R”*!. Using
also the fact that A = A (which holds because F' is an isometry), we obtain

m+1 m+1

D AG=A=A2=) " A%
i=1

Observe that
m+1
2 2 2 2
Z A7 = Ay Ay t Z A2y
i=1 P2SY
card (W )=m—2

and, likewise, that

1
= = 2
A7 = Ay ym T Ay T+ Z Ao,y

1 )L//gx/
card \)=m—2

m

+

Lemma 1.5.7 tells us that for each A” € A" with card(\”) = m — 2,
Ayruprgy = Zx//u{m}
holds, so the result follows. O

InLemmas 1.5.7and 1.5.8, we considered arotation R in the (x1, x2)-plane merely
for convenience of notation. By relabeling coordinates, we see that the following
result holds.

Proposition 1.5.9. Suppose F : RN — RN rotates the (x;, xj)-plane while leaving
all the other coordinates unchanged (here i < j).

(W Ifxr < {1,2,..., N} with card(A) = m and if
either {i,jiNir=0 or {i,jiNi={i,j},

then A; = AN)L.
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Q) IfN C{1,2,...,N}ywithcard(\') = m — 1 and if
{iL,jynx =9,
then
Ao + Ao = Ao + Ao

In the next result, we show that the generalized Pythagorean theorem holds for ¥
if and only if it holds for the image of ¥ under a coordinate-plane rotation.

Corollary 1.5.10. If F : RY — R yrorates the (x;, xj)-plane while leaving all the
other coordinates unchanged (here i < j), then we have A = A and

2 _ 2
Y Al= > AL
2Cql,. AC(1,...,N}
card (k) m card (A)=m

Consequently, the generalized Pythagorean theorem holds for X if and only if it holds
for X.

Proof. Observe that

DS S P

AL, AC{1,. N}
card(k) m card (A)=m, )m{z ji=0 card (A)=m, M\{z Ji=tij)
2 2
+ > (Awuu} t4 ’um)
ML, N

}
card (\')=m— 1 A0fi, j1=9
and, likewise, that

Y ®= ¥ Z§+ 3 he

2C(1,...,N} AC(L,...,N}
card(A) m card (\)=m, )m{z]} card (\)=m, M\{z]} {i,j}

2 2
+ > (AA’U{i} + Awum) :
VL., N}
card (V' )=m— 1 )Jﬂ{z jt=0
The result now follows from Proposition 1.5.9. O

Proof of the Generalized Pythagorean Theorem. By translating X if necessary, we
may suppose that ug coincides with the origin. Let us also introduce the notation

wp = Wi 1, Wi, ..., Ui N).

By Corollary 1.5.10, it suffices to prove the generalized Pythagorean theorem for
the image of ¥ after a sequence of coordinate-plane rotations. In fact, we will show
that there exists a sequence of coordinate-plane rotations such that the resulting image
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of ¥ is contained in the (x, ..., x;)-coordinate plane. Since the generalized Py-
thagorean theorem holds trivially for a simplex lying in an m-dimensional coordinate
plane, it follows that the generalized Pythagorean theorem holds for the originally
given X.

e The first sequence of coordinate-plane rotations. We begin with the rotation
R of the (xi, x2)-plane that maps Il 2y(u1) = (uy1,1, u12) to (¢,0), where t =
(ui1 + uiz)l/ 2. When the coordinate-plane rotation R x Ign—2 is applied to £ and
% is replaced by its image—without changing notation—we obtain

up = (u1,1,0, ur3, ..., uN).
The second coordinate-plane rotation will rotate the (xi, x3)-plane so that

[Ty 3)(u1) = (u1,1, u1,3) is mapped to (¢, 0), where t = (uil + u%j)l/z. After
again replacing X by its image—still without changing notation—we obtain

up = (u1,1,0,0, uy4,..., urn).
After a total of N — 1 coordinate-plane rotations and replacements, we obtain
u; = (u1,1,0,0,...,0). (1.25)

From now on, x| will not be one of the rotated coordinates in any of the coordinate-
plane rotations we use. Consequently, (1.25) will continue to hold.

e The (i + 1)st sequence of coordinate-plane rotations. Suppose that we have

up = (u1,1,0, 0,...,0,0,..0),

uy = (u2,142,2,0,...,0,0,..0),
ST S (1.26)

up = (Ui 14243, .- 4ii0,..0).
In particular, observe that (1.26) implies that the points uy, ua, ..., u; all lie in the
(x1, x2, ..., xj)-coordinate plane.

Arguing inductively, we will show that we can obtain (1.26) with i = m. Note
that when i = 1, (1.26) is the same as (1.25).

Our next coordinate-plane rotation will rotate the (x;y1, x;4+2)-plane so that
Mg 1i42)(ig1) = (igrivt, wis1i+2) is mapped to (7, 0), where 1 = (uf, | ;| +
ul.2+]’i+2)1/2. Then we obtain

Wit = Uiy1,15 Wit1,25 -+ Uit1it1> 0y Uit1i43s -0y Uit N) -

Continuing in that fashion, we see that after a total of N —i — 1 coordinate-plane
rotations, we obtain

wipl = (Wig1,1, Uit1,25 -5 Uit1,i+1,0,0,...,0).

Since none of the coordinates xp, X2, ..., x; have been rotated coordinates for any
of the coordinate-plane rotations we have used, the values of those coordinates will
have remained unchanged. Thus we now have (1.26) with i replaced by i + 1.
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Arguingasabovefori = 1,2, ..., m—1, we see that—including the first sequence
of coordinate-plane rotations—after a grand total of (N — 1) + Z?;l (N—-i—-1)=
(m/2) 2N —m — 1) coordinate-plane rotations, we obtain (1.26) with i replaced by
m. Thus we see that the image of ¥ lies in the (xi, ..., x;;)-coordinate plane, as
desired. m]

Remark 1.5.11. In [Bar 96], the reader will find a proof of the usual Pythagorean the-
orem via dimensional analysis. E. Thomann has conjectured (private communication)
that the generalized Pythagorean theorem also might be provable via a dimensional
analysis argument.

1.6 The Hausdorff Distance and Steiner Symmetrization

Consider the collection P(RY) of all subsets of RY. It is often useful, especially
in geometric applications, to have a metric on P(RV). In this section we address
methods for achieving this end. In Definition 1.2.12, we defined dist(S, 7) for subsets
S, T of a metric space; unfortunately, this function need not satisfy the triangle
inequality. Also, in practice, P@RN) (the entire power set of RM) is probably too
large a collection of objects to have a reasonable and useful metric topology (see
[Dug 66, Section IX.9] for several characterizations of metrizability). With these
considerations in mind, we shall restrict attention to the collection of nonempty,
bounded subsets of RV .

Definition 1.6.1. Let S and T be nonempty, bounded subsets of RY. We set

HD (S, T) = max { supdist(s, T'), supdist(S, 1) } . (1.27)

ses teT
This function is called the Hausdorff distance.

Notice that HD (S, T) = HD (S, T) = HD (S, T) = HD (S, T), so we further
restrict our attention to the collection of nonempty sets that are both closed and
bounded (i.e., compact) subsets of RY . For convenience, in this section, we will use
B to denote the collection of nonempty, compact subsets of RV,

In Figure 1.3, if we let d denote the distance from a point on the left to the
line segment on the right, then every point in the line segment is within distance
V/d? + (€/2)? of one of the points on the left—and that bound is sharp. Thus we see

that HD (S, T) = /a2 + (¢/2)2.

Lemma 1.6.2. Let S, T € B. Then there are points s € S andt € T such that
HD(S,T)=|s —t]|.

We leave the proof as an exercise for the reader (see Figure 1.4).

Proposition 1.6.3. The function HD is a metric on B.
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Se T

Fig. 1.3. The Hausdorff distance.

[\

T

Fig. 1.4. Points that realize the Hausdorff distance.

Proof. Clearly HD > 0, and if S =T, then HD (S, T) = 0.

Conversely, if HD (S, T) = 0 then let s € S. By definition, there are points
tj € T suchthat |s —¢;| — 0. Since T is compact, we may select a subsequence {t, }
such that #;, — s. Again, since T is compact, we then conclude that s € 7. Hence
S C T. Similar reasoning shows that 7 € S. Hence S = T.

Finally, we come to the triangle inequality. Let S,7,U € B. Lets € S, t €
T, u € U. Then we have

ls —ul <|s —t|+ [t —ul
4
dist(S,u) < |s —t|+ |t — u|
U
dist(S, u) < dist(S, ) + |t — u|
U
dist(S,u) <HD(S,T) + |t — u|
4
dist(S,u) < HD (S, T) + dist(T, u)

U

dist(S, u) < HD (S, T) + sup dist(T, u)
uel
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U

sup dist(S, u) < HD (S, T) + sup dist(7, u).
uelU uel

By symmetry, we have

supdist(U, s) < HD (U, T) + supdist(7T, s)

ses seS

and thus

max{ sup dist(S, u) , supdist(U, s) }

uel seS

< max{HD (S, T) + sup dist(T, u) , HD (U, T) + supdist(T, s)}.

uelU seS
We conclude that
HD (U, S) <HD (U, T)+HD(T, S). O

There are fundamental questions concerning completeness, compactness, etc. that
we need to ask about any metric space.

Theorem 1.6.4. The metric space (B, HD) is complete.

Proof. Let {S;} be a Cauchy sequence in the metric space (B, HD). We seek an
element S € B such that §; — S.

Elementary estimates, as in any metric space, show that the elements S; are all
contained in a common ball B(0, R). We set S equal to

9]

Ay

e=j

Then § is nonempty, closed, and bounded, so it is an element of B.

To see that §; — S, select e > 0. Choose J large enough so thatif j, k > J then
HD (S, Sx) < €. Form > JsetT, = Ufz"z ;S¢. Then it follows from the definition,
and from Proposition 1.6.3, that HD (S, 7;,) < € for every m > J. Therefore, with
U, = Ug‘;pSe for every p > J, it follows that HD (S;, Up) < €.

We conclude that HD (S, ﬁ§= T4 Up) < €. Hence, by the continuity of the

distance, HD (S, S) < €. That is what we wished to prove. O

As a corollary of the proof of Theorem 1.6.4 we obtain the following:

Corollary 1.6.5. Let {S;} be a sequence of elements of B. Suppose that S; — S in
the Hausdorff metric. Then

L"(8) = limsup L"(S;) .

j—o00
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The next theorem informs us of a seminal fact regarding the Hausdorff distance
topology.

Theorem 1.6.6. The set of nonempty compact subsets of RN with the Hausdorff dis-
tance topology is boundedly compact, i.e., any bounded sequence has a subsequence
that converges to a compact set.

Proof. Let A1, A, ... be a bounded sequence in the Hausdorff distance. We may
assume without loss of generality that each A; is a subset of the closed unit N-cube,
Cy. For each integer k > 1, subdivide the unit N-cube into 2kN congruent subcubes
of side length 27¥; denote that collection of 25V subcubes by S.

We will use an inductive construction and a diagonalization argument. Let Ag; =
A;j fori = 1,2,.... For each k > 1, the sequence A ;, i = 1,2,..., will be a

subsequence of the preceding sequence Ax—1,i,i = 1,2, ....Also, we will construct
sets Co 2 Cy 2 --- inductively. Each Cj; will be a union of a set of cubes in Sk.
The first set in this sequence is the unit cube Cy itself. For each k = 0, 1, ..., the
sequence A ;, i = 1,2, ..., and the set Cy are to have the properties that
DNAr; #@ holdsfori =1,2,...
s . . (1.28)
whenever D € Sk is one of the cubes forming Cy,
and
Ar.i € Cr holds for all sufficiently large i. (1.29)
It is clear that (1.28) and (1.29) are satisfied when k = 0.
Assume Ax_1i,i =1,2,..., and Cr—_1 have been defined so that
DNAg_1; #% holdsfori =1,2,...
whenever D € Sk_ is one of the cubes forming Cy_1,
and

Ak—1,i € Cr—1 holds for all sufficiently large i.

We let C; be the collection of cubes in S; that are subsets of Cy_; (here we are
effectively subdividing the cubes that form Cj_1). A subcollection, C € Ci, will be
called admissible if there are infinitely many i for which

DNAy_1,; #% holds forall D € C. (1.30)

Let Cy be the union of a maximal admissible collection of subcubes, which is im-
mediately seen to exist because Cy is finite. Let Ay 1, A2, ... be the subsequence
of Ax—1,1, Ak—1.2, ... consisting of those A;_j; for which (1.30) is true. Observe
that Ay ; € Cy holds for sufficiently large i; otherwise, there is another subcube that
could be added to the maximal collection while maintaining admissibility.

We set
o0
C=()C
k=0
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and claim that C is the limit in the Hausdorff distance of Ay x as k — oo. Of course,
C is nonempty by the finite intersection property. Let € > 0 be given. Clearly we
can find an index kg such that

Cyo € {x o dist(x, C) < €}.
There is a number iy such that for i > iy we have
Akyi € Cry S {x :dist(x, C) < €}.
So, for k > ko + ip, we know that
Ak € {x :dist(x, C) < €}
holds. We let k1 > ko + ig be such that

VN2 < e

Let ¢ € C be arbitrary. Then ¢ € Cy,, so there is some cube, D, of side length 2=k
containing ¢ and for which
DNAg; #9

holds for all i. But then if k > ki, we have D N A x # @, so
dist(c, Axx) < VNsTF < e
It follows that HD (C, Ay x) < € holds for all k > k. O

Next we give two more useful facts about the Hausdorff distance topology.

Definition 1.6.7. A subset C of a vector space is convexifforx,y € Cand0 <t <1
we have
A-tx+tyecC.

Proposition 1.6.8. Let C be the collection of all closed, bounded, convex sets in RV .
Then C is a closed subset of the metric space (B, HD).

Proof. There are several amusing ways to prove this assertion. One is by contradic-
tion. If {S;} is a convergent sequence in C, then let S € B be its limit. If S does not
lie in C then S is not convex. Thus there is a segment £ with endpoints lying in S but
with some interior point p not in S.

Let € > 0 be selected so that the open ball U (p, €) does not lie in S. Let a, b
be the endpoints of £. Choose j so large that HD (S;, §) < €/2. For such j, there
exist points aj, b; € Sj suchthat |a; —a| < €/3 and |b; — b| < €/3. But then each
point ¢ (1) = (1 — t)a; + tb; has distance less than € /3 from ¢(t) = (1 — t)a + tb,
0 <t < 1. In particular, there is a point p; on the line segment £; connecting a;
to b; such that |p; — p| < €/3. Noting that p; must lie in S;, we see that we have
contradicted our statement about U (p, €). Therefore S must be convex. O
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Proposition 1.6.9. Let {S;} be a sequence of elements of B, each of which is con-
nected. Suppose that S; — S in the Hausdorff metric. Then S must be connected.

Proof. Suppose not. Then S is disconnected. So we may write S = A U B with each
of A and B closed and nonempty and A N B = {. Then there is a number n > 0 such
thatifa € A and b € B then |a — b| > 1.

Choose j so large that HD (S}, S) < n/3. Define

Aj={s€S§; dist(s,A) <n/3} and B; ={s € §; :dist(s, B) < n/3}.

Clearly A;NB; =@ and A;, B; are closed and nonempty. Moreover, A;UB; = §;.
That contradicts the connectedness of S; and completes the proof. O

Remark 1.6.10. It is certainly possible to have totally disconnected sets E;, j =
1,2,...,suchthat E; — E as j — oo and E is connected (exercise).

Now we turn to a new arena in which the Hausdorff distance is applicable.

Definition 1.6.11. Let V be an (N — 1)-dimensional vector subspace of RY. Steiner
symmetrization*° with respect to V is the operation that associates with each bounded
subset T of RV the subset T of R having the property that for each straight line ¢
perpendicular to V, £ N T is a closed line segment with center in V or is empty and
the conditions

LlenTy=clent) (1.31)

and
LNT =0 ifandonlyif £NT =0

hold, where in (1.31), £' means the Lebesgue measure resulting from isometrically
identifying the line ¢ with R.

In Figure 1.5, B is the Steiner symmetrization of A with respect to the line L.

Steiner used symmetrization to give a proof of the isoperimetric theorem that he
presented to the Berlin Academy of Science in 1836 (see [Str 36]). The results in the
remainder of this section document a number of aspects of the behavior of Steiner
symmetrization.

Proposition 1.6.12. If T is a bounded LY -measurable subset of RN and if S is ob-
tained from T by Steiner symmetrization, then S is LV -measurable and

Ny = £N ).
Proof. This is a consequence of Fubini’s theorem. O

Eemma 1.6.13. Fix 0 < M < oo.If A and Ay, Ay, ... are closed subsets ofRN N
B0, M) such that

20 Jakob Steiner (1796-1863).
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Fig. 1.5. Steiner symmetrization.

o o0
ﬂ U A | €A,
io=1 | i=ip
then
limsup £V (A;) < £V (A).

1

Proof. Let € > 0 be arbitrary. Then there exists an open set U with A C U and
LN W) < LN (A) + .
A routine argument shows that for all sufficiently large i, A; € U. It follows that

lim sup LN (A) < LN ),

and the fact that € was arbitrary implies the lemma. O

Proposition 1.6.14. If T is a compact subset of RN and if S is obtained from T by
Steiner symmetrization, then S is compact.

Proof. Let V be an (N — 1)-dimensional vector subspace of R", and suppose that
S is the result of Steiner symmetrization of 7" with respect to V. It is clear that the
boundedness of T implies the boundedness of S. To see that S is closed, consider any
sequence of points pi, pa2, ... in S that converges to some point p. Each p; lies in a
line ¢; perpendicular to V, and we know that

dist(p;, V) < %Ll(ei ns) = %cl(a nT).
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We also know that the line perpendicular to V and containing p must be the limit of
the sequence of lines €1, £2, . ... Further, we know that

dist(p, V) = lim dist(p;, V).
1—>00

The inequality
limsup £'(¢; N T) < L' nT) (1.32)
i

would allow us to conclude that

dist(p, V) = lim dist(p;, V) < 11im sup L1 (4, NT) < l,cl(e nT),
i—00 2 i 2
and thus that p € S.

To obtain the inequality (1.32), we let g; be the vector parallel to V that translates
£; to £, and we apply Lemma 1.6.13, with N replaced by 1 and with £ identified with
R, to the sets A; = 7,4, (¢; N T), which are the translates of the sets £; N 7. We can
take A = ¢ N T, because 7T is closed. O

Proposition 1.6.15. If T is a bounded, convex subset of RN and S is obtained from
T by Steiner symmetrization, then S is also a convex set.

Proof. LetV be an (N — 1)-dimensional vector subspace of RY , and suppose that S is
the result of Steiner symmetrization of 7' with respect to V. Let x and y be two points
of S. We let x’ and y’ denote the points obtained from x and y by reflection through
the hyperplane V. Also, let £, and £, denote the lines perpendicular to V and passing
through the points x and y, respectively. By the definition of Steiner symmetrization
and the convexity of 7, we see that £, N 7 must contain a line segment, say from p,
to g, of length at least dist (x, x”). Likewise, £, N T contains a line segment from p,
to gy of length at least dist(y, y). The convex hull of the four points py, gx. py, gy
is a trapezoid, Q, which is a subset of 7.

We claim that the trapezoid, Q’, that is the convex hull of x, x’, y, y’ must be
contained in S. Let x” be the point of intersection of £, and V. Similarly, define y”
to be the intersection of £, and V. For any 0 < t < 1, the line £” perpendicular to V
and passing through

(1- ‘L')x// + ‘cy”

intersects the trapezoid Q C T in a line segment of length
d = (1 = Ddist(py, g) + Tdist(py, qy) .
and it intersects the trapezoid Q' in a line segment, centered about V, of length
dy = (1 — t)dist(x, x") + tdist(y, y').

But S must contain a closed line segment of ¢”, centered about V, of length at least
dy. Since d; at least as large as d»,

'nQo ci’'ns.

Since the choice of 0 < t < 1 was arbitrary, we conclude that Q’ C S. In particular,
the line segment from x to y is contained in Q’ and thus in S. O
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The power of Steiner symmetrization obtains from the following theorem.

Theorem 1.6.16. Suppose that C is a nonempty family of nonempty compact subsets
of RN that is closed in the Hausdorff distance topology and that is closed under the
operation of Steiner symmetrization with respect to any (N — 1)-dimensional vector
subspace of RN . Then C contains a closed ball (possibly of radius 0) centered at the
origin.

Proof. Let C be such a family of compact subsets of RY and set
r =inf{s : there exists T € C with T C B(0, 5)}.

If r = 0, we are done, so we may assume » > 0. By Theorem 1.6.6, any uniformly
bounded family of nonempty compact sets is compact in the Hausdorff distance
topology, so we can suppose there exists a T € C with T C B(0, r).

We claim that 7 = B(0, r). If not, then there exist p € B(0, r) and € > 0 such
that 7 C B(0, r) \ B(p, €). Suppose Tj is the result of Steiner symmetrization of T
with respect to any arbitrarily chosen (N — 1)-dimensional vector subspace V. Let
£ be the line perpendicular to V and passing through p. For any line ¢ parallel to
¢ and at distance less than € from ¢, the Lebesgue measure of the intersection of ¢’
with T must be strictly less than the length of the intersection of ¢’ with E(O, r), so
the intersection of ¢’ with 31B(0, r) is not in 77. We conclude that if p; is either one
of the points of intersection of the sphere of radius r about the origin with the line ¢,
then

B(p1,€) NIBO, r) N T = 0.
Choose a finite set of distinct additional points p>, p3, ..., pr such that
aBO.r) € UL Bpi. o).

Fori = 1,2,...,k — 1, let T;4; be the result of Steiner symmetrization of 7;
with respect to the (N — 1)-dimensional vector subspace perpendicular to the line
through p; and p;1. By the lemma it follows that

B(pi,€) NdBO,r)NT; =@
holds for i < j < k. Thus we have

Ty N 3B(0, r) = ¥,

SO
Ty € B(0, s)

holds for some s < r, a contradiction. O
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1.7 Borel and Suslin Sets

In this section, we discuss the Borel and Suslin sets. The goal of the section is to
show that for all reasonable measures on Euclidean space, the continuous images of
Borel sets are measurable sets (Corollary 1.7.19). This result is based on three facts:
every Borel set is a Suslin set (Theorem 1.7.9), the continuous image of a Suslin set is
a Suslin set (Theorem 1.7.12), and all Suslin sets are measurable (Corollary 1.7.18).

To put it as briefly as possible, the Suslin sets in R" are the sets obtained as the
orthogonal projections of Borel sets in R¥Y ™™ The history of Suslin sets is of some
interest. In [Leb 05] (on page 191) Lebesgue had claimed that every projection of a
Borel set is again a Borel set—Lebesgue even gave what he believed was a proof.
It was Suslin (see [Sus 17]) who showed that, in fact, the Borel sets form a proper
subfamily within the Suslin sets, and consequently, there exists a Borel set whose
orthogonal projection is not a Borel set. While it is clearly of interest to know that
there exists a Suslin set that is not a Borel set, we will not prove or use that result.
We refer the interested reader to [Fed 69, 2.2.11], [Hau 62, Section 33], or [Jec 78,
Section 39].

Construction of the Borel Sets

In Section 1.2 we defined the Borel sets in a topological space to be the members of
the smallest o -algebra that includes all the open sets. The virtue of this definition is
its efficiency, but the price we pay for that efficiency is the absence of a mechanism
for constructing the Borel sets. In this section, we will provide that constructive
definition of the Borel sets.

For definiteness we work on RY . We will use transfinite induction over the small-
est uncountable ordinal w; (see Appendix A.1 for a brief introduction to transfinite
induction) to define families of sets 22 and Hg, for « < wp. For us, the superscript
0’s are superfluous, but we include them since they are typically used in descriptive
set theory.

Definition 1.7.1. Set
%) = the family of all open sets in RY,
1Y = the family of all closed sets in RY.

Ife < wy, and Eg and H% have been defined for all 8 < «, then set

%0 = the family of sets of the form

o
A =|_JA:i. whereeach 4; € MY for some B <o,  (1.33)
i=1

1Y = the family of sets of the form RV \ A for A € £0. (1.34)



1.7 Borel and Suslin Sets 43

Since the complement of a union is the intersection of the complements, we see
that we can also write

Hg = the family of sets of the form

o0
A= ﬂ A;, whereeach A; € Eg for some 8 < «. (1.35)

i=1

By transfinite induction over w;, we see that for « < wy, all the elements of 22 and
119 are Borel sets.

Lemma 1.7.2. If 1 < 8 <« < wy, then
ngcmy, mnpcx), Tpcxs).  npcn
hold.

Proof. By (1.33) and (1.35), we see that Eg - 1'12 and H% - 22 hold whenever
1<B<a<w.

Every open set in Euclidean space is a countable union of closed sets, so E? c Eg
holds. Consequently, we also have I'I(l) - Hg. Since 2? - 1'[(2) C 22 holds whenever
2 < « and since 1'[(1) C Eg holds, we have Z(l) - 22 and H(l) C Hg foralll < o < wy.

Fix I < < a < w;. Suppose £Y € £ and Y < MY hold whenever y < B.
Any set A € Eg must be of the form A = U;’ilAi with each A; € l'I)O, for some

y < B. Then since B < &, we see that A € 2. Thus £§ € 50, Similarly, we have
ny < my. u]
Corollary 1.7.3. We have

U 20 = U . (1.36)

a<w| a<w|

Theorem 1.7.4. The family of sets in (1.36) is the o -algebra of Borel subsets of RN.

Proof. Let B denote the family of sets in (1.36). To see that B is closed under
countable unions, suppose we are given Ay, Ay, ... in B. Considering the left-hand
side of (1.36), we see that for each i, there is @; < wj such that A; € 22[. Since
the sequence &1, ay, ... is countable, but @ is uncountable, there is a* < w; with
a; < o for all i (see Lemma A.1.4). We conclude that U | A; € Xg+. Thus B
is closed under countable unions. We argue similarly to see that B is closed under
countable intersections and complements. O

Because in the definition of 1'12, equation (1.34) can be replaced by (1.35), The-
orem 1.7.4 has the following corollary.

Corollary 1.7.5. The family of Borel sets in RN is the smallest family of sets contain-
ing the open sets that is closed under countable unions and countable intersections.
Likewise, the family of Borel sets in RY is the smallest family of sets, containing the
closed sets, that is closed under countable unions and countable intersections.
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Suslin Sets B

Recall that the positive integers are denoted by N. We let N denote the set of all finite
sequences of positive integers and we let A denote the set of all infinite sequences
of positive integers, so

N ={@mi,ny...,ng) :keN, nj e Nfori =1,2,...,k},
N ={m,ny,..):n;eNfori =1,2,...}.

Definition 1.7.6. Let M be a collection of subsets of a set X. Suppose that there is a
set My, ny,...n, € M associated with every finite sequence of positive integers. We

can represent this relation as a function v : A” — M defined by

,,,,,

%
(ny,na,...,ng) — Mn|,n2,...,nk .

Such a function v is called a determining system in M. Associated with the deter-
mining system v is the set called the nucleus of v denoted by N (v) and defined by

N = | (Mo O My 0 O My 0
neN

n=(ny,nz,...)

Suslin’s operation (A) is the function that when applied to the argument v produces
the result N (v). We will say that N (v) is a Suslin set generated by M. The family
of all Suslin sets generated by M will be denoted by M ).

By the Suslin sets in a topological space we mean the Suslin sets generated by
the family of closed sets.

Since A has the same cardinality as the real numbers, we see that the nucleus is
formed by an uncountable union of countable intersections of sets in M. We might
expect that operation (A) could be extremely powerful, but at the outset it is not
immediately clear what can be done with the operation. The next proposition tells us
that operation (A) is at least as powerful as those used to form the Borel sets.

Proposition 1.7.7. Suppose A1, Ay, ... € M, then there exist determining systems
vy and vy such that

[o/0] o0
Ny)=|JAi and N@p)=()A
i=1 i=1

Proof. Define vy and vy by

vy

(ny,no, ..., nK) ——— Ay,
v

(n1,n2, ..., nK) ———> Ag.

It is easy to see that vy and vy have the desired properties. O
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The next theorem that tells us that repeated applications of operation (A) produce
nothing that cannot be produced with only one application of the operation.

Theorem 1.7.8. If M is a family of sets, if ) € M, and if Ma, is the family of Suslin
sets generated by M, then any Suslin set generated by My, is already an element
of Ma). Symbolically, we have

(M(A))(A) = M(A) .
Proof. Let
v
(n1,n2, ..., ng) —> My ny.on € Ma

be a determining system in Ma). For eachny, na, ..., ng € ./\7, the set My, n,,....ni
must itself be the nucleus of a determining system vy, ,.... n, in M; that is,

.....

Vny,nog,...ng
e q1,92;--59¢
(qla an ~~-,q5) Mnl,nz,‘..,nk S Mv

,,,,,

q1 q1.92 q1:92,---,9¢
U (M"lyVlZ,m»nk N Mnl,nzy.--,nk n---N Mnl,nz,...,nk n-. ) ’

qeN
9=(q1.92,-.-)
N = | (Mo O My 00O My O)
neN

n=(ny,ny,...)

We can rewrite N (v) as the union of the sets
ql ql ql t]l ql ..,ql
(M,,l1 N M, N---N M "fmm)

2 2 42 2 2
() q q1-4 43,434
(Mnll,nz N Mnll,nz2 N---N Mnll,nzz ‘A )
(1.37)

Notice that the set in the kth row and £th column of (1.37) is indexed by k subscripts
and ¢ superscripts. The choices of the subscripts and superscripts are constrained by
the following requirements:

in any row, the list of subscripts is constant,
in any row, the list of superscripts grows by concatenation, (1.38)
in any column, the list of subscripts grows by concatenation.

Let the prime numbers in increasing numerical order be given by the list
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pP1, P2, P3,--- -

We can use the list of primes to encode the information concerning the number of
subscripts, the number of superscripts, and their values as follows: Set
ko0 on . om me odi 4 at
m=py Py P3 Py " Pri2 P43 Prya " Poyk42- (1.39)
Given apositive integer m, the unique factorization of m into prime powers determines
whether m is of the form (1.39). Certainly not every positive integer m is of the form
(1.39), nor is every sequence of positive integers my, ma, ... consistent with the
conditions (1.38), even if the individual numbers m; are of the form (1.39). But it is
true that any sequence of sets in (1.37) will give rise to a sequence of positive integers
my, mo, ... of the form (1.39) that satisfies the conditions (1.38).
We now define the determining system

o
(mhst-nsmk)'—) Sml,mz ..... my -

For each positive integer m, if m is of the form (1.39), then the numbers k, ¢,
ny,ny,...,ng, qi‘, qé‘, R qf are uniquely determined by (1.39). So we can make

the definition
av.gh...qf .. .
T o_ Sni na.nt if mis of the form (1.39) ,
=
] otherwise.

Then, for the sequence of positive integers m1, ma, ..., set

Tiny N Ty N -+ - N Ty, if (1.38) is not violated,

] otherwise.

Form = (my,ma,...) € N, the set

Sml N Sm|,m2 n---N S’nlamZ

.....

is either one of the sets in (1.37) or the empty set. By construction, every setin (1.37)
gives rise to a sequence m = (m1, ma, ...) € N such that

Sm1 N Sml,mz n---N Sml,mz,...,mk AERE
equals that set in (1.37). Thus we have N (v) = N (o). O
Theorem 1.7.9. Every Borel set in RV is a Suslin set.

Proof. By Proposition 1.7.7 and Theorem 1.7.8, the collection of Suslin sets is closed
under countable unions and countable intersections. Thus by Corollary 1.7.5, the
collection of Suslin sets contains all the Borel sets. O

Continuous Images of Suslin Sets

Suppose f : X — Y is a function from a set X to a set Y. The inverse image of a
union of sets equals the union of the inverse images, and likewise the inverse image
of an intersection of sets equals the intersection of the inverse images. Images of sets
under functions are not as well behaved as inverse images; nonetheless, we do have
the following result—which is easily verified.



1.7 Borel and Suslin Sets 47
Proposition 1.7.10. Let f : X — Y.

(1) For {Ag}yeq a collection of subsets of X, f (Uae] Aa) = Ugyes f(Ao) holds.

Q) ForX 2A1 DA D, f (ﬂfil Al-) C N2, f(A)) holds and strict inclu-
sion is possible.

To obtain an equality for images of intersections, we need to look at continuous
functions and decreasing sequences of compact sets.

Proposition 1.7.11. Let X and Y be topological spaces and let f : X — Y be
continuous. If X is sequentially compact, X 2 C1 2 C 2 ---, and if each C; is a
closed subset of X, then f (("72; Ci) = iz f(Ci).

Proof. By Proposition 1.7.10, we need only show that (72, f(Ci) € f (N2 Ci),
so suppose y € (e f(Ci).

Foreachi,thereis x; € C; with f(x;) = y, and because the sets C; are decreasing,
we have x; € C; whenever j > i.

Set xo,; = xj for j = 1,2,.... Since C; is sequentially compact, there is a
convergent subsequence {Xl,j}?i] of {xo, j}?il' Arguing inductively, suppose 1 <
i and that we have already constructed a convergent sequence {x;, j}‘j?‘;l that is a
subsequence of {xh‘j}c,?ip for 0 < h <i — 1, and is such that every x; ; is a point
of Ci, for j = 1,2,.... Since {xi,j}ﬁ';] is a subsequence of the original sequence
{xo,j}?ozl, there is a j, such that x; ; € C;y holds for all j with j, < j. Since
C;+1 is sequentially compact, we can select a convergent subsequence {x;1, j}?o: h
of {x;, j};?'; I and thus satisfy the induction hypothesis.

By construction, the sequence {x; j}70:1 is convergent. Hence we have
lim; o0 xj; € ﬂloil Ci, f (limj_woxj,j) = lim?il f (xj,j) = y, and thus we
have shown that y € (2, C;. O

Theorem 1.7.12. If f : RN — RM is continuous and S R is a Suslin set, then
£(S) is a Suslin subset of RM.

Proof. Since any closed subset of R is a countable union of compact sets, we see
that if K is the collection of compact subsets of RY, then K4, is the collection of
Suslin sets.

Let S € R be a Suslin set, and let v be a determining system in X such that
S = N (v). Since any finite intersection of compact sets is compact, we see that the

.. v
determining system (ny, no, ..., ng) — Ky, .ny,....n, has the same nucleus as the

.. v . .
determining system (ny, na, ..., ng) —> Hp, n,... ., in K given by

Hyyng,oong = Ky N Ky 0o N Ky g,y -

oo .
Because the sets { Hy, n,.....n; } 1~ form a decreasing sequence of compact sets, we

can apply Propositions 1.7.10 and 1.7.11 to conclude that

.....
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f(S) = fFINWI= fINW)]

=f U (HnlmHnl,nzﬂ"'mHnl,nz ,,,,, nkﬁ)
neN

n=(ny,ny,...)

= U (f(Hnl)mfuarm,nz)m...mf(H,“,n2 ,,,,, nk)ﬂ~~),
neN
n=(ny,ny,...)

and so we see that f(S) is a Suslin set in RM . m|

Measurability of Suslin Sets
In order to prove that the Suslin sets are measurable, we need to introduce some
additional structures similar to the nucleus of a determining system.

Definition 1.7.13. Let (n1, n2, ..., ng) —> Ap,ny....n, begiven. Lethy, ha, ... hy
be a finite sequence of positive integers. We define the following sets:
N th2eshs () — U Any NV Ay, NN Ay N, (1.40)
(nl,nz....)EN

nj<hj, 1<i<s

hy hs
N = U U An 0 Anmy 00 Ay iy, - (14D
ni=1ny=1 ng=1

The next proposition follows immediately from the definition.
Proposition 1.7.14. Let (ny, no, ..., ng) ri> Ap\ny....n; be given. We have

Nl c...cN"w) <Ny ...,
N =[N,
k=1

Nhl’m’h’hl(\}) g . g Nh],...,hs,k(v) g N]’l],...,hx,k+1(v) g cee

oo
Nh],...,hs (V) — U Nhl,...,hs,k(v) .
k=1

Corollary 1.7.15. If  is a regular measure on the nonempty set X and v is a deter-
mining system in any family of subsets of X and if E is any subset of X, then

kll)n;ou[E ﬂNk(v)] = ,u[E DN(U)] ,
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Proof. Recall that Lemma 1.2.8 tells us that for a regular measure the measure of the
union of an increasing sequence of sets is the limit of the measures of the sets, so the
result follows immediately from Proposition 1.7.14. O

We will need the following lemma.

Lemma 1.7.16. Let (n1,n2, ..., 00) > Au,my.m and (hi, ha,...) € N be
given. Then we have

N, W) NNp WO NANp pyp (W) N SN (). (1.42)

,,,,,

Proof. Fix a point x belonging to the left-hand side of (1.42).
First we claim that there exists a positive integer n? < hj such that for every k
with 2 < k, there exist np, ns, ..., n; withn; < h;, for2 <i < k, and with

X € An(l) N An(l)’n2 n---N An(l)’n2

To verify this, suppose it were not true. Then for each index n| < h; there would be
exist a positive integer k(r1) such that

X & A NApppNee-N Anl,nz,-.-,nkml)

whenever n; < h; fori =2,3,...,k(ny).
Setting K (1) = max{ k(1), k(2), ..., k(hy) }, we see that

hy o hi 1y

x ¢ U U U Any NV Apyny OOV Apy g, ngeqy »

ni=1lny=1 ngm=1

which contradicts our assumption that x is an element of the left-hand side of (1.42).

Arguing inductively, suppose we have selected positive integers n(l), ng, ceey n?
satisfying
n(]) Shlvng §h27"'sn85hs,
for every k with s + 1 < k, there exist ngy1, ns42, ..., g

with n; < h;, fors + 1 <i <k, and with (1.43)

X € An(l) n An?,ng n---N An?,ng,...,n?,ns_,_],ns_,_z ,,,,, ng
We claim that we can select ng +1 = hs41 so that (1.43) holds with s replaced by
s + 1. If no such n? 1 existed, then for each index ngy1 < hgy there would exist a
positive integer k(ng41) such that
XE ANV AL QO VA0 10t nssz,eiing )
whenever n; < h; fori =s+ 1,5 +2,..., k(ngy1).
Setting K (s + 1) = max{ k(1), k(2), ..., k(hs41) }, we see that
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h1  hy hk(s+1)

X ¢ U U U Am mAm,nzm"'mAm,nz,...,nK(JH) s

ni=lny=1 ngeyn=I1

which contradicts our assumption that x is an element of the left-hand side of (1.42).
Thus there exists an infinite sequence ”(1) < hy, ng < hy, ... such that

XEA”?HA”?’"(Z)O.HHA?O 0oM---;

hence x € N (v). O

Theorem 1.7.17. Let p be a regular measure on the nonempty set X, and let M be
the collection of w-measurable subsets of X. If v is a determining system in M, then
N (v) is u-measurable.

.. v
Proof. Let the determining system v be (11, n2, ..., ng) —> My, »,,..n, , and set
A = N (v). We need to show that for any set £ C X, we have

H(ENA)+pn(E\ A) < pn(E).

We may assume that (E) < co. Let € > 0 be arbitrary.
Using Corollary 1.7.15, we can inductively define a sequence of positive integers
hi, hy, ... such that

M[C ﬁNh'(v)] > ,u[E DN(U)] —e)2

and

holds, and thus, since Ny, p,,...n, (V) is u-measurable,

yenns

.....

Now the sequence of sets {Nhl,h2 I (v)}k O is descending, and by
Lemma 1.7.16 its limit is a subset of N (v). ,Caﬁsequently the sequence

{X AN hyhy }k_l ) is ascending and its limit contains the set X \ N (v). Hence

.....

e¢]

Bim g EAN by )] = 1 [E U Nhl,hz,...,w)} = u[E\NO)].

k=1
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" w(E) = u[EONW |+ u[EAN®)] —e,

and the result follows since € is an arbitrary positive number. O

Corollary 1.7.18. If v is a Borel regular measure on the topological space X, then
all the Suslin sets in X are p-measurable.

Corollary 1.7.19. If f : RN — RM s continuous,  is a Borel regular measure on
RM™ and S € RY is a Suslin set, then f(S) is u-measurable.

Remark 1.7.20. The particular properties of Euclidean space required for Corol-
lary 1.7.19 are that every open set is a countable union of closed sets and that every
closed set is a countable union of compact sets.






2

Carathéodory’s Construction and Lower-Dimensional
Measures

In the study of geometric questions about sets it is useful to have various devices for
measuring the size of those sets. Certainly lower-dimensional measures are one such
mechanism. The classic construction of Carathéodory provides an umbrella paradigm
that generates a great many such measures, suitable for a variety of applications. Our
aim in the present chapter is to give a thorough development of this theory and to
present a number of examples and applications.

Certainly the ideas that we present here began with Hausdorff [Hau 18] and
Carathéodory [Car 14]. In the intervening eighty years they have developed in a
number of startling and powerful new directions. We shall endeavor to describe both
the history as well as some of the current directions.

2.1 The Basic Definition

Let F be a collection of sets in RY. These will be our “test sets” for constructing
Hausdorff-type measures. Let ¢ : F — [0, 400] be a function (called the gauge
of the measure to be constructed). Then preliminary measures ¢s, 0 < § < oo, are
created as follows:

If A € RV, then set

¢s(A)

=inf { Y ¢(8):G S FN{S:diam S < 5}, card(G) < Rp, andA C | J St.

Seg Seg
2.1

Each number in the set over which we take the infimum in (2.1) is obtained by covering
A by sets of diameter not exceeding § (see Figure 2.1). We can either separately define
¢s(¥) = 0; or we can note that the empty sum is 0, so the empty covering of the empty
set realizes the infimum in (2.1). Note that ¢; clearly satisfies the monotonicity and
subadditivity requirements of Definition 1.2.1 and thus is a measure.

G.S. Krantz, R.H. Parks (eds.), Geometric Integration Theory, doi: 10.1007/978-0-8176-4679-0_2, 53
© Birkhduser Boston, a part of Springer Science + Business Media, LLC 2008
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Fig. 2.1. Carathéodory’s construction.

If 0 < 81 < & < oo then it is immediate that ¢s, > ¢s,. Thus we may set

Y (A) = lim ¢s(A) = supps(A).
§—0t §=0

Certainly  is also a measure. This process for constructing the measure ¥ is called
Carathéodory’s construction. Once the family of sets F and the gauge ¢ have been
selected, the resulting measure ¥ is uniquely determined.

By applying Carathéodory’s criterion, Theorem 1.2.13, we can immediately see
that any open set is ¥ -measurable. Indeed, one sees that

¢s(AU B) = ¢s(A) + ¢s(B)

whenever dist(A, B) > § > 0. This follows because any set of diameter < § that is
part of a covering of A U B will either intersect A or intersect B but not both. Thus
any collection G as above will partition naturally into a subcollection that covers A
and a subcollection that covers B.

Example 2.1.1. Not every open set is ¢s-measurable, for fixed § > 0. To see this,
let N = 1, let F be the collection of open intervals, and let ¢(S) = (diam (S)H1/2.
Define I1 = (0, 6/2), I = (§/2,§),and I = I; U I5. Then it is easy to see that

ds(I) = (8/2)V%, ¢s(h) = (8/2)*, ¢s(I) = 8'/2.

But then the inequality
¢s(I) = ¢ps (1) + ¢ps5(12)

clearly fails. O
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It is not difficult to show that if all members of F are Borel sets, then every
subset A of RV is contained in a Borel set A with the same ¢5 measure (just take the
intersection of the unions of covers). Thus 1 is a Borel regular measure.

We now describe an alternative approach to Carathéodory’s construction that is
due to Federer [Fed 54]. In fact, 1/ (A) can be characterized as the infimum of the set
of all numbers ¢ with this property:

For each open covering U of A there exists a countable subfamily
G of F such that each member of G is contained in some member
of U, G covers A, and 2.2)

Do) <t.

Seg

One advantage of this new definition—important for us—is that it frees the definition
of ¥ from any reference to a metric. This is particularly useful if one wants to define
Hausdorff measure on a manifold.

2.1.1 Hausdorff Measure and Spherical Measure

Hausdorff measure and spherical measure were introduced by Hausdorff in [Hau 18].
Let m be a nonnegative integer and let €2,, be the m-dimensional volume of the
unit ball in Euclidean m-space, that is,

o 2xm2 [/
T mDm/2)  Tm/2+1)"

(2.3)

m

Now we specialize to the situation in which F is the collection of all sets S and
21(S) = Q2 27" (diam S)™ 24

for § # ¢. [Note that this definition makes sense for any m > 0 with €2,,, defined by
(2.3), although the interpretation of €2,, as the volume of a ball is no longer relevant
or valid when m is not an integer. |

We call the resulting measure the m-dimensional Hausdorff measure on RV,
denoted by H™. It is worth noting that the same measure would result if we let 7
be the collection of all closed sets or all open sets. In fact, because any set and its
convex hull have the same diameter, we could restrict attention to convex sets.

It is immediate that the measure H° is counting measure (see Example 1.3.24).

Proposition 2.1.2. For0 <s <t <oocand A C RY | we have that

(1) H*(A) < oo implies that H! (A) = 0;
(2) H'(A) > 0 implies that H* (A) = oc.

Proof. It will be convenient to use Hj (respectively, Hj) to denote the preliminary
measure ¢ constructed using the gauge ¢ in (2.4) with m = s (respectively, m = t).
For (1), let A C |J; E;, with diam (E;) < § and
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Q27 Y diam (E;)* < Hj(A) + 1.

1

Then

H5(A) < Q27" Zdiam (E))!

1

<87 Q27 Y " diam (Ep)° < 87 (/2027 (H3(A) + 1)

1

As § — 07, this estimate gives (1).
Statement (2) is really just the contrapositive of (1). But it is worth stating
separately, since it is the basis for the theory of Hausdorff dimension. O

When F is the family of all closed balls in RY, and 1 is as above, then the
resulting measure V is called the m-dimensional spherical measure. We denote this
measure by S”*. The same measure results if we use the family of all open balls.

Of course, it is immediate that

H" < S™ < 2" H™.

More precise comparisons are possible, and we shall explore these in due course.

2.1.2 A Measure Based on Parallelepipeds

Let M > 0 be an integer and assume that M < N, the dimension of the Euclidean
space RY. Now suppose we use the new gauge function defined by

€2(S)=QM'2M'Sup{l(al—bl)/\"'/\(dM—bM)l tai, by, ...,am, by € S}.

(2.5)
See Figure 2.2. We will learn more about this gauge in Lemma 2.1.3. Carathéodory’s
construction on the family F of all nonempty subsets of R will be denoted by 7™

Fig. 2.2. A construction based on exterior algebra.
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and will be called M-dimensional Federer' measure on RY . Of course, we could use
all open sets S, or all compact sets S, or all convex sets S; the same measure would
result.

Since
M

[@r = b)) A+ A Gay = ba)| < [ [lai = bil,
i=1
we conclude that
o(S) < Q- 27 M (diam $HM

and thus that 7% < HM. Observe that the gauge ¢» assigns the same value to any
set and to its convex hull. This follows because the map of (RN)2M jnto A M(RN )
yielding the preceding exterior product is affine with respect to each of the 2M
variables ay, b], oo, ap, bM.

2.1.3 Projections and Convexity

Continue to assume that M > 0 is an integer with M < N, the dimension of the
Euclidean space R"Y. We let O(N, M) denote the collection of orthogonal injections
of RM into RY, so each element of O(N, M) is a linear map from R to R¥ that
is represented by an N x M matrix with orthonormal columns. In case M = N,
we write O(M) = O(M, M), so that O(M) is the orthogonal group. Furthermore,
O*(N, M) will be the set of adjoints of elements of O(N, M) from R" onto RM
(these are of course orthogonal projections). For § € RV, we set

&3(8) = sup {LY[p($)): p € OV, W], 26)

where £M is the M-dimensional Lebesgue measure.

Gross Measure

Let F be the family of all Borel subsets of RY. Then Carathéodory’s construction,
with ¢3 as in (2.6), gives the M-dimensional Gross measure® on RV . It is denoted
by gM,

Carathéodory Measure

Let F be the family of all open, convex subsets of RV . Then Carathéodory’s con-
struction, with ¢3 as in (2.6), gives the M-dimensional Carathéodory measure® on
RY. We denote this measure by C. The family of all closed, convex subsets gives
rise to just the same measure.
It is worth noting that, when M = 1, then ¢3(S) = diam (§) when S is convex
and hence
ct=n".

! This measure was introduced by H. Federer in [Fed 69].

2 Introduced in [Gro 18a] and [Gro 18b].

3 Introduced in [Car 14].
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2.1.4 Other Geometric Measures

Fix RY as usual and select a positive integer M such that M < N. For 1 <t < oo,
we now proceed to define a gauge function gy ;:
For § € R, define fs5 : O*(N, M) — R by setting

fs(p) = LM[p(S)]  forall p € OF(N, M).

Let 9;(,’ ' be the measure on O*(N, M), with total measure 1, that is invariant under
the action of the orthogonal group. (We will prove the existence of such a measure in
Chapter 3, where our arguments are independent of this chapter.) To ensure that the
measures resulting from Carathéodory’s construction using the gauge ¢4 ; give values
that agree with those found for smooth surfaces using calculus, we need to introduce
a normalizing factor 8; (N, M). For completeness, we give the definition here. For
1 <t < oo, let B (N, M) be the positive number that satisfies the equation

1/t
</|(/\MP)$|td9[>\kl,M(p)> =p(N, M) -[§]

for any simple M-vector £ of RV, Set Boo (N, M) = 1. Finally, set

_ . 1/t
G4s(S) = (BN, M) ( [ |#s) depmp)) @7

whenever fs(p) = LM[p(S)]is 6}, ,,-measurable.
In fact, fs is 0y ,-measurable whenever § is a Borel or Suslin set. This measur-
ability holds because
{(,y,p)ixeS y=pk)}
is a Suslin set in RY x R™ x O*(N, M) whenever S is a Borel or Suslin set in RV,
The map
t > Bi(N, M)C4,(S) (2.8)

sends ¢ to the L’-norm of a fixed function on a space with total measure 1, so, using
Holder’s inequality and Lebesgue’s convergence theorems, we see that the map (2.8)
is nondecreasing and continuous; thus ¢4 ;(S) is continuous as a function of ¢.

Integral Geometric Measure

Let F be the family of all Borel subsets of RV . Using Carathéodory’s construction
with gauge ¢4, we construct the M-dimensional integral geometric measure with
exponent t on RY. This measure is denoted by ZM. Roughly speaking, integral
geometric measure measures all projections of the given set, and then integrates
out (using an invariant measure) over all projections. The M-dimensional integral
geometric measure with exponent 1 was introduced by Jean Favard (1902-1965) in
[Fav 32] and is sometimes called Favard measure.

It is worth noting that I,M (A) = 0 if and only if the set A is contained in a Borel
set B with LM[p(B)] = 0 for 97\‘,’M—almost every p € Oj;,’M. Thus all the measures

IM 1 <t < 00, have the same null sets.
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Gillespie Measure

Let F be the family of all open, convex subsets of RY . The Carathéodory construction
with gauge ¢4, then gives the measure QY. We call this measure the M -dimensional
Gillespie* measure with exponent t on RN . The same measure results when we use
instead the family of all closed, convex subsets of RNV,

Since the function fs is continuous for any bounded, open, convex set S, we see
that Q¥ = cM.

2.1.5 Summary

In Table 2.1, we summarize the measures, and their constructions, that have been
described in this section.

To establish the relationships among the measures listed in Table 2.1, we will
need to understand ¢, better.

Lemma 2.1.3. If S € RM is a nonempty subset, then
LM(S) < Qu-27M -sup{|(a; —b1) A~ Alay —bu)| 2 ar, by, ..., ap, by € S}

Proof. Let M = N and let £,(S) be as above. Take A, © > 0. Define C to be the
collection of all nonempty, compact, convex subsets S of RY such that

LM(S)>xr and &(S) <pu.

By the upper semicontinuity of Lebesgue measure with respect to the Hausdorff
distance, i.e., Corollary 1.6.5, and by the definition of ¢», C is closed with respect
to the Hausdorff metric. We further claim that if the set T is obtained from S € C
by Steiner symmetrization, then 7 € C. To see that this claim holds, recall that
Proposition 1.6.12 tells us that Steiner symmetrization preserves Lebesgue measure,
while symmetrization also preserves the gauge ¢» just by linearity.

Now, in case C is nonempty, we can conclude from Theorem 1.6.16 that there is

some ball B(0, r) in C. Thus
= LYBO, M) = Qu - rM = (B0, )] < 1.
That proves our result. O
Corollary 2.1.4. For S € RV, it holds that
$3(8) = 0(5) .

4 David Clinton Gillespie (1879-1935) suggested the measure Q{VI to Anthony Perry Morse
(1911-1984) and John A. F. Randolph (see [MR 40]).
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Table 2.1. Measures resulting from Carathéodory’s construction.

Gauges

meR, 0<m< o0
£1(8) = Qp 27 ™ (diam §)™

MeZ, 1=<MZ=<N,

0(8) = Q- 27M “sup{l(a; —b) A+ Alay — byl zay, ..

c3(S) = sup{LM[p($)] : p € OF(N, M)},

4.0 (S) = (Be(N, M) ILM [p(H]]ls-

Notation Name of Measure Family of Sets 7 Gauge

H™ Hausdorff all sets O
S spherical balls s
™ Federer all sets %)
gM Gross Borel sets &3
cM Carathéodory open, convex sets {3
T f"[ Favard Borel sets {41
ZlM integral geometric ~ Borel sets Cat

with exponent ¢

Q?’I Gillespie open, convex sets Cat
with exponent ¢

Proof. For p € O*(N, M), we have

. by €S},

Iplai — b)) A--- A play —by)l < (a1 —b1) A=+ A (ay — bu)l,

so, by Lemma 2.1.3,
LMp(S)]

< Qu - 27M sup{|(ay — b)) A -+ A (ay — bu)| 2 a1, by, ..

am, by € p(S)}

< Qu 27" sup{lp(as = b)) A+ A play — byl s a1, by, ... .ap, by € S)

< Qu-27M sup{l(a1 —b1) A+ A (ay — bw)| 2 ar, by, .

= 0(S)

.,aM,bMeS}
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holds. Taking the supremum over p € O*(N, M), we obtain the result. O

The following six facts will allow us to compare the measures we have created
using Carathéodory’s construction.

(1) making the family of sets F smaller cannot decrease the measure resulting from
Carathéodory’s construction,

(2) & <<,

(3) &3 <0,
(4) B:(N,m)t4,(S) is a nondecreasing function of ¢,

(5) &4,00 < ¢3,and
(6) ¢3 and ¢4, agree on the open, convex sets.

Proposition 2.1.5. For M an integer with 1 < M < N and for co >t > s > 1, the
following relationships hold:

SM >HM > TM

VI
CM = QM > B, (N, M)- QM > B,(N, M)- QM
VI VI VI VI

GM > I > BN, M) -IM = By(N, M) - T} .
Proof. Use the six facts above. O

Noting that 8;(N, N) = 1 for 1 <t < oo, we see that when N = M, I{V is
the smallest of the measures that we have defined in this section. Also note that the
inequality

N (A) > LN (A), forall A C RV, (2.9)

is evident from the definition of 7. {v . Ultimately (see Corollary 4.3.9) we will show
that in RY, the measures SN, HN, 7N, ¢V, gV, Qlfv, and ZtN (1 <t < 00) all agree
with the N-dimensional Lebesgue measure £V.

2.2 The Densities of a Measure

At a point p of a smooth m-dimensional surface S in RY, we know that the m-
dimensional area of S N B(p, r) approaches 0 like 7 as r | 0. We might hope to
generalize that observation to less smooth surfaces and more general measures, or we
might wish to show that if some measure behaves in that way on a set S, then that
set exhibits some other desirable behavior. The tools for such investigations are the
densities of a measure, which we define next.

Definition 2.2.1. Let 1 be a measure on RV . Fix a point p € RN and fix 0 < m < oo
(m need not be an integer).
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(1) The m-dimensional upper density of i at p is denoted by ®@*"(u, p) and is
defined by setting

0™ ) — limsun [E(p,r)]
w, p) = limsup ———= .
rl0 P Q™

(2) Similarly, the m-dimensional lower density of w at p is denoted by ®F (1, p)
and is defined by setting

n [E(p, r)]

O (1, p) = liminf
o p = limint —g

(3) In case OF (i, p) = O™ (u, p), we call their common value the m-dimensional
density of i at p and denote it by @ (u, p).

Because Hausdorff measure and spherical measure are based on diameters of sets
and balls, respectively, a bound on the upper density of a measure y should imply a
relationship between p and Hausdorff measure and between p and spherical measure.
To obtain such results, we need to require the measure p to be regular. Recall that
Lemma 1.2.8 tells us that for a regular measure, the measure of the union of an
increasing sequence of sets equals the limit of their measures.

Proposition 2.2.2. Let i be a regular measure on RN, and let 0 < t < oo be fixed.
IfH™(A) < oo and ®*" (i, p) <t holds for all p € A, then

w(A) <t-2" - H"™(A) <t-2"-S8"(A).

Proof. Since H™ < 8™, we need only consider the Hausdorff measure.
Let s with # < s < oo be arbitrary. For each positive integer j, set

Y =Am{p:y,[E(p,r)] <5-Qur™, forallr <1/ } .

By Lemma 1.2.8, the fact that H™ (A ;) < 00, and the arbitrariness of s, it suffices to
prove that
w(Aj) <2"-s-H"(A)) (2.10)

holds for each ;.

Now let 6 satisfy 0 < § < 1/j. Let Sy, S», ... be a family of sets of diameter not
exceeding § such that A; C U2, S;. Without loss of generality, we may assume that
each §; intersects A in a point P;. We conclude that

(A = D u(s) = Y u [Bipi, diam's))|

i=1 i=1

oo o0
<> 5 diam $)" <275 Y 4i(S)
i=1

i=1
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holds, where ¢1(S) is the gauge function
0(S) = 2, 27" (diam §)" .

Since the countable covering {S; } by sets with diameter not exceeding § was otherwise
arbitrary, we conclude that

u(Aj) <2™-s-¢s(Aj).
Letting § | 0, we obtain (2.10). O

Definition 2.2.3. If 1 is a measure on the nonempty set X and A C X is any set,
define the measure 11| A on X by setting

(LLAYE) = n(ANE)

foreach E C X. Itis easy to check that ;| A is, in fact, a measure, and it is also easy
to check that any set that is y-measurable is also 1| A-measurable. We call | A
the restriction of u to A.

Corollary 2.24. Fix 0 < t < 27" If A € RN with H"(A) < oo and if
O (H™| A, p) < t holds for each p € A, then H™(A) = 0.

Proof. Argue by contradiction. Assume H"” (A) > 0 and apply Proposition 2.2.2 to
the measure ;© = H"™ | A on the set A. O

Remark 2.2.5. In fact the conclusion of Corollary 2.2.4 remains true even without
the hypothesis H"(A) < oo as long as A is assumed to be a Suslin set. Obtaining
this generalization requires the next result, which we shall not prove here.

Theorem 2.2.6 ([Bes 52]). If A is a compact subset of RN with H™(A) = oo, then
there is a compact set B with B € A and 0 < H™(B) < o0.

2.3 A One-Dimensional Example

Suppose g : R — Ris nondecreasing. Let F be the family of all nonempty, bounded
open subintervals of R. Define the gauge

t({teR:a<t<b}) =gl —bla) (2.11)

whenever —oo < a < b < co. Now applying Carathéodory’s construction produces
a measure ¥ that we will investigate.

Lemma 2.3.1. If g is continuous at a and b, then

w{teR:a<t<b}=g(b)—g(a).
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Proof. First we observe that, using the gauge in (2.11), all the measures ¢s, for
0 < 6 < oo, in Carathéodory’s construction are equal. This is because if g is
continuous at points #; < fp < --- < ty41 then

glny1) —g(n) = lirg+ D lgltji+6e) — gty —el,
€—> j:l

which allows us to replace any particular interval by shorter intervals. From the
equality of all the approximating measures ¢s, we conclude that y ({t e R:a <t <
b}) < g(b) — g(a).

To obtain the opposite inequality, notice that if G is any countable family of
open intervals covering the interval (a, b), andif ¢ > 0, then {r e R : a + € <
t < b — €} is covered by some finite subfamily of G. Call this subcovering
(uy,vy1), (w2, v2), ..., (ur, vr). Thus

k
> lg)) — gl = glb—e) —gla+e),
j=1

and that proves the result. O

The measure v is the measure associated with Riemann—Stieltjes integration’
with respect to g. See [Rud 76, Chapter 6] or [Fed 69, 2.5.17] for more on the
Riemann—Stieltjes integral.

Example 2.3.2. In the special case that g(x) = x, the gauge ¢ defined in (2.11) agrees
with the gauge ¢ used to define Hausdorff measure (or spherical measure) on R, so
that ¥ = H!' = S'. The lemma tells us that 7' and S! assign the same measure to
any open interval as does £!. We conclude that, on R, £! = 1! = S!. O

2.4 Carathéodory’s Construction and Mappings

Carathéodory’s construction is complicated enough that it is often a challenge to
compute values of the resulting measure. For this reason, the next proposition is of
considerable utility.

First recall that a partition of a set A is a collection P of pairwise disjoint subsets
of A whose union equals A; that is,

PiNP,=0 if P, P, eP with P # P,

A=Jr.

PeP

5 Thomas Jan Stieltjes (1856-1894).
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Proposition 2.4.1. Let  be the result of applying Carathéodory’s construction to the
family F using a gauge function . Suppose that every element of F is a Borel set,
and suppose that the gauge function satisfies the sub-additivity condition

£(A) < ) ¢(B) 2.12)

BeG

whenever G is a countable subfamily of F with A C UBeg B.
If A € RV is any set in F, then we have

Y (A) = sup ! Z C(B) : 'H is an F-partition of A ¢ .
BeH

Furthermore, if H1, Ha, ... are F-partitions of A, then

limsup{diam B : B € H;} =0 implies lim Z Z(B)=v(A).
Jj—>00 j_)OOBEH,‘

Proof. Of course, ¢(S) < ¥ (S) holds for every set S € F. Since any S € F is
a Borel set and any Borel set is y-measurable, every S € F is ¥-measurable. It
follows that

Y B = Y v(B) =y(A)

BeH BeH
whenever H is an F-partition of A.

If the diameters of the members of the partitions H ; of A approach 0 as j — oo,
then we also have

A) < liminf B) < liminf B).
‘”()fljn_l)‘o‘} ZK()SIJ@& ZW() O

BeH; BeH,;

Proposition 2.4.1 can be applied to the construction of G” and Z]". One con-

cludes that
I" = lim 7' forl <t <oo.
s—>1"

The theorem cannot be applied to H"™, 8™, 7™, or Q). For instance, there is no hope
of ¢ satisfying (2.12), since in general, diam (A U B) is in no way bounded by the
two numbers diam A and diam B.

Now we introduce the notion of the multiplicity of a mapping.

Definition 2.4.2. Suppose that f : X — Y. We let N(f, y) denote the number of
elements of £~ ({y}). More precisely, for y € ¥, we set

card{x € X : f(x) =y} if{x € X : f(x) = y} is finite,

otherwise.

N(f,y) =

We call N(f, y) the multiplicity of f at y.
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Proposition 2.4.3. Let i be a measure on RN, let f RM s RN and let F be the
family of Borel subsets of RM. Assume that f(A) is u-measurable whenever A € F.
If we set

¢(S) = nlf(S] forSc X,

and if ¥ is the result of Carathéodory’s construction on RM using the gauge ¢ on the
Sfamily F, then

v(A) = / N(fIA. ) du(y) for every A € F.

Proof. Let Hy, Ha, ... be Borel partitions of A such that each member of H; is the
union of some subfamily of H;; and

sup{diam S : S e H;} - 0 as j — oo.

Then

Y XM A N(fIAY) asj 1 oo
SeH,;

for each y € Y. Thus the last proposition and the Lebesgue monotone convergence
theorem imply that

Y(A) = lim u[f(su:jlggo/ > Xf<S)du=/N<F|A,y>du(y>. 0

SEH]' SEH]'

Definition 2.4.4. Let X and Y be metric spaces with metrics distx and disty, respec-
tively. A function f : X — Y is said to be Lipschitz® of order 1, or simply Lipschitz,
if there exists M < oo such that

disty[f(x1), f(x2)] = M distx[x, y] (2.13)

holds, for all x, xo € X. The least choice of M that makes (2.13) true is called the
Lipschitz constant for f and is denoted by Lip f.

Corollary 2.4.5. If f is a Lipschitz mapping of RM into RN, if 0 < m < oo, and if
A C RM s Borel, then

(Lip f)" - H"(A) > / N(FIA, ) dH™ (7).

Proof. We apply Proposition 2.4.3 with u replaced by H™, so we have ¢(S) =
H™[f(S)]. It is elementary that

H™[f(S)] < (Lip /)™ - H™(S)  for S CRM

and the result follows. O

6 Rudolf Otto Sigismund Lipschitz (1832—1903).
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Now an interesting geometric upshot of this discussion is the following:
Corollary 2.4.6. If C € RM is connected then
H'(C) > diam C.
Proof. We may of course assume that 7! (C) < oo. Choose a Borel set B 2 C such
that H!(B) = H!(C).
Fora,b € C, we define F : RM - R by setting F'(x) = dist(a, x) for x € RM,

Then, by the previous corollary and our discussion of Hausdorff measure in one
dimension,

H'(C) =H"(B) > / N(F|B, y)dH'(y) = H'[F(C)] = dist(a, b)

just because 0 = F(a) and F(b) belong to the interval F(C). That proves the
result. O

In the proof of Corollary 2.4.5 we used the inequality (Lip /)™ - H"(A) >
H™[f(A)], a fact that follows directly from the definition of Hausdorff measure.
We now note this fact as a separate proposition.

Proposition 2.4.7. If f is a Lipschitz mapping of R™ into RN, if 0 < m < oo, and
ifAC RM jg any set, then

(Lip )™ - H"™(A) = H"[f(A)].

2.5 The Concept of Hausdorff Dimension

The concept of Hausdorff dimension relies on the following conclusions of Proposi-
tion 2.1.2:

(1) If H™(A) < oo then H¥(A) = 0 for any m < k < oo.
(2) If H™(A) = +o0 then Hk(A) = +oo forany 0 < k < m.

Definition 2.5.1. The Hausdorff dimension of an infinite set A € RY is
dimy A = sup{s : H*(A) > 0} = sup{s : H*(A) = o0}
=inf{t : H'(A) < oo} = inf{t : H'(A) =0}.

It is clear that the Hausdorff dimension of a set A € R is that unique extended
real number « with the property that

s < a implies H*(A) = oo,

t > a implies H'(A) =0.
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Fig. 2.3. The Sierpiriski gasket.

When o = dimy A, we cannot know anything for sure about H*(A). That is to say,
the value could be 0 or positive finite or infinity. If, for a given A, we can find an s
such that 0 < H*(A) < oo, then it must be that s = dimy; A. While the Hausdorff
dimension of the set A can be an integer, in general this is not the case. Figure 2.3
illustrates a classic example [due to Wactaw Sierpiriski (1882-1969)] of a set with
Hausdorff dimension log 3/ log 2.

Clearly the notion of Hausdorff dimension has the properties of monotonicity and
stability with respect to countable unions:

dimy A < dimy B forA < B CRV;

o
dimy | JAj | =supdimy 4;  forA; CRN, j=1,2,....
j=1 /

It is not difficult to show that dimyy RN = N and that the dimension of a line
segment is 1. More generally, the dimension of any compact C! curve is 1. For one
can use the implicit function theorem to locally flatten the curve, and then the result
follows from that for a segment. The dimension of any discrete set is 0.

Sometimes sets have surprising Hausdorff dimensions. Probably the first such
surprise was exhibited in [Osg 03] when William Fogg Osgood (1864—1943) pub-
lished his example of a Jordan arc’ y in R? that has positive area, hence dimy y = 2
(see [PS 92] for a generalization to a Jordan arc y in RY with dimy; y = N).

7 Marie Ennemond Camille Jordan (1838-1922).
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Fig. 2.4. Brownian motion.

A recent result of note is that of Mitsuhiro Shishikura [Shi 98] showing that the
boundary of the Mandelbrot set® has Hausdorff dimension 2.

We construct the m-dimensional Hausdorff measure by summing mth powers of
the diameters of the covering sets. But, in some contexts, it is convenient to apply
another function to the diameters. For example, in the study of Brownian motion®
(see Figure 2.4) it is useful to consider the gauges

£(S) = [diam S)? - loglog[diam $]~!  in dimension > 3
and
Z(S) = [diam S]2 - log[diam S]f1 - log log[diam S]71 in dimension 2.

It can be shown that the trajectories of Brownian motion have positive and o -finite
measure with respect to the measures that are created from Carathéodory’s construc-
tion with these gauges ¢.

A planar Brownian path almost surely intersects itself. In the 1980s, Mandelbrot
conjectured that the boundary of the set enclosed by the return of a Brownian path
is almost surely of Hausdorff dimension 4/3. Recent work of Lawler, Schramm, and
Werner in [LSW 01] and [LSW 02] has confirmed the Mandelbrot conjecture.

2.6 Some Cantor Set Examples

In this section, we construct examples of sets of various Hausdorff dimensions. Much
of our discussion follows [Mat 95]. Certainly additional examples can be found in
Sections 2.10.28, 2.10.29, 3.3.19, and 3.3.20 of [Fed 69].

8 Earlier numerical work by John H. Ewing and Glenn Edward Schober (1938-1991) in
[ES 92] had suggested that the boundary of the Mandelbrot set has positive 2-dimensional
Lebesgue measure.

9 Robert Brown (1773-1858).
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2.6.1 Basic Examples

Fix a parameter 0 < A < 1/2. Set Ip = [0,1] and let /;; and I;> be
the intervals [0, A] and [1 — A, 1] respectively. Inductively, if the 2! intervals
Te—105 Tk—125 + s iy i1, each having length 2%=1 have been constructed, then
we define Iy 1, . .., Ii o« by deleting an interval of length (1 — 22) - diam (-1 ;) =
(1 —21) - A*=1 from the middle of each I —1,j. All of the 2 intervals thus obtained
at this kth step have length A*, so 7! [U?; Ik,j] = 20k

We may pass to a limit of this construction in the usual “direct limit” or “limsup”
manner: We set

oo 2K

cow=U;

k=0 j=1

See Figure 2.5. Then it is easy to see that C (L) is a compact, nonempty, perfect set
and therefore is uncountable. It has no interior and it has Lebesgue measure zero.
Every C(1), 0 < A < 1/2, is a Cantor set,'0 and any two are homeomorphic. The
most frequently encountered rendition of the sets C () is the case . = 1/3, which is
the Cantor middle-thirds set.

I )

I %) I3 Iy

Fig. 2.5. A Cantor set.

It is convenient now to study the Hausdorff measures and dimensions of these
Cantor sets. The nature of Carathéodory’s construction shows immediately that it is
easier to find upper bounds than lower bounds for Hausdorff measure. This is because
any particular covering gives an upper bound, but a lower bound requires an estimate
over all coverings. Our calculations will bear out this assertion.

We let ' denote the preliminary measure ¢s of (2.1) constructed using the gauge
¢1 of (2.4); that is,

10 Georg Ferdinand Ludwig Philipp Cantor (1845-1918).
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HI(A) = inf { > Q27" (diam )" :

Seg
G C{S:diam S <8}, card(G) < Rp, and A C U S}.
Seg

To begin, foreachk = 1,2, ..., we have C(A) C Uj Iy, j, hence

2/(
HILICV] < Zdiam (I, )™ = 2kakm = 2amk
j=1

To make this upper bound truly useful, we would like it to remain uniformly bounded
as k — 4-00. Of course, the least value of m for which this occurs is provided by the
equation 21" = 1, i.e.,
log2
m=_—-—.
log(1/A)

For this choice of m we have

H"[CW)] = kljrfm HyIC)] < 1.

Hence dimy C(X) < m.
Our next calculation will show that H"[C(A)] > 1/4. Hence we will be able to
conclude that

dimy, C() = —282 (2.14)
im =—. .
n log(1/2)
To prove this new estimate, we need only show that
} 1
> diam (1)) > 3 (2.15)
J

whenever the /; are open intervals covering C(A). The set C(1) is compact; hence
finitely many of the /;’s cover C (). Hence we may as well assume from the outset
that C(A) is covered by Iy, ..., I,.

Since C (4) certainly has no interior, we can suppose (making the /; slightly larger
if necessary) that the endpoints of each /; lie outside C(A). Then we may select a
number § > 0 such that the Euclidean distance from the set of all endpoints of the /;
to C (1) is at least 5. We select k > 0 so large that § > A% = diam (I.i). Thus each
interval Iy ; is contained in some /;.

Next we claim that, for any open interval / and any fixed index ¢, we have the
inequality

Z diam (I, ;)" < 4 - diam (I)™ . (2.16)

Ipi Sl

This claim will give (2.15), since
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2

k
43 “diam ()" = Y Y diam ()" = Y diam ()" = 1.
j 1

J ISl i

It remains then to prove (2.16).

So suppose that there are some intervals I, ; that lie inside / and let n be the least
integer for which I contains some I, ;. Thenn < £. Let I, j,, Iy j,, ..., Inj, be
all the nth-generation intervals that have nontrivial intersection with /. Then p < 4,
since otherwise, / would contain some /,,—; ;. Thus

14
4 . diam (1" > Z diam (I, ;)™

s=1

P

=Z Z diam (1;,;)"

s=1 Igrigl,,’jx

v

Z diam (1p.))" .

IhiCl
That completes the proof. o

It is actually possible, with some refined efforts, to show that
Zdiam apm =1,

which gives the sharper fact that H"[C(1)] = 1.

It is worth noting the intuitive fact that when X increases, the size of the deleted
holes decreases and therefore the sets C(A) become larger. Corresponding to this
intuitive observation, (2.14) shows that dimy; C(}) increases as A increases. Also
observe that when A increases from 0 to 1/2, then dimy C(A) takes all the values
between 0 and 1.

2.6.2 Some Generalized Cantor Sets

In the preceding construction of Cantor sets we always kept constant the ratio of the
lengths of intervals in two successive stages of the construction. We are not bound
to do so, and we can thus introduce the following variant of the construction.

Let T = {A;} be a sequence of numbers in the interval (0, 1/2). We construct a
set C(T) as in the last subsection, but we now take the intervals /i ; to have length
A -diam (Ix—1 ;). Then, for each k, we obtain 2% intervals oflength sy = A1-Ag -« Ag.

Leth : [0, 0c0) — [0, 00) be a continuous, increasing function satisfying i (sg) =
27K Then, by the argument of the preceding subsection, the measure v resulting
from Carathéodory’s construction using the gauge ¢(S) = h(diam S) satisfies

=ylcM]=1.

FN



2.6 Some Cantor Set Examples 73

We can also run this argument in the converse direction. Beginning with any
continuous, increasing function z : [0, 00,) — [0, co) satisfying 42(0) = 0 and
h(2r) < 2h(r) for 0 < r < oo, we inductively select A1, A2, ... such that h(s;) =
h(Ay - Ay ) = 2% holds. For any such £ there is then a compact set Cj, C R!
such that 0 < v, (Cp) < oo, where v, is the measure resulting from Carathéodory’s
construction using the gauge ¢(S) = h(diam S§).

Now fix 0 < m < 1. Letting #(0) = 0 and A(r) = r" log(1/r) for r small, we
observe that the condition /2 (2r) < 2h(r) is satisfied for » small and thus we can find
a compact set Cj, with ¥, (Cy,) positive and finite. By comparing " log(1/r) to r™
for r small, we conclude that H" (Cj,) = 0, while by comparing " log(1/r) to r*,
0 <s < r, forr small, we conclude that dimy; C;, = m. On the other hand, choosing
h(r) = r"™/log(1/r) instead (for r small), we see that the condition 2 (2r) < 2h(r)
is again satisfied for » small and we see that Cj, has Hausdorff dimension m and is
not o-finite with respect to the measure 1. In particular, the extreme cases s = 0
and s = 1 give, respectively, a set of dimension 1 with zero Lebesgue measure and
an uncountable set of dimension zero.

2.6.3 Cantor Sets in Higher Dimensions

Of course, Cantor sets can be constructed in dimensions 2 and higher, following the
paradigm of the last section. The idea is illustrated in Figure 2.6.

I

0O L_J L_4J L
| |

| : L j
r | I I | I | |
F-dl--L_41 Lol L
| |
| |
| I
| |
| I
| |
| |
| |
T d
| | | | | | I |
L_J L-J L4 L-1
| | | 1
| | | 1
| - =4 | I -_—d
1 I I | | | I 1
I —Ll L1

Fig. 2.6. A higher-dimensional Cantor set.

To illustrate the utility of these Cantor sets in constructing examples for Hausdorff
dimension, we now describe one result.
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Suppose that for k = 1,2,... we have compact sets Ej, ;,, . With i; =
1,...,n;. assume that
Eil ~~~~~ ifolk+1 < Eilsm»ik’ (2.17)

dr = max diam (E;,, ;) — 0 ask — oo, (2.18)
I1yeenslf

N1
> diam (Ej,._i, )" = diam (E;, )" (2.19)
j=1
Z diam (E;,, ;)" < c¢-diam (B)"
BNEi,...ix 70 for any ball B with diam (B) > dj , (2.20)

where 0 < ¢ < o0 is a constant. Define the set

o0
= U Enie- (2221)

k=11iy,...,ig

Itis immediate from (2.19) that H™ (€) is finite. To see that H" (&) is also positive,
suppose that £ is covered by a family of sets of diameter less than §. We can replace
each set in the family by an open ball of slightly more than twice the set’s diameter
while still covering £. Thus we may suppose that £ is covered by a family of open
balls. Since £ is compact, we may suppose the family of open balls is finite. So
we have £ C U£:1 Uy, where each U, is an open ball. Since, as a function of k,
U; Lo E;,, i 1s a decreasing family of compact sets, there is a ko such that

Now, using (2.20), we estimate

Zdlam Uy, > ¢! Z Z diam (Ei],...,iko)m

a=1 UsNE;, ik 0

lko i1=1
Thus H™ (€) is greater than C - Z;’l‘: , diam (E;,)"™, where C depends only on ¢ and m.

Example 2.6.1. Let E be the unit ball E(O, 1) C R2. Consider the subset E of E
consisting of balls of radius 1/4 centered at the four points
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Fig. 2.7. The first two stages in the construction in Example 2.6.1.

vi=(3/4,0), v =(1/4v2/2),
v3 = (=3/4,0), va = (—1/4, —v2/2).

We want to recursively define sets of closed balls by starting with E and at each stage
of the construction replacing each ball with a scaled copy of E (see Figure 2.7). More
precisely, fork =1,2,...andi; € {1,2,3,4}),for j =1,2,...,k, set

k
Piv,in,....ix = 2(1/4)]71 Uij 5 Eil,iz,...,ik = EI: Piy,ip, ..., i (1/4)k] .
j=1

These sets satisfy (2.17)—(2.20) with dy = 2(1/4)]‘, m = 1,and ¢ = 4. With £ defined
as in (2.21), we conclude that 0 < H!(E) < oo, so & is of Hausdorff dimension 1.
The set £ that we have constructed projects orthogonally onto the full interval
[—1, 1] on the x-axis. An interesting property of this set is that there are two mutually
orthogonal lines (specifically, with slopes 1/+/2 and —+/2) onto which & orthogonally
projects to a set of Hausdorff dimension 1/2. O

There is an extensive literature of self-similar sets and their Hausdorff measures
and dimensions. We refer the reader to [Mat 95] and [Rog 98] for further particulars
on this topic.

References for additional interesting and instructive sets can be found in Sections
2.10.6 and 3.3.21 of [Fed 69].
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Invariant Measures and the Construction of
Haar Measure

The N-dimensional Lebesgue measure £V, the most commonly used measure on
RV, has the property that LV (A) = LV (b + A) for any set A and translation by any
elementh € RV, Infact this translation invariance essentially characterizes Lebesgue
measure on RY . However, consider instead the space R* = {x € R : x > 0} with the
group operation being multiplication (instead of addition). Now what is the invariant
measure?

In fact, the reader may verify that the measure dx /x is invariant under the group
action. Indeed, if A is a measurable set and b € RT, then

bdx_ dx
A;{JrXA(x- )7—/R+XA(X)7.

More generally, one may ask, “Is it possible to find an invariant measure on any
topological group?”” By a topological group we mean a topological space that also
comes equipped with a binary operation that induces a group structure on the under-
lying set. We require that the group operations (product and inverse) be continuous
in the given topology. Examples of topological groups are

(1) (RN, +), N-dimensional Euclidean space under the operation of vector addition,

(2) (T, -), the circle group consisting of the complex numbers with modulus 1 under
the operation of complex multiplication,

3) (O(N), ), the orthogonal group consisting of the orthogonal transformations of
RY under the operation of composition or, equivalently, consisting of the N x N
orthogonal matrices under the operation of matrix multiplication,

4) (SO(N), ), thespecial orthogonal group consisting of the orientation-preserving
orthogonal transformations of R" under the operation of composition or, equiv-
alently, consisting of the N x N orthogonal matrices with determinant 1 under
the operation of matrix multiplication.

While an invariant measure, called Haar measure,' exists on any locally compact
group, we shall concentrate our efforts in the present chapter on compact groups.

I Alfréd Haar (1885-1933).

G.S. Krantz, R.H. Parks (eds.), Geometric Integration Theory, doi: 10.1007/978-0-8176-4679-0_3, 77
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One advantage of compact groups is that the left-invariant Haar measure and the
right-invariant Haar measure are identical. For our purposes, the study of compact
groups will suffice.

3.1 The Fundamental Theorem

The basic theorem about the existence and uniqueness of Haar measure is as follows.
We first enunciate a result about invariant integrals. Of course, an integral can be
thought of as a linear functional on the continuous functions. Then we use a simple
limiting argument to extend this functional from continuous functions to characteristic
functions (see the corollary). Figure 3.1 illustrates the process of using translates of
the graph of a function to approximate the characteristic function of a set.

-~

Fig. 3.1. Constructing Haar measure.

Theorem 3.1.1. Let G be a compact topological group. There is a unique invariant
integral . on G such that A(1) = 1.

Remark 3.1.2. Specifically, the theorem requires that A be a monotone (or positive)
Daniell integral,2 that is, a linear functional on the continuous functions such that
for continuous f, g, and f,,n =1,2,..., f < gimplies A(f) < A(g) and f, 1 f
implies A(f,,) T A(f) (see [Fed 69, 2.5] or [Roy 88, Chapter 16]). The invariance of
A means that if ¢ is a continuous function on G, if g € G, and if ¢4 (x) = ¢(gx), then

M) = Agg) .

Corollary 3.1.3. Let G be a compact topological group. There is a unique invariant
Radon measure  on G such that u(G) = 1. The invariance of u means that for all
sets A C G and g € G,

w(A) = ufga :a e A} = pL{clgi1 ta € A}.

Proof of the Theorem. Let C(G) denote the continuous functions on G, and let
C(G)™ denote the nonnegative continuous functions. If 4 € G then let Aj de-
note the operator of left multiplication by 2. If u € C(G)* and 0 # v € C(G)™,
then let W (u, v) be the set of all maps

2 Percy John Daniell (1889—1946).
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E:G>{teR:0<1t < o0}

for which
{g € G:&(g) > 0} is finite

and

u(x) < D E@Q) - (o Ag)(x) = ) £(g)-v(gx).

geG geG

Now define the Haar ratio

(u:v)zinle&‘&‘eW(u,v)}
G

(here we have altered our set-builder notation to avoid using the colon for two distinct
purposes in the same line). Clearly W (u, v) # ¥ and

(u :v) > [sup u(x)]/[sup v(x)].

xeG xeG

Also we have
(woAp:v)=Ww:v)forheG;
(cu:v) =c(u:v)for0 <c<oo;
(ur+uz:v) < (up:v) + (uz:v);
u1 < up implies (u1 : v) < (up : v).
Ifu, v, w € C(G)T are all nonzero, then

u:w)<@:v)-(v:w)

just because & € W(u, v) and n € W(v, w) imply

W<y E@- Yy nh) - (woAyoAy) =) (woA,

geG heG keG
with ¢ (k) = Zhg:k E(g)-nh)yand Y ¢ =>"5& ) n Asaresult,

! < (uzv))g(u:w). (3.1

(w:u) = (w:v

Now fix a0 # w € C(G)™ and consider the Cartesian product P of the compact
intervals
[leR‘OStS(u:w)}

corresponding to all u € C(G)™ (again the set-builder notation has been modified to
avoid confusion). Whenever 0 # v € C(G)™, we define p, € P by
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(u:v)
(w:v)

as we may by the right-hand inequality in (3.1). Observe that the left-hand inequality
in (3.1) tells us that if u # 0, then

foru e C(G)™,

po(u) =

0< < py(u).

(w:u) —
We let B be the family of sets of the form
(. :xy ey

for V a neighborhood of e, the identity in the group G. (Then B is the basis for a
uniformity on G—see [Kel 55] for the concept of uniformity.) With each g € B we
associate the closed set

S(B) = {pv : (sptv) x (sptv) < B}.

If 1, B2, B3 € B and 1 N B2 2 B3 then S(B1) N S(B2) 2 S(B3) # ¥. Thus,
since P is compact (by Tychonoff’s theorem), there is a point

re (8B
BeB

This function A turns out to be a nonzero invariant integral on C (G)™. That is to say,
it is a bounded linear functional on C(G)™, and it extends naturally to C(G). The
properties that we desire for A follow immediately from the properties of the approx-
imating functions p,. The only nontrivial part of the verification is proving that

Ay 4+ u2) > Auy) + A(uo) whenever uy, ur € C(G)*. (3.2)
To prove (3.2), we choose f € C(G)™" satisfying
sptug Usptus C {x € G: f(x) > 0}.
For any € > 0, we define s, ry, rp € C(G)7 so that
s=uy+uy+ef, rjs=u;, andsptr; = sptu; for j € {1, 2}.
Now we use the uniform continuity of r, r, to obtain 8 € B such that
[rj(x) — fj(y)] < € whenever (x,y) € 8, j € {l,2}.
For any v € S(B),a € sptv, § € W(s, v), we define
£/(G) = [fj(g_la) + e] £(g) whenever g € G and j € {1,2} .

We infer that
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uj(x) =rj(x) - s(x) < Y ri(x)-£(g) - v(gx) < Y £(g) - v(gx)

geG geG

just because v(gx) # O implies that (gx,a) € B and (x, g~ 'a) € B. Thus & €
W(uj, v) and

i)+ @)<Y E+Y H<1+2)) &
G G G

since ri +rp < 1.
It follows that

Polan) + pulua) = (14260)py(s) = (1426)| py(u +u2) + epu(f)

whenever v € S(B). Since A € S(8), we may now conclude that
M) + @) = (142641 +u) + €A ()] o

Proof of Corollary 3.1.3. If E C G then let us say that a sequence of continuous
functions f; is adapted to E if

@0=<fisfo=--,
(b) 1 < lim f;(x) wheneverx € E.
J—>00

We define a set function ¢ by
¢(E) = inf{ lim A(f;):{f;}is adapted to E } . 3.3)
J—>00

Of course, A is monotone, in the sense that f < g implies A(f) < A(g). So the limit
in (3.3) will always exist.

Claim 1. The function ¢ is a measure on G.
To verify this assertion we must show that if £ C U?’;l Bj then pu(E) <

> j w(Bj). This follows because if { fé/ } is adapted to B; then the sequence of
functions
m .
Em = Z fr{t
j=1
is adapted to E. Moreover,
_ J : j
Mgm) = _le(fm < Zlelinéo xR
j= j=

Claim 2. Suppose that g € C(G), E is a set, g(x) < 1 forx € E, and g(x) =0
forx & E. Then L(g) < ¢ (E).
To see this, let { f;} be adapted to E. Then certainly
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hm =inf{fm, g} 1 & asm 1 oco.
Thus
A(g) = lim A(hy) < lim A(fim) .
m-—0Q0 m—00

Claim 3. Every f € C(G)™ is ¢-measurable.
To prove this claim, let 7 € X and —o00 < a < b < 0o0. We shall show that

M) =T N{x: fx) =ap) +d(T N{x: fx)=b}).

The assertion is trivial if a < 0. Thus take @ > 0 and assume that {g;} is adapted to
T. Define
he L [inf{f, b} —inf{f,a}]
b—a
and
ki = inf{gy,, h}.

Since

(@ 0 <kmt1 —kn < 8n+1 — 8&m>
(b) h(x) = 1 whenever f(x) > b,
(¢) h(x) = 0 whenever f(x) <a,

we see that the sequence {k;} is adapted to the set
B=TnN{x: f(x)>b}
and the sequence {g; — k;} is adapted to the set
A=TN{x: f(x) <a}.
In conclusion,

lim A(gn) = m [2(n) + A(gm — k)] = @ (B) + $(A).

Claim 4. If f € C(G)T then A(f) = [ fd¢.
For this assertion, let f; = inf{f, t} whenever ¢ > 0.
Now if k > 0 is a positive integer and € > 0, then

(@) 0 < fre(x) — frr—1e(x) < € forx € G;
(b) fre(x) — fik—1)e(x) = € whenever f(x) > ke;
(©) fre(x) — fik—1)e(x) = 0 whenever f(x) < (k — 1)e.

As a result,

A (fre — fik—1)e) = € plx : f(x) = ke}
> /(f(k+l)e — fre)do

>ep{x: f(x) = (k+ 1)e}

> M ftk+2)e — ftkr1e) -



3.1 The Fundamental Theorem 83

Summing on k from 1 to m, we see that
)L(fme) = /(f(m+l)e - fe) d¢ = )\(f(m+2)e - fZe) .

Certainly fi,e 1+ fasm P ocoand A(f) > f(f—fe)dq& > A f — fae). Also fe | 0.
It follows that A(f) = [ f d¢.

Now we use linearity to extend our assertion to all of C(G). Let f be any
continuous function on G. Write f = f* — =, where f* > 0and f~ > 0. Then

M =2 =ar = [ rras= [ rmde= [ ras.

Finally, if U is any open subset of G, then let f; < f, < --- be continuous
functions such that f;(x) converges to the characteristic function X, of U. Then it
follows that u is translation invariant on U. This assertion may then be extended to
Borel sets in an obvious way. Finally, one deduces the invariance of & for measurable
sets. This establishes the corollary. O

If G is a compact topological group and also happens to be a metric space (such
as the orthogonal group—see below), then we say that the metric d is invariant if

d(gh, gk) = d(hg.kg) = d(h, k)

for any g, h, k in the group. It follows, for such a metric, that g[B(h, r)] = B(gh, r)
for any (open) metric ball. Since the Haar measure is invariant, we conclude that
the Haar measure of all balls with the same radii are the same. In fact this property
characterizes Haar measure, as we shall now see.

Definition 3.1.4. A Borel regular measure  on a metric space X is called uniformly
distributed if the measures of all nontrivial balls are positive and, in addition,

uBx,r)) =puB(y,r)) forallx,ye X,0<r <o0.

Proposition 3.1.5. Let i and v be uniformly distributed Borel regular measures on
a separable metric space X. Then there is a positive constant ¢ such that . = c - v.

Proof. Define
g(r) = puBx,r)) and h(r)=vB(x,r)),

where our hypothesis guarantees that these definitions are unambiguous (i.e., do not
depend on x € X). Suppose that U C X is any nonempty, open, bounded subset of

X. Then
v(U NB(x,r))

im
r0 h(r)

clearly exists and equals 1 for any x € U. Now we have
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v(U N B(x, r))

nwll) = /;/lri?(}TdM(X)

(Fatou) = . |: 1 ]
< liminf —/ v(UNB(x,r))du(x)
h(r) Ju

r

lim inf
rl0

(Fubini) .. L
= [h(r)/UM(IB%(y,r))dV(y)}

g €0
= |:l1r£1¢10nfh(r)i|v(U).

A symmetric argument shows that

¢ = lim 8

T 0 h(r)
exists. Furthermore, u(U) = ¢ - v(U) for any bounded, open set U € X. Now the
full equality follows by Borel regularity. O

It is a matter of some interest to determine the Haar measure on some specific
groups and symmetric spaces. We have already noted that Haar measure on R¥ is
Lebesgue measure (or any constant multiple thereof). Since this group is noncompact,
we must forgo the stipulation that the total mass of the measure be 1.

In this book we are particularly interested in groups that bear on the geometry of
Euclidean space. We have already noted the Haar measure on the multiplicative reals,
which corresponds to the dilation group. And the preceding paragraph treats the Haar
measure of the group of translations. The next section treats the other fundamental
group acting on space, which is the group of rotations.

3.2 Haar Measure for the Orthogonal Group and the
Grassmannian

Let SV~ be the standard unit sphere in RV,
N
SN = xeRN:|x|:ij2~=1
j=1

Of course, SV~! bounds B(0, 1), which is the open unit ball in RY. Then S¥~!
is an (N — 1)-dimensional manifold, and is naturally equipped with the Hausdorff
measure HV 1.
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An equivalent method for defining an invariant measure on S¥~! is as follows:
If A € SV we define

A={ta:0<t<1,acA}.

Then set ~

LN (A)

LN[BO, D]

It may be verified—by first checking on spherical caps in SV ~! and then using Vitali’s
theorem and outer regularity of the measure—that " ~! and oy _ are equal measures
on V=1, Of course, we may normalize either measure to have total mass 1 by dividing
out by the surface area of the sphere, and we will assume this normalization in what
follows. That is, we redefine oy_; by setting

on—1(A) = HN 1N

LN (4)

oN—1(A) = ZNBO. D]

The orthogonal group O(N) consists of those linear transformations L with the
property that
L' =1L". (3.4)

This is the standard, if not the most enlightening, definition. Because of the identity
Lx-Ly=x-(L*Ly), 3.5)
one can easily see that L is orthogonal if and only if
Lx-Ly=x-Yy

forall x, y € RV,

A useful interpretation of (3.5) is that L will take any orthonormal basis for R" to
another orthonormal basis. Conversely, ifuy, ..., uyandvy, ..., vy are orthonormal
bases for RV and if we set L (u j) = v; for every j and extend by linearity, then the
result is an orthogonal transformation of RV .

Recall that the special orthogonal group SO(N) consists of those orthogonal
transformations having determinant 1. These will be just the rotations.

In R? the condition of orthogonality has a particularly simple formulation: if
u1, us is an orthonormal basis for R? then any orthogonal transformation will either
preserve the orientation (i.e., the order) of the pair, or it will not. In the first instance
the transformation is a rotation. In the second it is a reflection in some line through
the origin. In RY we may say analogously that a linear transformation is orthogonal
if and only if it is (i) a rotation, (ii) a reflection in some hyperplane through the origin,
or (iii) a composition of these.

We know that the orthogonal group is compact. Indeed, the row entries of the
matrix representation of an element of O(N) will just be an orthonormal basis of R ;
so the set is closed and bounded. It is convenient to describe Haar measure 6 on the
orthogonal group O(N) by letting the measure be induced by the action of the group
on the sphere.
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Proposition 3.2.1. Fix a point s € SN™!. Let A € O(N). Then it holds that
OnN(A) =on-1({gs: g € A}).

Proof. Define f : O(N) — SN~ by f(g) = gs. We define the pushforward
measure [ f,0n] on sh-1 by

[f:0n)(B) = On(f ' (B)) for B < SN,
We observe that, with f‘l(B) =A,
[fxOn](B) = On(A) = On({g € O(N) : gs € B}.

It is our job, then, to show that [ f,6ny] = ony—1. Since both these measures have
total mass 1 on SV~ it suffices by Proposition 3.1.5 to show that f,6 is uniformly
distributed.

Now leta, b € S¥~!. There is a (not necessarily unique) element § € O(N) such
that ga = b. In order to discuss the concept of “uniformly distributed”” on SV,
we need a metric; we simply take that metric induced on the sphere by the standard
metric on Euclidean space.3 Let B(x, r) denote the closed metric ball with center
x € S¥~1and radius r. Then it is clear that g(B(a, r)) = B(b, r) for any r > 0. But
then the invariance of O (since it is Haar measure) gives

[£ON1B(b. 7)) = Ox({g € O(N) : [gs — b| < 1))
=0nv({g € ON) : |gs —gal <r})
=0n({g € ON): |3 'gs —a| <r}
=0y (th € ON) : |hs —a| < r} = [fu0n1(B(a, ).

Thus [ f0n] is uniformly distributed and we are done. m]

Now fix 0 < M < N. The Grassmannian* G(N, M) is the collection of all
M-dimensional linear subspaces of RY. In fact it is possible to equip G(N, M) with
a manifold structure, and we shall say more about this point later. For the moment,
we wish to consider a natural measure on G(N, M).

In case M = 1 the task is fairly simple. When N = 2, each line is uniquely
determined by the angle it subtends with the positive x-axis. Thus we may measure
subsets of G(N, M) by measuring the cognate setin the interval [0, ) using Lebesgue
measure. Similarly, alinein RN, N > 2, isdetermined by its two points of intersection

3 1t is worth noting that O(N) is also a metric space: If g, h € O(N) then we define d(g, h)
as usual by

d(g.h)=llg—hl= sup [g(x)—h)].

xeSN-1

4 Hermann Grassmann (1809-1877).
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with the unit sphere S¥~!. So we may measure a set in G(N, M) by measuring the
cognate set in the sphere. When N > M > 1 then things are more complicated.

To develop a general framework for defining a measure on G(N, M), we make
use of Euclidean orthogonal projections. Let0 < M < N and let E € G(N, M).
Define

Pr :RY > RV

to be the Euclidean orthogonal projection onto E. If E, F € G(N, M) then we define
a metric
d(E, F) = |[PE — Prl;

here, as usual, || || denotes the standard operator norm. This metric makes G(N, M)
compact. To see that this compactness claim holds, we argue as follows: Any set
of M orthonormal vectors determines an element of G(N, M). Thus we have a
(many-to-one) map from a closed subset of

SN=L o N1 oo x sV

M factors

to G(N, M), and the metric makes the map continuous.

We see immediately that the action of O(N) on G(N, M) is distance-preserving.
Namely, the action of an orthogonal transformation on space will evidently preserve
the relative positions of two M-planes. Alternatively, such a transformation preserves
inner products, so it will preserve the set of vectors to whicheachof E, F € G(N, M)
is orthogonal and hence will preserve d(E, F). More specifically, if g € O(N), then

d(gE,gF) =d(E, F).

We further verify that O(N) acts transitively on G(N, M). This means that if
E,F € G(N, M), then there is an element g € O(N) such that gE = F. To see
this, letuq, ..., up be an orthonormal basis for E and vy, ..., vy be an orthonormal
basis for F. Complete the first basis to an orthonormal basis u1, ..., uy for RV and
likewise complete the second basis to an orthonormal basis vy, . .., vy for R¥. Then
themapu; <> vj, j =1,..., N, extends by linearity to an element of O(XN), and it
takes E to F.

Now fix an element H € G(N, M). Define the map

fu :ON) - G(N, M)
g— gH.

Now we define a measure on G(N, M) by
YN.m = [fH]ON .
More explicitly, if A € G(N, M) then

yNn.m(A) =60n{g € G(N,M):gH € A}.
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Now, since O is an invariant measure on O(/N), we may immediately deduce that
the measure yy_ y is invariant on G(N, M) under the action of O(N). This means
that, for g € O(N) and A € G(N, M),

YN.M(gA) = yn m(A).

Since O(N) acts transitively on G(N, M), and in a distance-preserving manner, it is
immediate that each O(/N)-invariant Radon measure on G(N, M) is uniformly dis-
tributed. As a result, by Proposition 3.1.5, the measure is unique up to multiplication
by a constant. One important consequence of this discussion is that the measure yn p
is independent of the choice of H.

We may also note that, for any A € G(N, M),

ywm(A) =y n-m({ET: E € A}. (3.6)

Here E- is the usual Euclidean orthogonal complement of E in RY. One may check
this assertion by showing that the right-hand side of (3.6) is O(N)-invariant (just
because [gE]- = g(E1) forg € O(N), E € G(N, M)).

Again, the uniqueness of uniformly distributed measures allows us to relate yy
to the surface measure oy_1 on the sphere. To wit, for A € G(N, 1),

YN.1(A) = oN-1 (U EN SN1>

EcA

YN.N—1(A) = on_1 <U Etn SN_1> .

EcA

We leave the details of these identities to the interested reader.

Similarly we can construct the invariant measure 6’;;, u on O*(N, M), the col-

lection of orthogonal projections from RY onto RM. Fix p € O*(N, M) and define
Ip O — O*(N, M) by f,(g) = pog. Then we define 0y, , = [f,]:0n.

3.2.1 Remarks on the Manifold Structure of G(N, M)

Fix0 < M < N < oo and consider G(N, M). We will now sketch two methods for
giving G (N, M) a manifold structure.

Method 1. Let E be an M-dimensional subspace of RY. Then there is a natural
bijection ® between Hom (E, EJ-) and a subset U C G(N, M). Specifically,
sends a linear map £ from E to E* to its graph 'z € E @ EL. An element of the
graph is of course an ordered pair (x, £(x)), with x € RM and £(x) € RN"M The
graph is thus a linear subspace of RY of dimension M3 it is therefore an element of
G(N, M).

We use the inverse mappings ®~! : Ur — Hom (E, E1) as the coordinate charts
for our manifold structure. O
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Method 2. Let E be an M-dimensional subspace of RV, and let Pr : RV — RV
be orthogonal projection onto E. If T = T is the N x N matrix representation of
PE then T is symmetric (since a projection must be self-adjoint), has rank M, and
is idempotent (i.e., T? = T). Conversely, if T is any symmetric N x N matrix that
has rank M and is idempotent then there is an M-dimensional subspace E C RN
for which 7 is the matrix representation of the orthogonal projection onto E. The
reference [Hal 51] contains an incisive discussion of these ideas. Because of these
considerations, we may identify G(N, M) with the set of symmetric, idempotent,
N x N matrices of rank M.
Now we take T to have the form

ABY _ ApMxm By (N—m) 3.7
cD Cvn—myxm Div—myxin—m) )’ '
where we take A to be an M x M matrix and thus the sizes of B, C, D are as indicated.
If A is nonsingular, then we can compute

1 0\(A7'0O\(AB\ _ (I A'B
—C1 0 17)\cp) " \obp-ca'B)"
so we see that T has rank M if and only if D = C A~! B. If we further assume that 7
is symmetric of rank M, then A is nonsingular and symmetric, C = B*, and so it must
be that D = B*A~! B. It follows that T is idempotent if and only if A> + BB* = A.

From the last paragraph, we see that G(N, M) can be identified with the set of
N x N matrices of the form (3.7) satisfying

(1) A is nonsingular and symmetric;
(2) C = B%;

(3) D= Bt*A"'B;

(4) A? + BBt = A.

We observe that (1) is equivalent to (M 2_M) /2 scalar conditions, (2) is equivalent
to M (N — M) scalar conditions, (3) is equivalent to (N — M )2 scalar conditions, and
(4) is equivalent to (M 2 1 M)/2 scalar conditions. It then follows from the implicit
function theorem that G(N, M) is a manifold of dimension M (N — M).






4

Covering Theorems and the Differentiation of
Integrals

A number of fundamental problems in geometric analysis—ranging from decompo-
sitions of measures to density of sets to approximate continuity of functions—depend
on the theory of differentiation of integrals. These results, in turn, depend on a vari-
ety of so-called covering theorems for families of balls (and other geometric objects).
Thus we come upon the remarkable, and profound, fact that deep analytic facts reduce
to rather elementary (but often difficult) facts about Euclidean geometry.

The technique of covering lemmas has become an entire area of mathematical
analysis (see, for example, [DGu 75] and [Ste 93]). It is intimately connected with
problems of differentiation of integrals, with certain maximal operators (such as the
Hardy-Littlewood maximal operator), with the boundedness of multiplier operators
in harmonic analysis, and (concomitantly) with questions of summation of Fourier
series.

The purpose of the present chapter is to introduce some of these ideas. We do
not strive for any sort of comprehensive treatment, but rather to touch upon the key
concepts and to introduce some of the most pervasive techniques and applications.

4.1 Wiener’s Covering Lemma and Its Variants

Let S € RY be a set. A covering of S will be a collection U = {Ug}qe 4 of sets such
that (J,c 4 Uy 2 S. If all the sets of U/ are open, then we call U an open covering
of S. A subcovering of the covering U is a covering V = {Vg}gcp3 such that each Vg
is one of the Uy. A refinement of the covering U{ is a collection W = {W,}, g of
sets such that each W,, is a subset of some U,. If / is a covering of a set S, then the
valence of U is the least positive integer M such that no point of § lies in more than
M of the sets in .

It is elementary to see that any open covering of a set S € R" has a countable
subcover. We also know, thanks to Lebesgue, that any open covering of S has a
refinement with valence at most N + 1 (see [HW 41, Theorem V 1]).

G.S. Krantz, R.H. Parks (eds.), Geometric Integration Theory, doi: 10.1007/978-0-8176-4679-0_4, 91
© Birkhduser Boston, a part of Springer Science + Business Media, LLC 2008
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Wiener’s covering lemma! concerns a covering of a set by a collection of balls.

When applying the lemma, one must be willing to replace any particular ball by a
ball with the same center but triple its radius—see Figure 4.1.

Fig. 4.1. Wiener’s covering lemma.

Lemma 4.1.1 (Wiener). Let K C RN be a compact set with a covering U =
{Balaca, Bo = B(cq, ra), by open balls. Then there is a subcollection By, By,,
.., By,,, consisting of pairwise disjoint balls, such that

m
U Bew,. 3ra)) 2 K.
j=1

Proof. Since K is compact, we may immediately assume that there are only finitely
many By. Let By, be the ball in this collection that has the greatest radius (this ball
may not be unique). Let By, be the ball that is disjoint from B, and has greatest radius
among those balls that are disjoint from By, (again, this ball may not be unique). At
the jth step choose the (not necessarily unique) ball disjoint from By, , ..., By;_, that
has greatest radius among those balls that are disjoint from By, , ..., By i1 Continue.
The process ends in finitely many steps. We claim that the By; chosen in this fashion
do the job.

For each j, we will write Baj = B(caj, raj). It is enough to show that B, <
Uj B(ca;, 3ra;) for every . Fix an . If « = «; for some j then we are done.
If o & {a;}, let jo be the first index j with By, N By # # (there must be one;
otherwise, the process would not have stopped). Then r, o0 = Tas otherwise, we
selected B, i incorrectly. But then (by the triangle inequality) B(c, jo» aj,) 2
B(cy, o) as desired. m]

For completeness, and because it is such an integral part of the classical theory
of measures, we now present the venerable covering theorem of Vitali.?

I Norbert Wiener (1894-1964).
2 Giuseppe Vitali (1875-1932).
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Proposition 4.1.2. Let A € RY and let B be a family of open balls. Suppose that
each point of A is contained in arbitrarily small balls belonging to B. Then there
exist pairwise disjoint balls B; € B such that

N A\ B | =0.
i

Furthermore, for any € > 0, we may choose the balls B in such a way that

> LNBy) = £V (A) + €.
J

Proof. The last statement will follow from the substance of the proof. For the first
statement, let us begin by making the additional assumption (which we shall remove
at the end) that the set A = Ay is bounded. We may select a bounded open set Uy
that contains Aq and that is such that £V (Up) exceeds £V (Ag) by as small a quantity
as we may wish. In fact, we demand that

LN (Uy) < (1 +5MLN(Ap).

Now focus attention on those balls that lie in Uy. By Lemma 4.1.1, we may select
a finite, pairwise disjoint collection B; = B(x;,r;) € B, j =1, ..., ky, such that
B; C Uy for each j and
ki

Z() - UB()C]‘, 3rj).
j=1

Now we may calculate that

37VLN (Ag) =37V D LN BGx. 3rp1 =37V Y 3NN By = > LN (B)).

J J J
Let
ki
Ar = Ap\ U B;.
j=1
Then
ki
£y < £V (vo\ | JB;
j=1
k1 ki
=¥ [ vo\|JB; | =£¥Wo) - ) £V B
j=1 j=1

<(A+5N -3 N =u- LA,
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where u = 1 +5~ — 37V < 1. Now A is a bounded subset of RV \ U];'zl B;.
Hence we may find a bounded, open set U; € Uy such that

and
LNy < +5McNA.

Just as in the first iteration of this construction, we may now find disjoint balls
Bj,j=ki +1,..., ko, for which B; C Uy and

LV (A2) <u-LN(A)) < u® LY (Ao);

here
k k2

A=A\ | Bj=40\|JB;.
j=ki+1 j=1
By our construction, all the balls By, ..., By, are disjoint.
After m repetitions of this procedure, we find that we have balls By, B, ..., By,

such that
k

N [ Ao\ Bj | =u™ £V (Ag).
j=1
Since u < 1, the result follows.
For the general case, we simply decompose R" into closed unit cubes Q, with

disjoint interiors and sides parallel to the axes and apply the result just proved to each
Ao N Qy. O

The Maximal Function

A classical construct, due to Hardy and Littlewood,? is the so-called maximal function.
It is used to control other operators, and also to study questions of differentiation of
integrals.

Definition 4.1.3. If f is a locally integrable function on RY, we let

Mf(x) = sup If1dcN @) .

1
r>0 LN[B(x, R)] /B(x,R)

The operator M is called the Hardy-Littlewood maximal operator. The func-
tions to which M is applied may be real-valued or complex-valued. A few facts are
immediately obvious about M:

(1) M is not linear, but it is sublinear in the sense that
MIf +gl(x) = Mf(x) + Mg(x).
3 Godfrey Harold Hardy (1877-1947), John Edensor Littlewood (1885-1977).
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(2) Mf is always nonnegative, and it could be identically equal to infinity.
(3) Mf makes sense for any locally integrable f.

We will in fact prove that M f is finite £V -almost everywhere, for any f € L?.
In order to do so, it is convenient to formulate a weak notion of boundedness for
operators. To begin, we say that a measurable function f is weak type p, 1 < p < oo,
if there exists a C = C(f) with 0 < C < oo such that, for any A > 0,

C
LV(x e RY 21 f ()] > 2D < .
An operator 7 on L” taking values in the collection of measurable functions is said
to be of weak type (p, p) if there exists a C = C(T) with 0 < C < oo such that, for
any f € L? and for any A > 0,

p
LVUx eRY (TF ()| > A) <C- (W) .

A function is defined to be weak type oo when itis L*°. For 1 < p < oo, an L”
function is certainly weak type p, but the converse is not true. In fact, we note that
the function f(x) = |x|~'/? on R! is weak type p, but notin L?, for 1 < p < oo.
The Hilbert transform (see [Kra 99]) is an important operator that is not bounded on
L' but is in fact weak type (1, 1).

Proposition 4.1.4. The Hardy—Littlewood maximal operator M is weak type (1, 1).

Proof. Let . > 0. Set S;, = {x : [Mf(x)| > A}. Because Mf is the supremum of
a set of continuous functions, M f is lower semicontinuous, and consequently, S, is
open.

Since S, is open, we may let K C S; be a compact subset with 2 LV (K) >
LN (S,). For each x € K, there is a ball By = B(x, r,) with

1 N
A< W/I;X [fOIdL (1) .

Then { B, }xex is anopen cover of K by balls. By Lemma4.1.1, there is a subcollection
{By; }?’I: | that is pairwise disjoint but such that the threefold dilates of these selected
balls still cover K. Then

M M
NSy <2V < 20N [ (B 3r) | <2 £V B, 3r))]

j=1 j=1

M
<Y 2.3V VB,

j=1
syt [ iranacte
s A JBy.

Jj=1 i

2N

< £l o

A
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One of the venerable applications of the Hardy-Littlewood operator is the
Lebesgue differentiation theorem:

Theorem 4.1.5. Let f be a locally Lebesgue integrable function on RN. Then, for
LN -almost every x € RN, it holds that

1

. N _
Qm, LN[B(x, R)] B(X,R)f(’)dﬁ 0 =f0.

Proof. Multiplying f by a compactly supported C* function that is identically 1 on
a ball, we may as well suppose that f € L'. We may also assume, by linearity, that
f is real-valued. We begin by proving that

lim —— ndLN
R—0+ LN[B(x, R)] JB(x,R) 1® ®
exists.
Lete > 0. Select a function ¢, continuous with compact support, and real-valued,
such that || f — ¢|| ;1 < €. Then

cN{x e RN : f@)deN @)

1
limsu —/
Rﬁo+p LN[B(x, B)] Jpx.R)

1
— liminf ———— ndLM
R—0+ LN[B(x, R)] JB(x.R) 1© ©

g

< £N{x e RY : lim sup [ £ (1) — @) dCN ()

roo+ LN[B(x, R)] JBx.R)

1
+ ({lim su —/ ndL
ot CB G R s
1
— liminf ——— 0 dLt @
R—0+ LN[B(x, R)] B(x,R)(p

+ lim sup

ZN[B(x. R)] - fldc” }
R0t LN[B(x, R)] Jp R lp@@) — f(0) (1) > €

< EN{X e RY : lim sup

N BG.R) —o)ldLY E}
root LN[B(x, R)] B(X’R)lf(t) p(OdL (1) > 3

1
+£N{x e RV : |limsu —/ o) dLN (1)
kor, VB, R Jace k)
1 €
— liminf ————— ach -
Y IV B R)] IB(x,R)(p(t) 0| > 3}

+ ﬁN{x e R : lim sup

IV BG R)] — f@lacy S}
W SUP N B, B Jagey T O OES

=1+I11+111.
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Now /1 = 0 because the set being measured is empty (since ¢ is continuous).
Each of I and 711 may be estimated by

EN{x RN M(f—9)(x) > 6/3},

and this, by Proposition 4.1.4, is majorized by

€2
-— =cC-€.
€/3
In sum, we have proved the estimate
EN{x e RN : |limsup ——— F@dLN ()
R—0t ;CN[]B(X, R)] B(X,R)

1
R ZVBG R e T

> 6} <c-€.
It follows immediately that

: - N
A INBGL R Bx.B) F®O AL @)

exists for £V -almost every x € RV,
The proof that the limit actually equals f (x) at £ -almost every point follows
exactly the same lines. We shall omit the details. O

Corollary 4.1.6. If A € RY is Lebesgue measurable, then for almost every x € RN
it holds that N
. LY(ANB(x, r))
X = lim —————=
A0 = I N B )

Proof. Set f = X,. Then

/ f@ach ) = LN (ANBx, ),
B(x,r)

and the corollary follows from Theorem 4.1.5. O

Definition 4.1.7. A function f : RY — R is said to be approximately continuous if,
for £V -almost every xo € R and for each € > 0, the set

{x 1 f(x) = f(x0)| > €}
has density 0 at xg, that is,

0= Ii LV ({x | f(x) = f(x0)| > €} NB(xo, r))
= lim .
r—0+ LN B(xo, 1))
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Corollary 4.1.8. If a function f : RN — R is Lebesgue measurable, then it is
approximately continuous.

Proof. Suppose that f is Lebesgue measurable. Let g1, g2, ... be an enumeration
of the rational numbers. For each positive integer i, let E; be the set of points
x ¢ {z: f(2) < gq;} for which

0 < Timsup LV({z: f(@) < qi}NB(x, 1))
ot LN (B(x, r))

and let E' be the set of points x ¢ {z : ¢; < f(z)} for which

0 < lim sup LY(z:qi < f@)N B, 1)
0+ LN B(x, r)) '

By Corollary 4.1.6 and the Lebesgue measurability of f, we know that
LN(E;) =0 and LY(E)) =0.
Thus we see that

E= U(El- UE"

i=1

is also a set of Lebesgue measure zero.
Consider any point xg ¢ E and any € > 0. There exist rational numbers ¢; and
qj such that

fxo) —e€ <qi < fxo) <gq;j < fxo) +e

We have {x : [f(x) — f(x0)| > €} € {z: f(2) < @} U{z:q; < f(2)}. By the
definition of E; and E/ we have

LY({z: f(2) < g} NB(xo, 1))

0= 1
! LV B(xo0, 1))
and
. LN({z:q; < f(@)}NB(xo, 1))
0= lim
r—0t [,N(B(x(), r))
It follows that

0= 1i LN ({x 2 1f(x) — f(xo)| > €} N B(xo, 1))
= lim .
r—0t [,N(B(x(), r))

Since xg ¢ E and € > 0 were arbitrary, we conclude that f is approximately contin-
uous. O
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4.2 The Besicovitch Covering Theorem

Preliminary Remarks

The Besicovitch covering theorem,* which we shall treat in the present section, is
of particular interest to geometric analysis because its statement and proof do not
depend on a measure. This is a result about the geometry of balls in space.

The Besicovitch Covering Theorem

Theorem 4.2.1. Let N be a positive integer. There is a constant K = K (N) with the
Jfollowing property. Let B = {Bj}ﬁ’lzl, where M € NU{o0}, be any finite or countable
collection of balls in RN with the property that the interior of no ball contains the
center of any other. Then we may write

B=ByU---UBg

sothateach Bj, j =1, ..., K, is a collection of balls with pairwise disjoint closures.
Here by a ball we mean a set B satisfying B(x,r) € B C E(x, r), for some
x € RY and some r > 0.

It is a matter of some interest to determine what the best possible K is for any
given dimension N. Significant progress on this problem has been made in [Sul 94].
See also [Loe 93]. Certainly our proof below will give little indication of the best K.

We shall see that the heart of this theorem is the following lemma about balls.

Lemma 4.2.2. There is a constant K = K (N), depending only on the dimension of
the space RN, with the following property: Let By = B(xq, ro) be a ball of fixed
positive radius. Let By = E(xl, r1), Bo = E(xz, r),....,By, = E(xp, rp) be balls
such that

(1) Each Bj has nonempty intersection with By, j =1, ..., p;

(2) The radii rj satisfyrj > ro forall j =1, ..., p;

(3) Theinterior of no ball B contains the center of any other By for j, k € {0, ..., p}
with j # k.

Then p < K.

Here is what the lemma says in simple terms: Fix the ball By. Then at most K
pairwise disjoint balls of (at least) the same size can touch By. Note here that being
“pairwise disjoint” and “intersecting but not containing the center of the other ball”
are essentially equivalent: if the second condition holds then shrinking each ball by
a factor of one-half makes the balls pairwise disjoint; if the balls are already pairwise
disjoint, have equal radii, and are close together, then doubling their size arranges for
the first condition to hold.

Our proof of Lemma 4.2.2 is based on the next two lemmas—which in essence
rely only on two-dimensional Euclidean geometry (trigonometry)—and on the fact

4 Abram Samoilovitch Besicovitch (1891-1970).
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that we can choose a set of unit vectors in R" such that every direction is within a
small angle of one of our chosen unit vectors (where the measure of an angle between
two vectors is defined to be in the interval [0, 7]).

Lemma 4.2.3. Suppose the ball B(q, r), with r > 1, intersects the closed unit ball
and does not contain the origin in its inte_rior, i.e.,r <|ql|. Ifu is a unit vector making
an angle ¢ < 71/6 with g, then N/3u € B(q, r).

Proof. Because B(q, r) intersects the closed unit ball and does not contain the origin
in its interior, we can write |¢| = x +r with 0 < x < 1 < r. By the law of cosines
we have

lg —V3ul* = 191> +3 —2/3 ¢l cos ¢

< g +3-2+3q| cos Z

=@+ +3-3@x+r).
Thus it will suffice to show that
(x+r)2—|—3—3(x—|—r) §r2

or, equivalently,
fl,r)=x>42xr+3—-3x—3r<0.

Since for each fixed r, f(x, r) is quadratic in x with positive second derivative and
since we are concerned only with the range 0 < x < 1, it will suffice to consider only
the endpoints x = 0 and x = 1. But we have

f0,r)=3-3r<0 and f(l,r)=1+42r+3-3-3r=1—r<0,
as required. -

Lemma 4.2.4. Suppose neither of the balls E(ql ,r1) and E(qz, ) contains the center
of the other ball in its interior. If the point p is in both balls, then the angle between
q1 — p and gy — p is at least 7 /3.

Proof. To see this, we denote the angle in question by 6 and use the law of cosines
to compute

lg1 — @21* = g1 — pI* + g2 — pI* = 21q1 — pllg2 — p| cosb.

So we have

lgi — pI> + g2 — pI> — g1 — g2
21g1 — pllg2 — pl

Since neither ball contains the center of the other ball in its interior, we know that
|g1 — g2| is at least as large as the radius of either ball. So we have both |g; — p| <

cosh <
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r1 < lq1 — g2 and |q2 — p| < r2 < |q1 — q2|. Suppose without loss of generality
that |g1 — p| < |g2 — p|. Then we estimate

lg1 — pI> + g2 — pI* — g1 — g2

cosf <
2|g1 — pllg2 — pl
lg1 — pI?
~ 2lg1 — pllg2 — pl
1 lai—pl
2 g2 — PI
as required. O

Proof of Lemma 4.2.2. Suppose for the moment (we confirm this construction later)
that we have chosen a set of unit vectors uy, uz, ..., i) in RV with the property
that for any unit vector u € RY, there is a j such that the angle between « and u j
is strictly less than /6 (picture points sufficiently dense on the unit sphere—see the
discussion below). The number, « (N), of vectors u; will be used below.

Consider balls By, By, ..., B), as in the statement of Lemma 4.2.2 and suppose
that p > « (N )2 + 1. Without loss of generality, we may assume that By = B(0, 1).
The direction to the center of each ball is within an angle strictly less than 7 /6 of one
of the unit vectors u ; and so, by Lemma 4.2.3, must contain the point V3u j- Since
there are at least x (N)? + 1 balls and only « (N) possible u;’s, there must be (at least)
one j* such that x (N) + 1 of the balls contain the point V3u j*e

Now consider those x (N) + 1 balls. The direction from V3u j* to each center is
within an angle strictly less than 7 /6 of one of the unit vectors u,. But since there
are Kk (N) + 1 balls and only « (N) possible uy’s, there must be two centers within
angle less than 7 /6 of the same direction and thus within an angle less than /3 of
each other, contradicting Lemma 4.2.4. We conclude that p < k(N )2.

Finally, we show that there exists a set of unit vectors uy, ua, ..., U(y) in RN
with the property that for any unit vector u € R¥, there is a j such that the angle
between u and u ; is strictly less than 77/6. Let

F={Bu,1/4):j=1,2,....,k(N)}

be a maximal pairwise disjoint family of balls with centers in the unit sphere. All
of the balls B(u;, 1/4) are contained in B(0, 5/4), so, by comparing volumes, we
see that
C(N) < Qv /4N _sN
~ Qun (1/HN T

[In Remark 4.2.5, we give an alternative construction for the u; that avoids any use
of volume in RY or (N — 1)-dimensional area in the unit sphere.]

To see that the unit vectors uy, uz, ..., u,(n) have the requisite property, let u be
an arbitrary unit vector. There must exist a j such that [u — u ;| < 1/2; otherwise,
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we could add the ball B(u, 1/4) to the family F, contradicting the maximality of F.
Fix such a j and let 6 denote the angle between u; and u. Using the law of cosines
we estimate

i+ 1l —uj —ul® _

1 2
=1—3lu; —ul

cosf =

2 ul

v

7/8 > v/3/2 =cos L,
so the angle 6 is strictly less than 7 /6. O

Remark 4.2.5. We now give another, more explicit, construction of a set of unit
vectors Y € RN with the property that for any unit vector u € RV, there exists
u* € U such that the angle between u and u* is strictly less than 7 /6.

The vectors in U/ are formed by choosing 01, 63, ..., Oy_1 from the set
2 (m—1)
fo.z, 2 . b o) @.1)

and choosing a sign 7 € {—1, +1}. We then set

=(cos€1, cosBy sinby, ..., cosOn_1 r[jV:‘lzsine,-, 7:-]_[,{\/:_11 sin@i).

Given a unit vector u € RY, there exist 0 < ¢i <m,i=1,2,...,N—1,and
t’/ € {—1, +1} such that

. N-2 . N-1 .
u= ( cos ¢, cos¢y singy, ..., cospy_1 [[;_,"sing;, " [[;L; smd),-).

The sign 7’ represents a hemisphere containing u.
The main fact needed to verify that u is within 77 /6 of some ug, ... gy_;,¢ is that if
I
T = 7/, then

N-1 k—1

U-Ug,,.. Oy 1.7 = cos(91—¢1)—2 <[1—cos(0k—qbk)] l_[ sin @y sin qbg). “4.2)
k=1 =1

Equation (4.2) is proved by induction on N.
One completes the construction by choosing a sufficiently large value for m
in (4.1). O

H. Federer’s concept of a directionally limited metric space—see [Fed 69,
2.8.9]—abstracts and formalizes the geometry that goes into the proof of Lemma4.2.2.
More precisely, it generalizes to abstract contexts the notion that a cone in a given
direction can contain only a certain number of points with distance n > 0 from the
vertex and distance 7 from each other. The interested reader is advised to study that
source.

Now we can present the proof of Besicovitch’s covering theorem.
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Proof of Theorem 4.2.1. First consider the case M < oo (recall that M was the
number of balls in B, the given collection of balls).

We have an iterative procedure for selecting balls.

Select Bl1 to be a ball of maximum radius (this ball may not be unique). Then

select le to be a ball of maximum radius such that le is disjoint from B 11 (again, this
ball may not be unique). Continue until this selection procedure is no longer possible

(remember that there are only finitely many balls in total). Set B = {le ]

Now work with the remaining balls. Let 312 be the ball with greatest radius. Then
select B22 to be the remaining ball with greatest radius such that B_22 is disjoint from
B_lz. Continue in this fashion until no further selection is possible. Set 5, = {sz }

Working with the remaining balls, we now produce the family 33, and so forth (see
Figure 4.2). Clearly, since in total there are only finitely many balls, this procedure
must stop. We will have produced finitely many—say g—nonempty families of
balls, each family consisting of balls having pairwise disjoint closures: By, ..., B,.
It remains to say how large ¢ can be.

Fig. 4.2. Besicovitch’s covering theorem.

Suppose that g > I?(N) + 1, where I?(N) is as in the lemma. Let Bif be the
first ball in the family ;. The closure of that ball must have intersected the closure
of a ball in each of the preceding families (in case there are several such balls in
a family, we consider the ball chosen earliest); by our selection procedure, each of
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those balls must have been at least as large in radius as Bq Thus Bf is a ball with
at least K (N ) 4+ 1 “neighbors™ as in the lemma. But the lemma says that a ball can
have only K (N) such neighbors. That is a contradiction.

We conclude that g < K (N) + 1. That proves the theorem when M is finite.

When M = oo, recursive application of the above iterative procedure completes
the proof of the theorem. We argue as follows:

Suppose that foreach M = 1,2, ..., the iterative procedure above is carried out
for the set of balls {Bj }7:1 resulting in the families of balls By ;,, 1 < i1 < K (N)+1.

There must be a particular i} with 1 < i < K (N) + 1 such that the ball Bj is
assigned to By ;, for infinitely many values of M. We assign B to a family that we
label B;,.

Let M 1 be the smallest value of M for which By is assigned to By ;, . Proceeding
inductively, we assume that M| | < M;2 < --- < Mj have been defined. Let
M ¢+1 be the smallest value of M that is greater than M) ¢ and is such that B; is
assigned to By ;,. Thus we define the increasing sequence M ¢, £ = 1,2, ..., with
the property that B; is assigned to By ;, when our procedure is carried out with
M = M, ;.

There must be a particular i with 1 < ip < K (N) + 1 such that the ball B> is
assigned to By ;, for infinitely many M € {M; 1, M1 2, ...}. If i = i holds, then
we assign Bj to the family [3;, that already contains Bj. In this case, we see that
the closures of B; and B, do not intersect because there is an M = M ¢ for which
B1, By € Buy,i, = Bum,i, (in fact, there are infinitely many such M’s). On the other
hand, if i # i1, then we assign B> to a new family that we label B;,.

Let M;,; be the smallest M € {M; i, M, ...} for which B; is assigned to
Bu,i,. Proceeding inductively, we assume that M> | < Mz < --- < M ¢ have
been defined. Let M> ¢+ be the smallest M € {M; 1, M; 2, ...} that is greater than
M3 ¢ and is such that B; is assigned to By ;,. Thus we define the increasing sequence
My, £ =1,2,..., thatis a subsequence of { M, p} , and has the property that B,
is assigned to BM) i» when our procedure is carried out W1th M = M.

Continuing in this way we assign each ball B, to one of the families B, B;,

- BRw)+1- o

Remark 4.2.6. Note that there do not exist uncountable families of balls none of
which contains the center of any of the other balls. That is because shrinking each ball
by a factor of one-half—while keeping the same centers—makes the balls pairwise
disjoint.

The next lemma show us one situation in which we can construct a covering of a
set by a family of open balls with the property that no ball contains the center of any
other ball.

Lemma 4.2.7. Let B be a family of open balls centered at points of a compact set A.
Suppose B is such that

(1) every point of A is the center of at least one ball in B,
(2) sup{r : B(x, r) € B} < o0,
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(3) (B(xi, ri)}2, € Bwithx; — x andr; — r > 0 implies B(x, r) € B.
Then there are finitely many balls B(x;,r;) € B, i = 1,2,...,n, such that x; ¢
B(x;, rj) wheneveri # jand A C |J/_, B(x;, ;).

Proof. Let B(x,r;) € B be such that r; is maximal. Inductively we define
B(xp+1, rat1) to be such that x,+1 € A\ J/_, B(x;, r;) and r,4 is maximal. If
A\ U?zl B(x;, r;) = @, the construction terminates and we do not define x,, 1.

Our construction ensures that we have x; ¢ B(x;, r;) wheneveri # j. We claim
that the construction terminates after finitely many steps. To see this fact, we argue
by contradiction. Thus we suppose that B(x;, ;) has been defined fori = 1,2, ....
Since the balls B(x;, r; /2) are disjoint and all lie in a bounded set, we see that r; |, O,
asi — 0o.

Because A is compact and ¥ # A \ [J!_, B(x;, r;) holds for each n, we see
that there is x € A\ U?i1 B(x;, r;). Let B(x,r) € B. Since r; is a nonincreasing
sequence with limit 0, there must be an i such that ;1 < r < r;, but then we see
that B(x;+1, i+1) was incorrectly chosen. O

Sometimes the requirement that no ball can contain the center of any other ball is
too restrictive. In that case the condition we give next may be useful.

Definition 4.2.8. By a controlled family of balls we mean a family B of closed balls
with positive radii such that if B(a, r) € B, B(b, s) € B, and B(a, r) # B(b, s), then

either la —b| >r > 4s/5 or la —b| > s > 4r/5.

The next lemma tells us that if we shrink the balls in a controlled family by a
factor of one-third, the balls become disjoint. Of course, that also implies that there
are no uncountable controlled families.

Lemma 4.2.9. If B(a,r) and B(b,s) are members of a controlled family, then
B(a,r/3) "B, s/3) = 0.

Proof. We may assume without loss of generality that
la —b| >r > 4s/5.
Suppose p € E(a, r/3)N E(b, s/3). Then we have
la —bl <la—pl+lp—bl=r/3+s/3=<r/3+(5/4) 5/3=73r/4,
a contradiction. O

The geometric lemma applicable to balls in a controlled family is given next.

Lemma 4.2.10. If B(a, r) and B(b, s) are members of a controlled family and if
additionally

4<r<lal<r+1,
4<s<pl<s+1,

then the angle between a/|a| and b/|b| is at least cos™'(7/8).
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Proof. Let 0 denote the angle between a/|a| and b/|b|. Since the balls are members
of a controlled family, we may suppose without loss of generality that
la —b| >r > 4s/5.
Using the law of cosines, we see that

la)? + |b|> —la —b* _ |a] L _la—bl?

0sf = =
2lal|b| 21b] ~ 2la|l  2lal b

_rkl sl r2_1+s+1 1, 5. 1 a
~ 2s 2r 2rs 2s "2r 2r~8 78§
As before, we have a bound, depending only on the dimension, for how many

balls in a controlled family can intersect one particular ball.

Lemma 4.2.11. There is a constant K = K (N), depending only on the dimension
of our space RN, with the Jollowing property: Let By = ]B(xo, ro) be a ball of fixed

positive radius. Let B = B(xl r1), By = B(xz, ), ....,Bp = IB%(x,,, rp) be balls
such that
(1) Each Bj has nonempty intersection with By, j =1, ..., p;

(2) Theradiirj > roforall j =1,..., p;
(3) The balls {Bj }f:() are members of a controlled family.

Then p < K.

Proof. Without loss of generality we may suppose that xo = 0 and ro = 1. Divide
the balls By, By, ..., B into two collections:

By={(Bj:4=<r;<|xjl<rj+1}

B = (B} \ Bi.

By Lemma 4.2.10, the number of balls in 31 can be bounded by a number depending
only on N. So our task is to bound the number of balls in 5.

and

We claim that
J B<B©.9).
BeBB,
Observe that |x;| < r; + 1 holds for every j because By N B; # (. Thus

By={Bj:rj<4or |xj|<r;}.

Incaser; < 4 holds, we have |x;|+7; <2r;+1 < 9. Also, if |x;| < rj and j # 0,
then, because the balls are members of a controlled family, we have |x ;| > 1 > 4r;/5,
which yields |x;| +r; < 2r; <5/2.
— p
Since the balls in {IB%(x it/ 3)} o are pairwise disjoint (by Lemma 4.2.9) and
j=
since r; > 1 holds for all the balls in B, we see that 3 contains no more than
9N /(1/3)N = 33N palls. o
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Theorem 4.2.12. Let N be a positive integer. There is a constant K = K (N) with
the following property. Given a set A C RN a positive finite number R, and a family
B of closed balls of positive radius not exceeding R, if every point of A is the center
of at least one ball in B, then there exist By, B2, . .., Bx such that

gLiJUB

eB;
and for each j, the balls in B; are pairwise disjoint.

Proof. Enlarge A, if necessary, so that it contains all centers of balls in B. It will
certainly suffice to prove the result for this possibly larger set, which we will continue
to denote by A.

If we construct a controlled family B’ C B with

Ac | B. (4.3)

BeB'

then we can obtain the desired conclusion by applying the argument used in the proof
of Theorem 4.2.1, but with the role of Lemma 4.2.2 filled by Lemma 4.2.11.

We proceed to construct such a controlled family. To this end, we consider the
class E of all controlled subfamilies 3" of B that also satisfy the condition that for
any B(y, s) € B,

either |x — y| <r holds for some B(x, r) € B/,
. “4.4)
or |x—y|>r>4s/5 holds forevery B(x, r) € B.

We note that @ € E, and we partially order E using the relation C. It is easy to see
that the union of any subclass of = that is linearly ordered by C is itself an element
of . Therefore Zorn’s lemma? tells us that E has a maximal element 3’. It remains
to verify that B’ satisfies (4.3).

If B’ does not satisfy (4.3), then

={yeA:|y—x|>r holdsforall B(x,r) e B} #7.
Select B(y*, s*) such that y* € ¥ and
s* > (4/5) - sup{s : Iy € Y such that E(y, s) € B} 4.5)

(this is where we use the fact that the radii of the balls are bounded by R < 00).
We will now show that B” = B’ U { B(y*, s*) } is controlled and satisfies the condi-
tion (4.4).

To see that B” is controlled, we need only consider B(x, r) € B’ and B(y*, s*).
Since y* € Y, (4.4) tells us that |x — y*| > r > 4s*/5, verifying that B” is controlled.

5 Max August Zorn (1906-1993).
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To check that B” satisfies (4.4), we consider an arbitrary B(y, s) € B. If there
already exists a I@(x, r) € B for which |x — y| < r holds, then (4.4) is satisfied. On
the other hand, if |x — y| > r holds for every B(x, r) € B', then y € Y. We consider
B(y*, s*). If |y — y*| < s*, then again (4.4) holds. Finally, we have the case in which
|y — y*| > s* holds. But now we also have s* > 4s/5 by (4.5) and again (4.4) holds.

We have shown that B” € E and we know that /3’ is a proper subset of 3”. This
contradicts the maximality of ', so we conclude that in fact (4.3) is satisfied. O

Recall the notion of a Radon measure from Definition 1.2.11 in Section 1.2. Using
the Besicovitch covering theorem instead of Wiener’s covering lemma, we can prove
a result like Vitali’s (Proposition 4.1.2) for more general Radon measures:

Proposition 4.2.13. Let i be a Radon measure on RN. Let A € RN and let B be a
Sfamily of closed balls, with positive radius, such that each point of A is the center of
arbitrarily small balls in B. Then there are disjoint balls B; € B such that

M(A\ijB,-) =0.

Proof. We shall follow the same proof strategy as for Proposition 4.1.2. We may as
well suppose that £(A) > 0; otherwise, there is nothing to prove. We also suppose
(as we have done in the past) that A is bounded. Let K be as in Theorem 4.2.1.

Let U be a bounded open set with A € U and choose a compact set C such that
CCUandu(ANC) > (1/2) n(A). We define B to be the family of balls in B that
are centered in A N C and contained in U.

By Theorem 4.2.1, we obtain subfamilies El, gg, o EK such that each gj is a
collection of balls that are pairwise disjoint. We have

K
AancclJ U B
j=1BeB

=

Now it is clear that
K
pAne) <y u| J@ns
Jj=1 BEEJ'

Hence there is a particular index jo such that

pANO <K-u| |J @AanB)
BEE,‘O

We have
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nA) <2uAnC <2k -u| [ J anB)
Begjo

We can choose a finite subfamily B cB jo such that

wA) <3k -u| | J@ann
BeB

So setting

A=A\ B.

BeBB

we conclude that
u(Ap) < u(A)[1—-1/3BK)]

and that Ay is contained in the bounded open set Uy = U \ | g3 B. Now we simply
iterate the construction, just as in the proof of Proposition 4.1.2.

We may dispense with the hypothesis that A is bounded just as in the proof of
Proposition 4.1.2—making the additional observation that, since the Radon measure
W is o-finite, it can measure at most countably many hyperplanes parallel to the
axes with positive measure (so that we can avoid them when we chop up space into
cubes). ]

4.3 Decomposition and Differentiation of Measures

Next we turn to differentiation theorems for measures. These are useful in geometric
measure theory and also in the theory of singularities for partial differential equations.

Suppose that 1 and A are Radon measures on RY. We define the upper derivate
of w with respect to A at a point x € RV to be

— . pIB(x,r)]
DaGar. 2y = Tim b e 1

and the lower derivate of yu with respect to A at a point x € R" to be

L u[B(x, )]
D;(w x) = liminf =7 -

At a point x where the upper and lower derivates are equal, we define the derivative
of u by A to be

D;. (1, x) = Dy (11, x) = D, (1, X) .
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Remark 4.3.1. It is convenient when calculating these derivates to declare 0/0 =
0 (this is analogous to other customs in measure theory). The derivates that we
have defined are Borel functions. To see this, first observe that x +— u[B(x, r)]
is continuous. This is in fact immediate from Lebesgue’s dominated convergence
theorem. Next notice that our definition of the three derivates does not change if we
restrict r to lie in the positive rationals. Since, for each fixed r, the function

p[Bx, r)]
AB(x, r)]

is continuous, and since the supremum and infimum of a countable family of Borel
functions is Borel, we are done.

Definition 4.3.2. Let 1 and A be measures on RY. We say that yu is absolutely
continuous with respect to A if, for A € RV,

AMA) =0 implies w(A)=0.
It is common to denote this relation by © < A.
Our next result will require the following lemma:

Lemma 4.3.3. Let ;v and A be Radon measures on RN . Let 0 < t < 0o and suppose
that A C RV,

(1) If Dy (e, x) <t forall x € A then u(A) < tA(A).
2) IfE;L(M, x) >t forallx € Athen u(A) > tA(A).

Proof. If € > 0 then the Radon property gives us an open set U such that A € U and
A(U) < A(A) + €. Then the Vitali theorem for Radon measures (Proposition 4.2.13)
gives disjoint closed balls B; € U such that

w(Bj) < (t +€)A(Bj) (provided the balls are sufficiently small)
and
wl AN JB; | =0.
J
We conclude that

w(A) <D u(B)) < (t+€) Y A(B))
J J

S +erU) < (t+€)(A(A) +¢).

Letting ¢ — 0 yields w(A) <t - A(A). This is assertion (1). Assertion (2) may be
established in just the same way. O

Theorem 4.3.4. Suppose that v and X are Radon measures on RN
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(1) The derivative D; (i, x) exists and is finite A-almost everywhere.
(2) For any Borel set B C RN,

/B Dy (i, ) di(x) < u(B) .

with equality if 1 << A.
(3) The relation . << X holds if and only if D, (i, x) < oo for p-almost all x € RN,

Proof.
(HDLet0 <r <ooand 0 < s <t < 00. Define

Asi(r) = {x € B(0,r): D (,x) <5 <1< Dy, x)}

and
Ai(r) ={x € B0, r) : Dy (u, x) > 1}.

Now Lemma 4.3.3 implies that
1-M(Ag(r) = u(Ag i (r)) =5 - AMAg s (r)) <00
and, foru > 0,
u-h(Au(r)) = n(Au(r)) = n[B@O, r)] < oco.

Since s < 1, these inequalities imply that A(Ay;(r)) = 0 and A((),.o Au(r)) =
limy, o0 A(A,(r)) = 0. But

RY\ {x € RN : Dy (u, x) exists and is finite}

=UJ U A v U N, (4.6)

reN 0O<s<t reN u>0
5,1€Q

We see then that the set in (4.6) has A-measure 0, and this proves assertion (1).

2)Forl <t <ooand p =0,£1,£2,..., we define
By, ={x € B:t? < Dy(u, x) < Py,

Then part (1) above and Lemma 4.3.3(2) yield that
o
[ pitwnaro = 3 [ Duwn i
B k=—o0 " Bk
o

< Y s

k=—00
o
<t > (B
k=—o00

<t-uB).
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Letting 7 | 1 yields then [, Dy (i, x) dAi(x) < ju(B).

Suppose now that u << A. Then the sets of A-measure 0 are of course also sets of
p-measure zero. Part (1) tells us that D; (i, x) = 1/D, (A, x) > Ofor u-almostevery
x. We conclude that £(B) = Z,fi_oo W(By), and an argument similar to the one just
given (using Lemma 4.3.3(2)) gives the inequality fB D (u, x)dr(x) > u(B).

(3) By (1), we know that D, (i, x) < oo at A-almost every x; if 1 << A then this
also holds at p-almost every x.

For the reverse direction in (3), assume that D, (1, x) < oo for p-almost all

x € RN, Take A € RY with A(A) = 0. Foru = 1,2, ..., Lemma 4.3.3(2) gives

pn(fx € A:Dy(u,x) <u} <u-r(A)=0.
We conclude that w(A) = 0. m]

Now we reach our first goal, which is a density theorem and a theorem on the
differentiation of integrals for Radon measures.

Theorem 4.3.5. Let A be a Radon measure on RV.
(1) If A € RN is A-measurable then the limit

MAN B, r)
m -—-—--—
rl0 A[B(x, r)]

exists and equals 1 for h-almost every x € A and equals O for \-almost every
x e RV \ A
) If f : RN — Ris locally i-integrable, then

0 B oy T O T

for r-almost every x € RV,

Proof. Part (1) follows from part (2) by setting f = X,. To prove (2), we may take
f > 0. Define u(A) = fA f(x)dir(x). Then p is a Radon measure and y << A.
Theorem 4.3.4(2) now yields that

/Dx(u«,x)dk(X)=u(E)=/ £ dx
E E

for all Borel sets E. This clearly entails f(x) = D; (u, x) for A-almost all x € RN,
That proves (2). O

We say that two Radon measures o and A are mutually singular if there is a
set A € RY such that A(A) = 0 = u(RY \ A). Now we have a version of the
Radon-Nikodym theorem combined with the Lebesgue decomposition.
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Theorem 4.3.6. Suppose that A and 1 are finite Radon measures on RN . Then there
is a Borel function f and a Radon measure v such that . and v are mutually singular
and

M(E) = / fdx+v(E)
E
for any Borel set E € RN. Furthermore, 1 << X if and only if v = 0.

Proof. Define
A={xeRV 1D, (un, x) < oo},

Recalling that | denotes the restriction of a measure, we set
pr=plLA and v=pl R\ A).

Then obviously u = i1 + v, and A and v are mutually singular by Theorem 4.3.4(1).
Now Lemma 4.3.3(1) gives n1 << A; hence w1 has the required representation by
Theorem 4.3.4(2) with f(x) = D, (u, x). The last statement of the theorem is now
obvious. o

We conclude this section with some results concerning densities of measures (see
Definition 2.2.1).

Theorem 4.3.7. Fix0 < t. If u is a Borel regular measure on RN and A € C € RV,
then

t <OM(ulLC,x), forallx € A, implies t-SY(A) < u(C).

Remark 4.3.8. Since spherical measure is always at least as large as Hausdorff mea-
sure, we also have the conclusion

tf@*M(MLC,x),forallxeA, implies t-HM(A)fu(C).

Proof. Without loss of generality, we may assume that ©(C) < oo. It will also be
sufficient to prove thatt < @*M (| C, x), forall x € A, implies t - SM (A) < u(C).
Fix 0 < 8. We will estimate the approximating measure S&” (A). This estimation
will require a special type of covering, which we construct next.
Set

B={Bx,r):xeA, O0<r<8, t-Qu-r"<@ulLOBkx,r},
Blz{ﬁ(x,r)el?: 2718<r§8},
and let B] be a maximal pairwise disjoint subfamily of 3.

Assuming that B, B}, ..., B; have already been defined, set

J
Bjt1 = [E(x,r) eB:27Uts < r <275, @ =Bx,r U U B}’
i=1 BeB3;
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and let B;. 41
Note that the assumption (C) < oo ensures that each Blf is finite. Also note that,
by construction, any two closed balls in the family | ;2 B! are disjoint, so we have

be a maximal pairwise disjoint subfamily of B; .

o0

> Y wlo®) = @Lo) (U Upey B) = w(© <00, (47)

i=1 BeB;

Claim. For each n,
n 00 =~
A< (Ui Upes B) U (U1 Upes B) (48)

holds, where, for each ball B = E(x, r), we set B = E(x, 3r).
To verify the claim, consider x ¢ (J;_; Upcp, B- Since U;_; Upcp, Bisclosed,

there is B(x, r) € B such that
p=Bx MU, UBeB;B-

Letting k be such that 27k < < 27*=D we see that if k > n and E(x, r) ¢ B,
then

0 #B(x, 1) NUizyst Upen B-

Thus there is B(y, 1) € B, where n + 1 < i <k, such that {} # B(x,r) NB(y, 1).
Since r < 2=%=D and 2% < ¢, we have x € E(y, r+t)C E(y, 3t). The claim is
proved.

Let € > 0 be arbitrary. By (4.7) (see also (4.8)), we choose n such that

o]

YD wlo®) <e.

i=1 BeB;

Using the claim and letting rad B denote the radius of the ball B, we estimate

n o0
Sy = D> Qu@adB) | +| Y Y Qu(rad BM
i=1 BeB i=n+1BeB;
n o0
= (D> Qu@adB)™ | +3" [ 3" 3" Qy (rad B
i=1 BeB, i=n+1 BeB,
n o0
<t (DD wLlos | +3" [ Y Y wlos
i=1 BeB; i=n+1 BeB]
<t (@) +3Me].
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Since € > 0 was arbitrary, we conclude that Sé‘s’[ (A) <! 1 (C). The result follows,
since § > 0 was also arbitrary. O

Corollary 4.3.9. In RY | the measures SN, HN, TN, ¢N, gV, Q;V, and ItN (1<t<
00) all agree with the N-dimensional Lebesgue measure LV .

Proof. Noting that 8;(N, N) = 1, for | <t < oo, and using Proposition 2.1.5, we
see that S is the largest of the measures SV, HN, TV, N, GV, QN, and TV, while
va is the smallest. Theorem 4.3.7 implies SN < £V and (2.9) gives us va > [N,
so the result follows. O

Corollary 4.3.10. If i is a Borel regular measure on RN A CRVN s u-measurable,
and (A) < oo, then
O*M(uLA,x)=0

holds for SM-almost every x € RN \ A.
Proof. Let j be a positive integer and set
Ci={re®\a):j " =0™Mulan].
Arguing by contradiction, suppose that S¥ (C ;) is positive. Then, by the Borel
regularity of u, we can find a closed set £ C A such that
nA\E) < j=-sMc).
For x € Cj, since E is closed and x ¢ E, we have

JTh <ML A x) = M ul(A\ E), x]

="M (uLAL®RY\E), x].

So we can apply Theorem 4.3.7 (with the roles of u, A, and B played by ul A,
RN \ E, and C}, respectively), to conclude that

t-SM(Cj) < (uLA®RY \E) = u(A\ E),

a contradiction.
Thus we have SM(C /) = 0 and the result follows. O

4.4 The Riesz Representation Theorem

In this section, we prove a version of the Riesz representation theorem for linear
functionals. Anticipating that our main application of this theorem will be to currents
with finite mass, we have taken our linear functionals to be defined on the space of
real-valued, infinitely differentiable, compactly supported functions on RY. Stan-
dard versions of the theorem apply to linear functionals on the space of continuous,
compactly supported functions (see, for example, [Fol 84], [Roy 88], or [Rud 87]).
In [EG 92], Evans and Gariepy prove a version of the theorem for linear functionals
on the space of vector-valued, continuous, compactly supported functions.
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Theorem 4.4.1 (Riesz Representation Theorem). Let D denote the set of real-
valued, infinitely differentiable, compactly supported functions on RN . IfL : D — R
is a linear functional satisfying

M = sup{ [L(@)|:¢p €D, sup |p| <1 < o0, 4.9)

xeR¥N

then there exists a Radon measure » on RYN and a h-measurable function g : RN — R
such that

(1) A (RN ) - M.
@) L(@) =/ g gdi. forallpeD.
RN
Proof. First, we note that it follows immediately from (4.9) that

[L(¢)| <M -suplp(x)|, forgp € D. (4.10)

Step 1: Definition of the measure A. We define the function A on subsets of RY by
setting A(¥) = 0, setting

AU) = Sup{ |IL(¢): ¢ €D, suplp(x)| <1, suppp U} (4.11)

when U is a nonempty open set, and setting
A(E) =inf {A(U) : Uisopen, E C U} (4.12)

when E is not an open set.
Ultimately we will show that A is a measure. It follows immediately that

ARV =M, (4.13)
A C B implies A(A) < A(B). (4.14)

To show that p is a measure, we first show that X is countably subadditive on the
family of open sets. To see this, let U;,i = 1, 2, ..., be a sequence of open sets. We
need to show that

A(Ua) =X awn (4.15)

holds. It is no loss of generality to assume that ) ; A(U;) < oo.
Suppose that ¢ € D, sup,gn |¢| < 1, and supp¢ € U;U;. Let o; be a smooth
partition of unity for the set supp ¢, subordinate to the cover {U;}7°, (see [KPk 99]).
We estimate
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; ‘ B ; ‘ n . o -
L (Xt ai)| = [ XL (@) <Y IL(¢-an)| < D> A(U).
=m i=m

Thus L(} ;¢ - ;) and ) ; [L(¢ - «;)| are convergent. We then have

IL@) =L (X eu)| =L (X ;p-eu)| <D IL(p-an)| <D AU,

1

and (4.15) follows.

To complete the proof that A is a measure, we show that X is countably subadditive
on the family of all subsets of R¥. To see this, we let Ei,i =1,2,..., beasequence
of sets. We need to show that A(|J; E;) < > ; A(E;). We may suppose without loss
of generality that ) ", A(E;) < oo.

Lete > Obearbitrary. Foreachi,let U; be an openset with A (U;) < ME)+27e.
Then, by (4.15), we have

MUGED < (Uil < D AU < e+ Y MED,

and the claim follows from the fact that € > 0 was arbitrary.

Step 2: A bound on L. We claim that
|L(#)] < sup|¢(x)] ~k({x to(x) # 0}) , forpeD. (4.16)
X
To see this, fix a nonzero ¢ € D, set k = sup, |¢(x)]|, and set

U=i{x:¢kx) #0}.

Letay : R — R, ¢ =1,2,..., be a sequence of infinitely differentiable functions

such that
ag(t) =0 if 7] < 1/(20),

e ()] < 1/€if 1/20) < |t] < 1/€,
ae(ty =1 if  1/€ < |t].
For £ such that 1 /¢ < sup, |¢(x)|, we have k = sup, oy o ¢(x) and
suppag o C U,

SO
|L(ag o)l =k A(U).

Since sup, |¢ — ay o ¢| < 1/£ holds, we conclude from (4.10) that
IL(¢) — L(ag o @) = |L(¢p —agop)| = M/L
holds. Letting £ — oo, we obtain the claim.

Step 3: Showing that A is a Radon measure. First, we claim that A is finitely
additive on the family of open sets. To see this, let U and V be disjoint open sets.
Let € > 0 be arbitrary. Let ¢y € D satisfy
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« sup, [pu()| < 1,
* suppoy C U,
« AU) <|L@v)| +e.

Replacing ¢y by —¢y if necessary, we may assume that L(¢y) = |L(¢y)|. Choose
¢y € D similarly. Then we have

MU) +A(V) < |L(9u)| + | L(¢y)| + 2¢
= L(¢y) + L(¢y) + 2¢
= L(¢u + ¢v) + 2¢

< |L(¢y + ¢v)| +2e < AU U V) + 2¢,

and since € > 0 was arbitrary, the claim follows.

Next, we claim that A satisfies Carathéodory’s criterion. To see this, let A and B
be sets that are separated by a positive distance.

Let € > 0 be arbitrary. We can find an open set U with A U B € U and
AMU) < M(AU B) + €. Since A and B are at a positive distance from each other,
we may assume without loss of generality that U = U4 U Up, where U4 and Up are
disjoint open sets containing A and B, respectively. Then we have

AA) +A(B) < A(Ua) +A(Up) =A2(UsgUUB) <A(AUB) + €,

and the claim follows from the fact that € > 0 was arbitrary.

Since X satisfies Carathéodory’s criterion, we know that all open sets are A-
measurable. The fact that A is a Radon measure follows from (4.12) and the fact
that A(RN) < oo.

Step 4: Extension of L. Let D denote the set of functions f : RY — R such
that f is bounded and f is the pointwise limit of a sequence of functions in D. We
observe that

D contains the characteristic function of any open subset of RV,
* Dis a vector space,
* Dis closed under multiplication.

We will define the extension of L from D to D.
Let f € D. Let ¢; be a sequence of functions in D with f = lim; ¢;. We may
assume without loss of generality that the functions ¢; are uniformly bounded.
Set
kK =supsup¢;(x) < 00.
i ox

Fix € > 0. For each n, set
Ay ={x:3i,j > n suchthat |¢;(x) —¢;(x)| > €}.

Then we have A1 D Ay D ---and N, A, = @. So L(A,) | Oasn — oo. Fixann
such that L(A,) < €.
Let 8 : R — R be an infinitely differentiable function satisfying
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e ftakes its values in [0, 1],
* B@)=1if 1] = 2e,
e B()=0if |t| <e.

For i, j > n, we have
L@ = 9D = | LIBo @ =)+ @i — ]|

+|LLA = Bo@i =6 @ — )|
<2k+M)e.

Thus we see that L(¢;) forms a Cauchy sequence. We define

L( lim ¢i) = lim L(¢;).
1—> 00 1—>00
It is easy to see that the extension of L is well-defined and linear.

Tﬁe extension of L satisfies an estimate like (4.16); specifically, we claim that if
f € D, then it holds that

ILOOI < sup Il -2l £00) #01). *17)

To see this, fix the function f € D and fix a uniformly bounded sequence ¢; € D
that converges pointwise to f. It is no loss of generality to assume that

sup £ (0 = lim (sup gi()] ) -

Set W = {x: f(x) # 0}.

Let € > 0 be arbitrary. Then we can find an open set U with W C U and
AU) <A(W) +e.

Let ap : RN — R be a sequence of infinitely differentiable functions with values
in [0, 1] such that {x : ay(x) = 1} increases to Xy- Then ¢; - «; is a uniformly
bounded sequence that converges to f.

We have

A

L - @) = sup (@i - ) (@)] - 2({x 5 (@5 ) () #0))

= sup £ A({x i (x) £ 0))
= sup|f()]-AU)
<

sup | f(x)] - (A(W) +€),
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and the claim follows.

Step 5: A family of subsets of RN, Let O denote the family of subsets A of RV for
which x, € D. Since

X

ang = X

4 X

B?
XAUB:XA+XB_XAXB’
XA\B = =Xp) X,

we see that O is closed under finite unions, finite intersections, and complements.
Also every element of O is a Borel set. Note that

L(X,) +1(U) 2 0

holds, for any U € O.

Step 6: Definition of the measure u. We define the function 1 on subsets of RV by
setting
prU) = L(x,) + 1), (4.18)

when U is open, and setting
w(E) =inf {u(U) : Uisopen, EC U}, (4.19)

when E is not open.
Forsets U,V € O with U C V, we have

LX) +1(V) = LU, + Xy, ) + MU U (V\U))
= LX) + LX) +2U) + 2V \ U)

> L(x,) +M(U).

If U and V are open with U C V, then we conclude that u(U) < w(V). Then by
(4.19), 1 is monotone on all sets.
We claim that
w(E) = L(X,) + A(E), for E € 0. (4.20)

The argument above also shows that if U is open, E € O, and E C U, then
L(Xy) + M(E) < p(U).
Let € > 0 be arbitrary. Then we can find an open U with E € U and
AU) <ME)+e€.

Since
AMU)=XU\E)+ ME),
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we have
AMU\E) <e.

By (4.17), we have
LXy\g) =€,

SO

LX) +4U) = L0tp) + AE) + Ly, ) + AU\ E) < LX) + A(E) +2€

holds. Thus we have
W(E) < L(X;) + M(E) + 2,

and the claim follows from the fact that € > 0 was arbitrary.
By (4.20), we see that we obtain the same function x on subsets of RY if we
define u by setting
uU) = L(X,) + 1), 4.21)

when U € O, and setting
WE)=inf{uU):UecO, ECUY}, (4.22)

when E ¢ O. We shall use this alternative definition. Ultimately we will show that
W is a measure. We note that the original definition of y is useful for verifying that
W is a Radon measure.
By (4.17), we see that
0 < u(E) = 20ME)

holds, for every set E. In particular, p is absolutely continuous with respect to A. We
also note thatif U, V € O, then

u(V) = LX) + (V)
= L(Xy + X)) T MU UV \ D))
= LX) + L(Xy\ )+ MU) + AV \ V)
> L(X,) + A(U)
= nU)

and
wUUV) = L(X, ) +A2UUV)
= L(X,) + LX) — LX) + AU U V)
= LX) + LX) = L(Xyy) + AU) +2(V) = AU N V)

=p0) +uV) =p@NV) <ul)+uv),
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so A is finitely additive and finitely subadditive on O.

Step 7: Showing that u is a Radon measure. First, we claim that p is countably
subadditive on O. To see this, let a sequence {U;} € O be given. We need to

show that
w(Ui) = 3wy (423)

holds.
Let € > 0 be arbitrary. Set

An=(UZiU)\ (ULUi) -
Then A(A;;)) — 0asn — oo. Choose n such that A(A4,) < €. We have

(U2 U = u(UiZ U + L(X, ) + A(An)

o0
< u(U_ U +26 <2+ > Uy,

i=1

and the claim follows from the fact that € > 0 was arbitrary.

We see that p is countably subadditive by using the same argument that showed
that A is subadditive. We can also see that Carathéodory’s criterion holds for p in the
same way that we saw that it holds for A, and we similarly conclude that X is a Radon
measure.

Step 8: Obtaining the function g. By Theorem 4.3.6, there exists a Borel function
f such that

wie) = [ fan
E
holds, for any Borel set E. Set g = f — 1. For U € O, we have
L0ty = @) =20 = [ (f=Dar= [ gar.
U U

For ¢ € D, we obtain

um=/ﬁgﬂ

by uniformly approximating ¢ by simple functions of the form ) ; &; X g With E; €
O, and applying (4.17). O
4.5 Maximal Functions Redux

It is possible to construe the Hardy—Littlewood maximal function in the more general
context of measures.
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Definition 4.5.1. Let 1« be a Radon measure on RV . If f is a ;.-measurable function
and x € RY then we define

1
M, f(x) = SUP B e Lf @Ol du().

Further, and more generally, if v is a Radon measure on RY then we define

Mooy — sup MBG D)
X) = _—
" S B )]

Finally, it is sometimes useful to have the noncentered maximal operator M u
defined by

~ 1
M, f(x)= sup —/
a B(z,rsx #BE, 1] JB@.r

A similar definition may be given for the maximal function of a Radon measure.

|fF Ol du().

The principal result about these maximal functions is the following:

Theorem 4.5.2. The operator M, is weak type (1, 1) in the sense that

RN
u{xeRN:Mﬂv(x)>s}§C-v( ).
s
In particular, if f € L' (1) then
/L{XGRN:Mﬂf(X)>S}§C-m.
s

In case the measure |1 satisfies the enlargement condition u[B(x,3r)] < c -
w[B(x, r)], then we have

/L[)CERNZMHV()C)>S}SC-S71~V{XGRN3MMV()C)>S].

The proof of this result follows the same lines as the development of Proposi-
tion 4.1.4, and we omit the details. A full account may be found in [Mat 95].






5

Analytical Tools: The Area Formula, the Coarea
Formula, and Poincaré Inequalities

5.1 The Area Formula

The main result of this section is the following theorem.

Theorem 5.1.1 (Area Formula). If f : R™ — RY is a Lipschitz function and
M < N, then

/ It £ dLM (x) = / card (AN £~ (1) dHY () 5.1)
A RN

holds for each Lebesgue measurable subset A of RM .

See Figure 5.1. Here Jy; f denotes the M-dimensional Jacobian of f, which will
be defined below in Definition 5.1.3. In case M = N, the M-dimensional Jacobian
agrees with the usual Jacobian |det(Df)]|.

Fig. 5.1. The area formula.

The proof of the area formula separates into three fundamental parts. The first
is understanding the situation for linear maps. The second is extending our under-
standing to the behavior of maps that are well approximated by linear maps. This
second part of the proof is essentially multivariable calculus, and the area formula
for C! maps follows readily. The third part of the proof brings in the measure theory

G.S. Krantz, R.H. Parks (eds.), Geometric Integration Theory, doi: 10.1007/978-0-8176-4679-0_5, 125
© Birkhduser Boston, a part of Springer Science + Business Media, LLC 2008
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that allows us to reduce the behavior of Lipschitz maps to that of maps that are well
approximated by linear maps.

In the next section we will treat the coarea formula that applies to a Lipschitz
map f : RM — RV, but with M > N instead of M < N. The proof of the coarea
formula is similar to the proof of the area formula in that the same three steps of
understanding linear maps, understanding maps well approximated by linear maps,
and applying measure theory are fundamental. The discussion of linear maps in the
next subsection will be applicable to both the area formula and the coarea formula.

5.1.1 Linear Maps

Akey ingredientin the area formula is the K -dimensional Jacobian, which is a measure
of how K-dimensional area transforms under the differential of a mapping. Since a
linear map sends one parallelepiped into another, the fundamental question is, “What
is the K-dimensional area of the parallelepiped determined by a set of K vectors in
RN?” Of course, the answer is known, and G. J. Porter gave a particularly lucid
derivation in [Por 96]. We follow Porter’s approach in the argument given below
(this argument also appeared earlier, in Section 1.4).

Since we will often need to divide by the K -dimensional area of a parallelepiped,
when we say that P is a K -dimensional parallelepiped, we will assume that P is not
contained in any (K — 1)-dimensional subspace. That is, when P is a K -dimensional
parallelepiped we mean that there are linearly independent vectors vi, Vo, ..., Vg
such that

K
P = Zkivi:O§ki§1, fori=1,2,..., K
i=1

Proposition 5.1.2. If

v, = L fori=1,2,...,K, (5.2

UNi

are vectors in RN, then the parallelepiped determined by those vectors has K -

dimensional area
4/ det (Vt V), (5.3)

where V is the N x K matrix having vi, va, ..., Vi as its columns.

Proof. If the vectors vi, v, ..., Vg are orthogonal, then the result is immediate.
Thus we will reduce the general case to this special case.

Notice that Cavalieri’s principle shows us that adding a multiple of v; to another
vector v;, j # i, does not change the K-dimensional area of the parallelepiped
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determined by the vectors. But also notice that such an operation on the vectors
v; is equivalent to multiplying V on the right by a K x K triangular matrix with
1’s on the diagonal (upper triangular if i < j and lower triangular if i > j). The
Gram-Schmidt orthogonalization procedure is effected by a sequence of operations
of precisely this type. Thus we see that there is an upper triangular matrix A with
I’s on the diagonal such that V' A has orthogonal columns and the columns of V A
determine a parallelepiped with the same K-dimensional area as the parallelepiped
determined by vy, vo, ..., vy. Since the columns of V A are orthogonal, we know

that \/ det ((VA)t (VA)) equals the K -dimensional area of the parallelepiped deter-

mined by its columns, and thus equals the K -dimensional area of the parallelepiped
determined by vy, vy, ..., vg. Finally, we compute

det ((VA)t (VA)) = det (At vty A)
= det (At) det (Vt v) det(A)
— det (vt v) . 0

Definition 5.1.3. Suppose that U C RM, f:U— RV, f is differentiable at a, and
K < M. We define the K -dimensional Jacobian of f at a, denoted by Jg f (a), by
setting

HEIDf(@)(P)]

JKf(a)ZSllp{ HK[P]

P is a K -dimensional parallelepiped contained in RM } . 5.4

The conventional situation considered in elementary multivariable calculus is that
in which K = M = N. In that case, it is easily seen from Proposition 5.1.2 that one
may choose P to be the unit M-dimensional cube and that Jy, f(a) = Jy f(a) =
|det(Df (a))l.

Two other special cases are of interest: Theyare K = M < Nand M > N = K.
When K = M < N, again one can choose P to be the unit M-dimensional cube in
RM . The image of P under Df (a) is the parallelepiped determined by the columns
of the matrix representing D f (a). It follows from Proposition 5.1.2 that Jy, f(a) =

Jaet [(Df @)* (Df @))].

When M > N = K, then P should be chosen to lie in the orthogonal complement
of the kernel of Df(a). This follows because if P is any parallelepiped in R,
then the image under Df (a) of the orthogonal projection of P onto the orthogonal
complement of the kernel of Df (a) is the same as the image of P under Df (a), while
N-dimensional area of the orthogonal projection is no larger than the N-dimensional
area of P.
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Itis plain to see that the orthogonal complement of the kernel of Df (a) is the span
of the columns of (Df (a))*t. If we begin with the parallelepiped determined by the
columns of (Df (a))*, then that parallelepiped maps onto the parallelepiped deter-
mined by the columns of (D f (a)) (Df (a))*. By Proposition 5.1.2, the N-dimensional
area of the first parallelepiped is

Jaet [(DF @) (Df @],

and the N-dimensional area of the second parallelepiped is

\/det (D @) (DF @)*)* ((DF @) (DF @)F)]

= det [(Df @) (Df @)*]

sotheratiois Jy f(a) = \/det [(Df(a)) (Df(a))t]. (The preceding discussion could

also have been phrased in terms of the effect of the adjoint of Df on the area of a
parallelepiped in RV )
We summarize the above facts in the following lemma.

Lemma 5.1.4. Suppose that f : RM — RN is differentiable at a.
() IfM = N, then

Iu f(a) = Jy f(a) = |det(Df (a))l. (5.5

2)IfM < N, then
Infla) = \/det [(Df (@)t (Df (a))]. (5.6)

(3)IfM > N, then
Infla) = \/det [(Df () (Df (@))*]. (5.7

Remark 5.1.5. The generalized Pythagorean theorem (see Section 1.5) allows one to
see that the right-hand side of either (5.6) or (5.7) is equal to the square root of the
sum of the squares of the K x K minors of Df (a), where K = min{M, N}. This is
the form one is naturally led to if one develops the K -dimensional Jacobian via the
alternating algebra over RM and R¥ as in [Fed 69].

We will also need to make use of the polar decomposition of linear maps.

Theorem 5.1.6 (Polar Decomposition).

WIfM < Nand T : RM — RN s linear, then there exist a symmetric linear
map S : RM — RM and an orthogonal injection U : RM — RN such that
T =UoS.

Q) IfM > N and T : RM — RN is linear, then there exist a symmetric linear
map S : RN — RN and an orthogonal injection U : RN — RM such that
T =SoU*".
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Proof.

(1) For convenience, let us first suppose that 7 is of full rank. The M x M matrix T* T

is symmetric and positive definite. So 7* T has a complete set of M orthonormal

eigenvectors vy, va, ..., V)s associated with the positive eigenvalues A1, A2, ..., Ay.
We define S : RM — RM by setting

SO = /A vi .

Using the orthonormal basis vy, va, . . ., V37, we see that S is represented by a diagonal
matrix; thus S is symmetric.
We define U : RM — RY by setting

1
Uvi) = \/—k—l T(vi).

We calculate

1 1
UW) -Uv))=—=—=Tw)- -T(v))

7 Vi

- v (D))

1
7
11
R

Thus U is an orthogonal injection.

In case T is not of full rank, it follows that some of the A;’s may be zero. For
such an index i, we may choose U (v;) arbitrarily, subject only to the requirement that
U(vy),U(vp),...,U(v,) be an orthonormal set.

AjVi-Vj=20jj.

(2) We apply (1) to the mapping T'* to obtain a symmetric map S and an orthogonal
injection U such that 7* = U o S, butthen T = (U 0 §)* = So U*®. O

The first application of the Jacobian is in the following basic lemma concerning
the behavior of Lebesgue measure under a linear map.

Lemma 5.1.7. [fA C RM g Lebesgue measurable and T : RM s RM jslinear, then
LY(T(A)) = |det(T)| LY (A).

Proof. By countable additivity, it will suffice to prove the result for bounded sets A.
Given € > 0, we can find an open U with A C U and LY (U \ A) < €. We write U
as an increasing union of sets C,, such that each C,, is a union of cubes that intersect
only on their faces. Then we have

LT W) = lim LYT(Cp) = lim_|det(T)[LY (Cy) = |det(TILY (V).

So we conclude that
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LY(T(A) < LT W) < |det(T)| LY (U) < |det(T)| [e + LY (A)].
Letting € |, 0, we see that
LY(T (A)) < |det(T)| LY (A).

Now we need to prove the reverse inequality. Note that if det(7") = 0, then we
are done. Assuming det(T') # 0, we apply the case already proved to 7' (A) and T ~!
to see that

LAY = LM (TN (A))) < |det(T~H| LY (T (A)).
The result follows since det(7 1) = (det(T))~!. m]

Lemma 5.1.8 (Main Estimates for the Area Formula). Suppose that M < N,

T :RM — RN is linear and of full rank, and that 0 < € < % Let I1 be orthogonal

projection onto the image of T. Set
A =inf { (T, v)|: Jv| =1}. (5.8)
If the Lebesgue measurable set A € RM is such that
(1) Df (a) exists fora € A,

2) IDf(a) —T|| < € holds fora € A,

) [f () = fla) = (Df(a),y —a)| < €|y —al holds for y,a € A,

(4) I f(a) is one-to-one,

then

(1=3ex" Y uuT - £Ma) < HM (£ ()
< (1 +2a Y gyt - LM@A). (5.9

Proof. First we bound HY ( f (A)) from above. We use the polar decomposition to
write T = U o S, where S : RY — RM is a symmetric map and U : R¥ — RV
is an orthogonal injection, and we note that S is nonsingular with Jy; S = Jy T and
with A1 = ||S71.

Set B=S(A)and g = f o S~'. We know that

LMBY = JyS - LM(A) = JuT - LM (A).

We claim that
Lip (glg) < 14 2eA~".

To see this, suppose z, b € B. Then with a = S‘l(b), y = S_l(z), it follows that
ly —a| < A7 |z — b|. Therefore we have
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18(z) — gD
< 18(z) — g®) — (Dg(b), z — b)| + [(Dg(b) — U,z —b)| + (U, z — b)|
=1f(y) — f@) —(Df(a),y —a)l
+((Df@) —T)o S~ z—b)|+ |z — b
<ely—al+IIDf@ —T|-1S7"] |z — bl + |z — ]
< (1+2ex7Y) |z —bl. (5.10)

Finally, we have

HM(F(A) = HM (g(B))
< (1+2ex" YY" M (B)

= (122" )" T LM (A).

Next we bound HM ( f (A)) from below. We continue to use the same notation
for the polar decomposition and we will continue to write g = f o S™!. Set C =
H(f(A)) = I'I(g(B)) and h = (H o g|B)_1. We claim that

Lip (hlc) < (1 —3ex™1)7"

To see this, suppose w,c € C. Let b € B be such that [To g(b) = cand z € B be
such that [To g(z) = w. Arguing as we did to obtain the upper bound (5.10), but with
some obvious changes, we see that

lg(z) — )| = (1 —2eA7") [z —b].
Also we have

ex"z = bl = |g(z) — g(b) — (Dg(b), z — b)|
= IM(g(z) — g(b) — (Dg(b),z — b))
+ T (g(2) — g(b) — (Dg(b), z — b))
> [ (g(z) — g(b) — (Dg(b), z — b))

= [Tt (g(z) — g(®))].

Thus we conclude that
ITI(g(z)) — (g(D)| = |g(z) — g®)| — IHL(g(Z) —g))|

> (1- 26)71) lz—bl—erx "z —b].
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Finally, we calculate that
IuT -HM(A) = £M(B)
< (1=3ea)Y". M)

< (=32 Y HM(r(A)). o

5.1.2 C! Functions

Now we can prove the area formula for C! functions.

Theorem 5.1.9. Suppose that M < N. If f : RM — RN is a C! function, then
[ mseacto = [ ardan ronanto)
A RN

holds for each Lebesgue measurable subset A of RM .

Proof. By countable additivity, it will suffice to prove the result for bounded sets A.
We first prove the result under the additional assumptions that f is one-to-one and
that Jys f (@) > 0 holds at every point of A.

It is plain that, for any € > 0, every subset of A with sufficiently small diameter
satisfies conditions (1)—(3) of Lemma 5.1.8 for some full-rank linear 7 : R® —
RN —namely, we can choose T to be Df at any point in such a sufficiently small set.
Since Df on A is the restriction of a continuous function, we can find a positive lower
bound for A in (5.8). To see that condition (4) of Lemma 5.1.8 is also satisfied on a
subset of A of small enough diameter, we suppose, to the contrary, that [To f(y) =
ITo f(z); we show that in this case, € > 0 can be chosen small enough compared to
A that conditions (1)—(3) lead to a contradiction. Using (1)-(3), we estimate

KT,y —z)| = [TII(T, y — 2))|

< |TI(T = Df(a),y —2)| + [I1(Df(a) — Df (z), y — 2}l
+ [I(Df(2), y — 2}

=IT =Df @l |y —zl+IDf(a) = Df @Il |y — zl
+II(Df(2), y — 2)|

=T - Df @] |y =zl + I1Df(a) = Df Il |y -z
+ () = f) = (Df(2), y —2)|

<IT=Df@ll |y —zl+IDf(a) = Df @) |y —zl

+1f() = f@) —(Df(a),y —2)|.
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By choosing a, y, z in a small enough set we can bound the right-hand side of the
preceding inequality above by 3 € |y — z|, while the left-hand side is bounded below
by A |y — z|. Choosing € smaller than %)L gives a contradiction. Thus (4) also must
hold on subsets of small enough diameter, and the result follows by decomposing A
into such sufficiently small sets.

In case f is not necessarily one-to-one, but still assuming Jys f(a) > 0 holds at
every point of A, there is ¢ > 0 such that f is one-to-one in any ball of radius o
about any point in A. Write

A=|]A;.
J

where thesets A;, j = 1,2, ..., are pairwise disjoint HM -measurable sets all having
diameter less than o. Then we have

ZX (y) =card(AN f_l(y)) for each y € RV |
S (Aij)
J
We conclude that

AJMﬂﬂdﬁM@)ZE:/;JMﬂMdﬁMu)
j J

= > HYLf (A )]
7
— M
- A;V Z Xf(Ai,j) dH
J

Z/ card(AN = () dHM .
RN

To complete the proof, we need to show that the image of a set on which Jy; f =0
has measure zero. That fact follows by defining f, : R¥ — RM+V py

X —> (ex, f(x)).

This definition of f, gives us the full-rank hypothesis, but increases the Jacobian only
by a bounded multiple of €. The image of f is the orthogonal projection of the image
of fe, and thus its Hausdorff measure is no larger than the Hausdorff measure of the
image of fc. By letting € decrease to 0, we conclude that the Hausdorff measure of
the image of f is 0. O

The last part of the preceding proof gives us the next corollary, which is known
as Sard’s theorem.! The sharp version of Sard’s theorem, the Morse—Sard—Federer
theorem, can be found in [Fed 69, 3.4.3].

Corollary 5.1.10. Suppose that M < N. If f : RM — RN is a C! function and
A={x:Jyfx) =0}, then HM[ f(A)] = 0.

! Arthur Sard (1909-1980).
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5.1.3 Rademacher’s Theorem

Theorem 5.1.11 (Rademacher’s Theorem?). If f : RY — RN is a Lipschitz
function, then f is differentiable LM -almost everywhere and the differential of f is
a measurable function.

Proof. We may assume N = 1. We use induction on M. In case M = 1, the result
follows from the classical theorem stating that an absolutely continuous function from
R to R is differentiable £!-almost everywhere.

We consider the inductive step M > 1. Note that if M — 1 variables are held
constant, then, as a function of the one remaining variable, f is absolutely continuous.
By Fubini’s theorem, we see that all M partial derivatives of f are defined £Y -almost
everywhere and are measurable functions. The goal is to show that these partial
derivatives actually represent the differential at almost every point.

Let us write RM = R¥~! x R and denote points p € RM~! x Rby p = (x, y),
x € RM~1 y e R. We consider a point py = (xo, yo) at which the following two
conditions are satisfied:

(1) As a function of the first M — 1 variables, f is differentiable.
(2) All M partial derivatives of f exist and are approximately continuous (see Defi-
nition 4.1.7).

For convenience of notation, we assume that f(pg) = 0, that pg = (0, 0), and that
all the partial derivatives of f at po vanish.
Fix an € with 1 > ¢ > 0. By (1), we can choose r9 > 0 such that [x| < rg
implies that
|f(x, 0)] < elx]

holds. By (2), the M-dimensional density at (0, 0) of

e

is zero. Thus, by choosing a smaller value for r if necessary, we may assume that
for 0 < r < ro,

3
{ ',y Ia—f(x/, y)
y

>e, x| <2r, —2r <y < Zr} < %QM,] MM

5.11)

£M{ ROF ‘f(x y)

holds.
Now consider (0,0) # (x,y) € R¥~1 x R with |x| < rp and |y| < ro. Set

r =max{ |x|, |y|}If for every x’ € R¥~! with |x’ — x| < er, we have
of
! { LY ‘ ',y

> €, —2r<y/<2r}zer,

then we can estimate

2 Hans Rademacher (1892-1969).
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{ ‘—(x Y| > €, x| <2r, —2r<y’<2r}

zz:M{ SOE ’f<x )

>e, |x' —x| <er, =2r <y <2r}

>er- LMY eRM = x| <)

> Q- et
contradicting (5.11).
By the last paragraph, there exists x’ € RM~!, with |x’ — x| < er, such that
af
! { SOE ‘ @,y

>e —2r<y <2r} < er
holds; select and fix such an x’. We have
Y g
|f(y) = f(x,0)] = Vo %(x’, n)dﬁl(n)‘

< €|yl + Mer
< (M + Der, (5.12)

where we have used the fact that ’g—;(x’ , n)’ < M holds for £!-almost all n. Also,
we have

If(x,y) — f& 0] < Mlx —x'| < Mer, (5.13)
|f(x,0) = f(x",0)] < M|x —x'| < Mer, (5.14)
[f(x,0)] < €|x] <er. (5.15)

Combining (5.12), (5.13), (5.14), and (5.15), we obtain
[f(x, | < BM + 2)er,
from which it follows that Df (0, 0) = 0. O

As a consequence of Rademacher’s theorem and the Whitney extension theo-
rem? (see [Fed 69] or [KPk 99]), we have the following approximation theorem for
Lipschitz functions.

Theorem 5.1.12. If f : RN — RY is Lipschitz and if € > 0, then there exists a C!
function g : RN — R for which

LVx s f(x) #g(0)) < e,

LV x : Df(x) # Dg(x)} <e.
3 Hassler Whitney (1907-1989).
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Proof. Tt will suffice to prove the result when v = 1.
Recall that the Whitney extension theorem for C! functions tells us the following:

Let A € RN be closed. Suppose that f : A — Randv : A — RN are
continuous. If the limit of

fO) = fx) —=vx) - (y —x)
ly — x|

is zero as x,y € A, with x # y, approach any point of A, then there exists
a C! function g : RN — R with g(a) = f(a) and grad g(a) = v(a) for all
a € A.

By Rademacher’s theorem applied to f and Lusin’s theorem (i.e., Theorem 1.3.4)
applied to grad f (for £V on RY, Lusin’s theorem is easily seen to be applicable to
sets with infinite measure), there is a closed set B € RN with LV (RN \ B) < ¢/2
such that grad f exists and is continuous on B. We set v(x) = grad f(x) and

hk(x)zsup{f(y)_f()i)y__l;(lx).(y_x) “yeB, 0<|y—x| < l/k},

forx € B,k =1,2,.... Since f is differentiable on B, hi(x) — 0 for each x € B.
By Egorov’s theorem (i.e., Theorem 1.3.3), there exists a closed set A € B with
LN(B\ A) < €/2 such that & converges to 0 uniformly on compact subsets of A.
Thus we can apply Whitney’s extension theorem to f and v on A to obtain the desired
function g. O

Proof of the Area Formula. Asusual, it will suffice to consider the case in which A is
bounded. Use Theorem 5.1.12 to replace f by the C! function g when A is replaced
by a set B with LY (A \ B) < €. Theorem 5.1.9 applies to g on B.

To complete the proof, observe that for any A; C A, it holds that HM[ fA)] <
(Lip /)M LM (A}). In particular, by decomposing A \ B into pairwise disjoint sets
A on which f is one-to-one, we obtain

[ cardar By on o) = wip M e o
RN
Corollary 5.1.13. If f : R™ — R is a Lipschitz function and M < N, then

fA g(x) Iy f(x)d LM (x) = A{ o2 gwanty)  (516)

x€ANfT1(y)

holds for each Lebesgue measurable subset A of RM and each nonnegative LY -
measurable function g : A — R.

Proof. Approximate g by simple functions. O
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5.2 The Coarea Formula

The main result of this section is the following theorem.

Theorem 5.2.1 (Coarea Formula). If f : RM — RN is a Lipschitz function and
M > N, then

/ Iy fx)dLM (x) = / HM=NAn £ o deN () (5.17)
A RN

holds for each Lebesgue measurable subset A of RM .

See Figure 5.2. Here Jy f denotes the N-dimensional Jacobian of f, which was
defined in the previous section in Definition 5.1.3 and which was seen in (5.7) to be
given by

Inf@ = Jdet [(Df @) - (Df @)*]

In case M = N, the N-dimensional Jacobian agrees with the usual Jacobian
|det(Df)|, and the area and coarea formulas coincide. In case M > N, and
f:RM =RN x RM=N _ RN is orthogonal projection onto the first factor, then
the coarea formula simplifies to Fubini’s theorem; thus one can think of the coarea
formula as a generalization of Fubini’s theorem to functions more complicated than
orthogonal projection. The coarea formula was first proved in [Fed 59].

Fig. 5.2. The coarea formula.

As in the proof of the area formula, the proof of the coarea formula separates into
three fundamental parts. The first is to understand the situation for linear maps. This
was done in the previous section. The second part is to extend our understanding to
the behavior of maps that are well approximated by linear maps. The third part of the
proof brings in the measure theory that allows us to reduce the behavior of Lipschitz
maps to that of maps that are well approximated by linear maps.

Main Estimates for the Coarea Formula

Lemma 5.2.2. Supposethat M > N, f : RM — RN U : RN — RM isorthogonal,
and 0 < € < 1/2. If the Lebesgue measurable set A € RM is such that
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(1) Df (a) exists fora € A,
(2) IDf(a) — U*| < € holds fora € A,

G If(y) — f(@) —(Df(a),y —a)| <e€l|y—alholds fory,a € A,
then

(1—2e)M /R , HMN(AN ()N () < fA Iu fa)dc” (a)

< [ AN AN T ;) et (). (5.18)
R
Proof. The N columns of the matrix representing U form an orthonormal set, but not
a full basis. By completing that set of vectors to an orthonormal basis, we can obtain
a complementary set of M — N orthonormal vectors. Those M — N vectors can be
used as the columns of a matrix representing an orthogonal map V : RM—N — RM
such that ker (U*) and ker (V'*) are orthogonal complements.
Define F : RM — RN x R~V by setting

F(x) = (f(x), VEx)),
and let IT : RY x RM=N — RN be projection on the first factor. It is easy to see that
JuF =Jnf.
Subsequently we will show that F'|4 is one-to-one, so that by the area formula,
LM FA)] = / JuFdcM = f Iy fdcM.
A A
Thus, using Fubini’s theorem, we have
/ InfdLM = LM[F(A)]
A
= / HM V[P NI ()] dLN 2)
RN
_ /R HMNFAN £ @)]de @)
To complete the proof, we show F'|4 to be one-to-one and estimate the Lipschitz
constant of F on A N f~!(z) and the Lipschitz constant of F~! on F(A N f~1(2)).
Suppose that a, y € AN f~1(z). Then

F(a) = (f(a), V¥(@) = (z, V(@) and F(y) = (f(»), V() = (z, V).

We should like to compare |a — y| and |F(a) — F(y)|. But the first components are
the same, so
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|F(a) = FO)l = V&) = VE)I.
On the one hand, V'* is distance-decreasing, so
|F(a) — F(y)| < la—yl.
On the other hand,

(U, y —a)l < {Df (@), y —a)| + IDf (@) — Ut|| |y — al
=1f() — f@ — (Df(@),y —a) + |Df (@ = U*| |y —al

< 2¢€ly —al,

and
ly —al* = V@) — VEO) >+ (U*, y —a) |,

SO
VEa) — VEO)P = |y —al> (1 — 4€?).

Thus we have
V1—4e? |y —a| < |F(y) — F(a)| < |y —al,

so we see that F is one-to-one and we have obtained bounds on the Lipschitz constants
of both F and F~!. Finally, we note that 1 — 2¢ < /1 — 4€2. O

Corollary 5.2.3. Suppose that M > N, f : RM — RN T : RM — RN is of rank
N, and 0 < € < 1/2. If the Lebesgue measurable set A € RM is such that

(1) Df(a) exists fora € A,
) IDf(a) —T|| < € holds fora € A,

) 1f(y) — f(a) = (Df(a),y —a)| <e€l|y—alholds fory,a € A,
then

(1 —2e)" fR SN (AN T ) dLt () < /A Iv f (@) dLM (@)
< /R CHIN (AN T ()L o). (5.19)

Proof. By the polar decomposition (Theorem 5.1.6), there exists a symmetric linear
map S : RY — RY and an orthogonal map U : RY — RM such that T = S o U*.
Set g = S~! o f. Then we apply the lemma to g and U to obtain

(1—2e)M /NHM*N(Amg*‘(z)) dLh (z) 5/ Iug(a)dLM (a)
R A

< | HMN(Ang(2)dL ). (5.20)
RN
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Notice that if y = S(z), then
Ang @ =Anr"o),

so by the change of variables formula in RY applied to the mapping S, we have
f HY N (ANg (@) InSdL (2) = / HYN (AN ) de ().
RN RN
Also we have JyS Jyrg = Jy f, so

/AJNg Iug(a)dLM (a) =/AJMf(a)d£M(a)

holds. By multiplying all three terms in (5.20) by Jy S, we obtain (5.19). O

5.2.1 Measure Theory of Lipschitz Maps

We need to verify that the integrand on the right-hand side of (5.17) is measur-
able. (The measurability of the integrand on the left-hand side of (5.17) is given by
Rademacher’s theorem, i.e., Theorem 5.1.11.) First we obtain a useful preliminary
estimate that generalizes a result originally proved in [EH 43].

Lemma 5.2.4. Suppose 0 < N < M < oo. There exists a constant C(M, N) such
that the following statement is true: If f : RM — RN is a Lipschitz function and
A CRM then

/RNHM—N(A N 'y)dHYy < c(M, N) [Lip(f)]N HM (A) (5.21)

holds.

Proof. We may assume that the right-hand side of (5.21) is finite.
Fix o > 0. By the definition of Hausdorff measure, there exists a cover of A by
closed sets Si, S2, ..., all having diameter less than o, such that

. A\ M
3 Qu (—dla“;(sl)) < HM(A) + .

For y € RN we observe that

B B diam () \ M~V

M—N 1 i

HYNAnfT ons Y. Quew (T)
{i:5i0f =1 (y)#0)

—oN-Mq. Z (diam (Si)) Xf(S,-)(y)'

1

Note also that if p € §;, then
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£ S B(£(p). [Lip (/)] diam (S ),
SO

N
/RN Xy A = [Lip (1Y @ (diam (5))

Thus we have

f rvHy V(AN T () dHYy
M-N
<oN-Mo v Z (diam (S,-)) /RN Xf<Si) dHN

<2 Moy vy Lip(Y Y (dim(s))

Sun Sy (HM(A) + a).

< 2N
= O

The result follows by letting o decrease to 0. O

Lemma 5.2.5. Suppose that f : RM — RN is a Lipschitz function. If A € RM is
HM -measurable, then the mapping

RN 5 y—> HMfN(Aﬂ fﬁl(y))
is HY -measurable.

Proof. By the previous lemma, we can ignore sets of arbitrarily small measure; hence
we may and shall assume that A is compact.
Observe that, for U € RM,

SO N T ONACUL =W\ fA\D). (522

Additionally, note that if U C RM ig open, then f(A) and f(A \ U) are compact,
and thus the set in (5.22) is a Borel subset of RV,

Let U/ denote the family of open subsets of RY that are finite unions of open balls
with rational radii and centers in QY.

We will show that for r € R, {y : HM=N(A N f~1(y)) < t} is a Borel subset of
RN Fort < 0, we have {y : H¥~N(AN f~1(y)) <t} = @, so we may assume that
t>0.

Foreachi =1, 2, ..., let ; denote the collection of finite subfamilies of ¢/ such
that {U; 1, Ui 2, ..., U,-,kj } € F; if and only if

diam (U; ;) < 1/i, for j =1,2,...,k;,

ki

. o M—N
Y Qu-w (—dlam(U”’)> <ite
ot 2 i
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Since F; is at most countable, we see that

= U rw\sra\d v (5.23)

{Uir,... Uik YeFi

is a Borel subset of RY . Finally, we observe that

{y:H"NaAn o) <1}

= [R @ U [r@nsm N an s on <0,

and that f(A) M {y : HM=N(A N f~1(y)) < t} is the intersection of the sets B;
in (5.23). O

5.2.2 Proof of the Coarea Formula

By Theorem 5.1.11 and (5.21), we may assume that Df (a) exists at every point
a € A. We first prove the result under the additional assumption that Jy f(a) > 0
at every point of A. By Lusin’s theorem (i.e., Theorem 1.3.4), we may assume that
Df (a) is the restriction to A of a continuous function. By Egorov’s theorem (i.e.,
Theorem 1.3.3) we may suppose that

lf ) = fla) = (Df(a), y —a)l
ly —al
converges uniformly to 0 as y € A approaches a € A. It is plain that, for any € > 0,
conditions (1)—(3) of Corollary 5.2.3 are satisfied in any subset of A that has small
enough diameter.

Finally, to complete the proof, we need to consider the case in which Jy f = 0
holds on all of A. In that case, the left-hand side of (5.17) is 0. We need to show that
the right-hand side of (5.17) also equals 0. To this end, consider f, : RM+N — RV
defined by

(x,y) > f(x) +e€y.
We can apply what has already been proved to the set

Ax[-1,11V < RM x RV,
We have LMHN (A x [—1, 11V) =2V LM (A), Jy fo < €[e +Lip (H)IV~!, and

f In fodCMHN = / W[ (4 x -1 1Y) 0 £ @ a0,
Ax[—1,11V RN
By (5.21) we observe that

C(M, N) HM[(A x [-1, 1Y) N fg‘(z)]
> [ ax i) 0 g @ nmo)]act )
RN

= / HMNAN @ —en]dLN(y).
[—1,1]V
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Thus
2V £M (A) € e + Lip ()N
S T
Ax[—1,1]¥

I
= C(M,N) /RN /[_I,I]N [AN /T @ —en]dL™ (0 dLY )

_t MNT o
C(M N>/ II]N/RNH [AN ST G —en]dL™ @) dL ()

— M—-N N
- Zor N)/ HMN[AN 1 (@)]dLY )

holds, where the last equation holds by translation invariance. Letting € | 0, we
see that

HMN[AN F(@)]deN (2) =0. O
RN

Corollary 5.2.6. If f : RM — RN is a Lipschitz function and M > N, then
[swanswacioo=[ [ aniVacte) s
A RN JAns=1(y)
holds for each Lebesgue measurable subset A of RM and each nonnegative LM -

measurable function g : A — R.

Remark 5.2.7. Observe that when M = v and g = 1, the integral with respect to 0-
dimensional Hausdorff measure over AN £~ ! (y) gives the cardinality of AN £~ 1(y).

Proof. Approximate g by simple functions. O

5.3 The Area and Coarea Formulas for C! Submanifolds

Definition 5.3.1. By an M-dimensional C' submanifold of RY we will mean a set
S € R¥ for which each point has an open neighborhood V in R¥ such that there
exists a one-to-one C'! map ¢ : U — RN, where U € RM s open, with

(1) D¢ of rank M at all points of U,
(2)9WU)=V(S.

Remark 5.3.2. The object defined in Definition 5.3.1 is sometimes called a regularly
embedded C' submanifold.

Definition 5.3.3. Suppose that S is an M-dimensional C' submanifold of RV . Let x
be a point of S and let ¢ be as in Definition 5.3.1.
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(1) The range of D¢ (u), u € U, will be called the tangent space to S at x = ¢(u)
and will be denoted by T S.

(2) Now suppose x € S and f : W — R, where W contains a neighborhood of x
in §. We say that f is differentiable relative to S at x if there is f : W — RY
such that

(a) Wisa neighborhood of x in RV,

(b) stmﬁ/ = f‘smﬁ/’

(c) f is differentiable at x.

In case f is differentiable relative to S at x, we will call the restriction of D f (x)
to Ty S the differential of f relative to S at x and we will denote D f (x) |T\' s by
Dg f(x). '

(3) For K < M, we define the K-dimensional Jacobian of f relative to S at x,
denoted by J If f(x), by setting

HK[Dsf(P
I f(x)=sup{—7[11<s[];(] 2

P is a K-dimensional parallelepiped contained in T, S } .

(5.25)

Remark 5.3.4. In case v = 1, we define the gradient of f relative to S to be that
vector V¥ f(x) € T, S for which

(Dsf,v)=Vf(x)-v

holdsforallv € T, S. If fact, VS £ (x) is simply the orthogonal projection of grad f(x)
on T, S, where f is as in (2) of the preceding definition.

Lemma 5.3.5. Suppose S is an M-dimensional C' submanifold of RN . Suppose the
RY-valued function f is differentiable relative to S at x.

() IfM < v, then
Ty [ -HMP1=HM[Ds f(P)]

holds for any M -dimensional parallelepiped P contained in T S.
2) If v < M, then
JS F-H[P1=H'[Ds f(P)]

holds for any v-dimensional parallelepiped P contained in the orthogonal com-
plement of ker Dg f in Ty S.

Proof. (1) Choose the orthonormal coordinate system in RY so that T, S is the span
ofer, ey, ..., ey. With this choice of coordinate system, Dg f can be represented by
an v X M matrix 7.

Consider two M-dimensional parallelepipeds P; and P> contained in T, S. For
i =1,2,let V; be the M x M matrix whose columns are the vectors that determine
P;. There is a nonsingular M x M matrix A such that V, equals the matrix product
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A V1 (recall that we assume that our M-dimensional parallelepipeds are determined

by M linearly independent vectors).
Using Proposition 5.1.2, we compute

HM[P] = y/det(V)" Vi) = |det(V))],

HM Py = \/V; Vo = \/V]t AtV A = |det(A)| [det(V))],

HM[Ds f(P1)] = \Jdet(VE TS T V1) = \Jdet (T T) [det(V))]

HM[Ds f(P)] = \/det(Vy TET V),

= \/det(Vlt ASTET AV)) = \/det(Tt T) |det(A)] [det(V})],

and the result follows.
(2) If P is a v-dimensional parallelepiped and P is its orthogonal projection on the
orthogonal complement of the kernel of Dy f, then we have Dg f (P) = Ds f (13) and
H"(P) > H"(P). Thus the supremum in (5.25) will be realized by a parallelepiped
contained in the orthogonal projection on the orthogonal complement of the kernel
of Dsf.

Choosing the orthonormal coordinate system in R” so that the orthogonal com-
plement of the kernel of Dg f is the span of ef, e», . . ., e,, and arguing as in the proof
of (1), we see that the supremum is realized by any such parallelepiped. O

Lemma 5.3.6. Suppose that M < v, S is an M-dimensional C' submanifold of
RN, and ¢ is as in Definition 5.3.1 above. If the R"-valued function f is C' in a
neighborhood of x in S and if x = ¢ (u), then

TS Fle )] Ty ) = Ty (f o ¢ ().

Proof. Let P be an M-dimensional parallelepiped contained in RY. By Def-
inition 5.1.3 and Lemma 5.1.4, we have HM[D¢(P)] = Ju¢w)HM[P] and
HMID(f o ¢)(P)] = Ju(f o ¢)(u) HM[P]. By Lemma 5.3.5, we have
HM[Ds(¢(P))] = J;, f HM[D¢(P)]. Since Ds(¢(P)) = D(f o ¢)(P), we con-
clude that

TS f I @) HM P = 15, f HM D¢ (P)]
= HY[Ds(¢(P))]
= HM[D(f o ¢)(P)]
= Ju(f o)) HM[P],

from which the result follows. O
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We now can prove the following version of the area formula for C! submanifolds.

Theorem 5.3.7. Suppose M < v and f : RYN — RV is Lipschitz. If S € RN is an
M-dimensional C! submanifold, then

fs g JS faHM = /R g eard($ 0 17 () dHY ()

for every HM -measurable function g.

Proof. Tt suffices to consider g = 1 and § = ¢(U), where ¢ : U — RY. By part (1)
of Lemma 5.3.5 and Corollary 5.1.13, we have

/S Ty faHM = /U TS Flo )] T ) dLM (u)
= /U Iu(f o)) dLM (u)
= /R card(U N (f o) () dHY (y)

:/ card(Sﬁf_l(y))dHM()’)~ o

Lemma 5.3.8. Suppose that v < M, S is an M-dimensional C' submanifold of
RN, and ¢ is as in Definition 5.3.1 above. If the R"-valued function f is C' in a
neighborhood of x in S and if 7 = f(x), then

J,(fog) ISP @y — g 6. IS F. (5.26)

Proof. The two linear functions D(f o ¢) and Dg f clearly have the same rank. If
that common rank is less than v, then both sides of (5.26) are zero. Thus we may
assume that both functions have rank v.

LetIT: T,S — TS be orthogonal projection onto the orthogonal complement
of ker Dg f. Choose an (M — v)-dimensional parallelepiped P; in ker D(f o ¢) and
a v-dimensional parallelepiped P, in the orthogonal complement of ker D(f o ¢).
Since D¢ maps ker D(f o ¢) onto ker Dg f, we have

HM(D(P1)) x (TTo Dy(P)] = HY[(DP(P1)) x (DP(Pa)].  (5.27)

Since IT o D¢ (P,) is a v-dimensional parallelepiped in the orthogonal complement
of ker Dg f and P, is a v-dimensional parallelepiped in the orthogonal complement
of ker D(f o ¢), Lemma 5.3.5 gives us

IS f-H [ o D$(P2)] = H'[Ds (I o D(P2))]
= H'[Dsf o D$(P2)]
= H'[D(f o $)(P2)]

=J,(fo¢) H'[P]. (5.28)
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We also have B
TH D g HM P = HM VD (P (5.29)

Combining (5.28) and (5.29), using (5.27), and applying Lemma 5.3.5 again, we
obtain

I (fod)- I D g 1MV Py 1 Py
= J; f-HM[DG(P)]- H [T o Dp(Py)]
= J; - HM(D$(Py)) x (IT o D (P2))]
= J3 f - HM[(D(P1)) x (Dp(P2))]
=I5 f-HM[DG(P1 x Py)]
=JSf-Jyd-HM[P x P,)
=J3f- Ty -HM VP HY [P,
and the result follows. O

To end this section, we prove the coarea formula for C! submanifolds. As we
shall see in the next section, the condition that f be C 1 is not essential; it suffices to
assume only that f is Lipschitz.

Theorem 5.3.9. Suppose M > vand f : RN — RV is Cl. IfS € RN is an
M -dimensional C! submanifold, then

/ngdeM =/ / gdHM=" dH" (y)
s v Jsnf1)

for every HM -measurable function g.

Proof. Tt suffices to consider g = 1 and § = ¢(U), where ¢ : U — RY. By
Lemma 5.3.5 and Theorem 5.3.7, we have

/JfdeM :/ IS F(x)Jyy ¢ (u)dLM
S U
o)~ —v v
- /R Iy (fod) ISP 7O g ar= a1 (y)
:/ / I g arM v an (y)
RY JUN(fog)~1(y)

=/ / dHM = dH (). O
v JSnf1(y)
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5.4 Rectifiable Sets

Definition 5.4.1. Let M be an integer with 1 < M < N. Aset S C R is said to be
countably M -rectifiable if

o0
scslJ|UFR®D] .
j=1

where

(1) HM (Sp) = 0;
(2) Fj: RM — RN are Lipschitz functions, j = 1,2, ....

We will usually use countably M -rectifiable sets in conjunction with the hypoth-
esis of HM -measurability and the assumption that the intersection with any compact
set has finite Hausdorff measure.

Our terminology follows that of [Sim 83] rather than that of [Fed 69]. The dis-
tinction here is that we are allowing the set Sy with HY (Sg) = 0, but that set is
excluded in [Fed 69].

It is easy to see that a Lipschitz function f : A — R" can be extended to a
Lipschitz function F : RM — R with Lip (F) bounded by a constant multiple* of
Lip (f). Thus condition (2) in Definition 5.4.1 is equivalent to mandating that

s=sU[UFEH].

j=1

where HM(SO) =0,5; € RM  and Fj:8; — RV is Lipschitz. In practice this is
the way that we think of an M -rectifiable set.

Lemma 5.4.2. The set S is countably M-rectifiable (1 < M) if and only if S C
Uj‘;o T;, where HM(Ty) = 0 and where each T; for j > 1 is an M-dimensional,
embedded C' submanifold of RV .

Proof. The “if”” direction of the result is trivial. For the “only if” part, we use

Theorem 5.1.12. Specifically, we select C ! functions hgj ), h;j ), ... such that if F;
are Lipschitz functions as in Definition 5.4.1, then

o

Fi®") c E; | <U hﬁ”(R%) L oj=L2,
=1

where HM (E ;) = 0. Then set

4 The deeper result that an RN -valued function on a subset of RM can be extended without
increasing the Lipschitz constant is Kirszbraun’s theorem (see [Fed 69] or [KPk 99]).
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Cyj = {x cRM . JMhéj)(x)=O} ,

where Jys héj )(x) denotes the M-dimensional Jacobian of héj ) at x (see Defini-
tion 5.1.3), and define

o0 o0 .
no=|UJE |U| U #’ €
j=1

=1

Theorem 5.1.1, the area formula, now tells us that HM (U??j:l hfzj)(C(j)) =0and

hence HM (Tp) = 0. _
Because the open set RM \ Cy;j consists only of points at which Jy héj) is non-

vanishing, RM \ C ¢j can be written as the union of countably many open sets Upgj

that may be chosen small enough that each Ty, = héj )(Ug jk) is an M-dimensional,
embedded C! submanifold of RY. Then we have

9]
SCSThuU U Tyji
€.jk=1
as required. O

Proposition 5.4.3. Suppose M > 1. If the set S is HM -measurable and countably
M-rectifiable, then S = |72 Sj, where
(1) HM (So) =0,

@) SiNS; =0ifi # .
@B) forj=1,8; CTj, and T; is an M-dimensional, embedded C U submanifold of
RN,

Proof. Let the T; be as in Lemma 5.4.2. Define the S; inductively by setting So =
SO Toand Sj1 = (SO Tjv1) \ UL, Si- u!

Definition 5.4.4. Let S € RY be HM-measurable with HM (S N K) < oo for ev-
ery compact K. We say that an M-dimensional linear subspace W of R¥ is the
approximate tangent space to S at x € RV if

lim FOYdHM (y) = / FO)dHM (y)
A=0t Ju-1(s—x) w

for all compactly supported continuous functions f. Here
y ek_l(S—x)<:>ky+x eSSy =A_l(z—x)forsomez esS.

Of course, if S is an M-dimensional C' submanifold of R", then the approximate
tangent space coincides with the usual tangent space arising from the smooth structure.
When S is nota C! submanifold, there may exist various exceptional points x of S for
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which there is a set W that is not an M-dimensional linear subspace, but nonetheless
ought to be considered a tangent object for S at x—for example, at a vertex of a
simplex. Even so, our definition will be justified by the fact that in the case that S is
countably M-rectifiable, the set of such exceptional points x has H* measure zero.

Notation 5.4.5. When the approximate tangent space to S at x exists, we will denote
it by T, S. Here the dimension M should always be understood to be the Hausdorff
dimension of S. This notation extends that introduced in Definition 5.3.3, (1).

Theorem 5.4.6. If S is HY -measurable and countably M-rectifiable and if HM (S N
K) < oo holds for every compact K C RN, then T, S exists for HM -almost every
x e

Proof. Write S as in Proposition 5.4.3 and consider j > 1. By Corollary 4.3.10, we
have (using the notation of Proposition 5.4.3)

O*MHML(S\ S;),x]1=0
for HY -almost every x € S;. By Theorem 4.3.5, we have

HMS; N B(x, r)] _
rl0 HM[T; N\ B(x, r)]

for HM -almost every x € S j- Since T is an M-dimensional C ! submanifold of RV,
the result follows with T, S = T, T;. O

Definition 5.4.7. Suppose that the set S is 7 -measurable and countably M-recti-
fiable and suppose that HM (S N K) < oo holds for every compact K € RY. Let
f S — R". We define Dg f and JS. K <M, by writing S as in Proposition 5.4.3
and setting

Dsf(x) = Dr; f(x),

IS f0) =T f(x)

whenever j > 1 and the respective right-hand side exists. We call Dg f the approx-
imate differential of f and J Ig f the approximate K -dimensional Jacobian of f. In
case v = 1, we similarly define the approximate gradient of f, denoted by V¥ f.

Now that the requisite definitions have been made, the area and coarea formulas
for countably M-rectifiable sets follow readily from the corresponding results for C'!
submanifolds.

Theorem 5.4.8. Suppose that M < v and f : RN — RY is Lipschitz. If S € RV
is HM -measurable and countably M-rectifiable and if HM (S N K) < oo holds for
every compact K C RV, then J 151 f exists HM -almost everywhere in S and

fs gJy faHM = /R _g(y)card($ N o) dHM (y)

holds for every HM -measurable function g.
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Proof. Write S as in Proposition 5.4.3 and apply Theorem 5.3.7. O

Theorem 5.4.9. Suppose M > v and f : RN — RV is Lipschitz. If S € RV is
HM -measurable and countably M-rectifiable and if HM (S N K) < oo holds for
every compact K € RV, then JVS f exists HM -almost everywhere in S and

/gffdeM =/ / gdHM=" dH" (y)
S v Jsnfty)

holds for every HM -measurable function g.

Proof. Write S as in Proposition 5.4.3 and, using Theorem 5.1.12 to approximate the
Lipschitz map f by C! maps, apply Theorem 5.3.7. O

5.5 Poincaré Inequalities

The Poincaré inequalities’ are like a weak version of the Sobolev inequalities® (see
[Zie 89, Section 2.4] for an introduction to Sobolev inequalities). They are of a priori
interest, but they also are adequate for many of our applications in geometric measure
theory.

We shall require a bit of preliminary machinery in order to formulate and prove the
results that follow. In most partial differential equations texts, the Poincaré inequali-
ties are formulated for smooth testing functions. Here we must have such inequalities
for functions of bounded variation. So some extra effort is required.

A function u on a domain U C R¥ is said to be of local bounded variation on
U, written u € BVijo.(U), if for each W CC U there is a constant ¢ = ¢(W) < o0
such that

/ u(x)div g(x) AN (x) < (W) - sup |g| (5.30)
w

holds for all compactly supported, vector-valued functions g = (g', ..., g") with
each g/ € C*°(W). For convenience we denote the space of such g by ICy (U, RY).
Then we see from (5.30) that the linear functional

Kw(U,RM) 5gr—>/ u(x)divg(x)dLN (x)
w

is bounded in the supremum norm. Thus the Riesz representation theorem, i.e.,
Theorem 4.4.1, tells us that there is a Radon measure @ on U and a pu-measurable
function v = (vi, ..., vY), with [v| = 1 almost everywhere, such that”

5 Jules Henri Poincaré (1854-1912).

6 Sergei Lvovich Sobolev (1908-1989).

7 Of course, the usual formulation of the Riesz theorem does not include the vector-valued
function v. That function is necessitated by the fact that g is vector-valued. The extension
of Riesz’s theorem to the vector-valued case is routine.
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f u(x) divg(x) dL" (x) = / g(x) () dp(x).
U U

In the language of distribution theory, the weak derivatives D ;u of u are repre-
sented by the signed measures v;du, j = 1,..., N. Itis thus convenient to denote
the total variation measure® 11 by |Du.

We will find it useful in our discussions to use Friedrichs mollifiers’ to smooth
our bounded variation functions.

Definition 5.5.1. We call ¢ a mollifier if (see Figure 5.3)

Fig. 5.3. The graph of a mollifier.

« @ eC®RV);

c =0

e suppe C B(O, 1);

. / p(x)dLN (x) = 1;
RN

° ) =@(—x).

Foro > 0 we set ¢, (x) = 0 No(x/o). We call {¢g }g~0 afamily of mollifiers or an
approximation to the identity.

Incase f € LIIOC(RN) and o > 0, we define

fa(X)=f*<pa(X)=/ (@) po(x —2)dLN (2) =/ f(x—2) 9o (2)dLN(2).
RN RN

(5.31)
Then f, € C* and f, converges back to f in a variety of senses. In particular,
fs — [ pointwise almost everywhere and f, — f in the LllOC topology. In case
f is continuous then f; converges uniformly on compact sets to f. The reference

[SW 71] contains details of these assertions.

We begin with a version of the Poincaré inequality for smooth functions. If f is
a Lebesgue measurable function and U is a subset of positive Lebesgue measure of
the domain of f then we let

$ Indeed, if u € W,; (U) then dpu = | DuldCN and v; = D-’Lj‘l provided | Du| # 0.

|
9 Kurt Otto Friedrichs (1901-1982).
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— 1 N
Ju = LN(U),/Uf(t)d'C () (5.32)

be the average of f over U.

Lemma 5.5.2. Let U be a bounded, convex, open subset of RN. Let f be a continu-
ously differentiable function on U. Then there is a constant ¢ = c(U) such that

/If—fuldENfc-/ \DFdCN |
U U

Proof. We will use the notation |U| = £V (U). We calculate that

/If—fuldﬁN f ——[ F@deN @] deN (x)
U |U|
1
= —fu[f(x)—f(t)]dﬁN(t) dch (x)
<o / / £ () — F@OldLY ) dN (o)
—f((l — )t 4+ sx)dL (s)|dLN (x)dLN (1)

1
si/// IDF((1L = 5)t + 53] - |x — 1] dLY () AL () dL™ (1)
lUI Ju Ju Jo
< diam (U) - IUI/// IDF((1 — )t +sx)|dL (s)dLN (x) dLN (1)
1/2
= diam (U) - |U|// </ |Df((1—s)t~|—sx)|d£N(t)) dL(s)dLN (x)

1 1
+ diam (U) - —/ / (f IDf((1 —s)t+sx)|d£N(x)> de'(s)dcN ().
[ JuJip \Ju
For 1/2 < s < 1, by making the change of variable X = (1 — s)7 + sx, we see that
/ IDF((L = )t + sl dL (x) = /AIDf(f)Is_N L@,
U U

where R
U={(1=-s)t+sx:xeU}.

Observing that U C U, we obtain

/ﬁ IDf®1s N deN @ < sV IDfllwy <2V IDFllL ) -
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Similarly, for 0 < s < 1/2 we have

/U IDF((1 = )t + 501V (1) < 2 IDf 1w,
We conclude that

1
/|f—fU|d£Nsdiam<u>-—-2N IDA L w) f aL”
” Ul v

= 2V diam(U) IDf vy - .

Remark 5.5.3. Observe that we used the convexity property of U in order to invoke
the fundamental theorem of calculus in line 4 of the calculation. In fact, with extra
effort, a result may be proved on a smoothly bounded domain. One then instead uses
a piecewise linear curve with the fundamental theorem.

Next we wish to replace the average fy in the statement of the lemma with a
more arbitrary constant.

Lemma5.54. Let B € Rand 0 < 6 < 1 be constants. Let f and U be as in
Lemma 5.5.2, and let fy be as in (5.32). Assume that

LN xeU: f(x)=p)=6LNU)

and
LV xeU:fx)<p=0LVNU).

Then there is a constant C = C(0) such that

[ 17w —placte <o~ aror- [ 1560 = fulaceo.
Proof. We write
Up={xelU: fx) =B}, U-={xelU: fx) =B}
First we shall prove that

/U|fU _plach < c-/U|f<x)—fU|ch(x>.

‘We consider two cases:

(1) First we treat the case 8 > fy. Then we have

/ Ifu — BldLN = / B — fu)ydch
U U
=cNW) - (B - fv)
N 1 N _
<LNW)- [<—£N @0 o fx)ydc (x)) fU}

=cNw)- ( (f(x) = fv) dEN(x)) :

LNUY) Ju,
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Now, on the set where f > S we certainly have, since 8 > fy, that f > fy.
Therefore the last line is (by our hypotheses about 6 and g)

< C~/U|f(x) ~ fuldeN ).

Thus
/UIfU —pldch < C~/U|f<x>—fu|ch(x).

(2) Now we treat the case B < fy. Then we have

/ |fU—ﬁ|d£N=f(fU—ﬁ>d.cN
U U

1
<cNw)- (fU D fU 7 f(X)dEN(x))

_ pN 1 B N
=L (U)'<W/U(fU f))dL (x)).

Now clearly f < B < fy on U_. So we may estimate the last line, in view of
our hypotheses about 8 and 8, by

C-/UIfU — f)1dLN ().

We have the simple estimates

/U|f<x>—ﬁ|d£N(x>s/U|f<x>—fU|d£N(x>+/U|fU—ﬂ|d£N(x>

s/U|f<x>—fU|d£N<x>+c-/U|f<x)—fU|d£N<x>.

That is the desired result. O

Theorem 5.5.5. Let U be a bounded, convex, open subset of RN. Let B, 6 be as in
Lemma 5.5.4. Let f be a continuously differentiable function on U. Then

/ |f—ﬂ|d£N§c~/ \DfdC |
U U

Proof. Combine the two lemmas. O

Theorem 5.5.6. Let U be a bounded, convex, open subset of RN. Let 8,0 be as in
Lemma 5.5.4. Let u be a function of bounded variation on U. Then

/lu—ﬁ|dﬁN§c-/ |Du| .
U U
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Proof. Use a standard approximation argument to reduce the result to the preceding
theorem. o

Our next Poincaré inequality mediates between the variation of a function on RV
and its variation on the natural domain of support U. Of course, the boundary of U
will play a key role in the result.

Theorem 5.5.7. Let U C iRN be a bounded, open, and convex domain. If u €
B Vige RN with suppu C U, then there is a constant ¢ = c¢(U) such that

/ |Du|d£N§c-(/ |Du|+/ IuldﬁN).
RN U U

Proof. For§ > 0 small, set Us = {x € U : dist(x, dU) > §}. Let ¢5 be a compactly
supported C* function satisfying

(1) ¢s = 1in Us;

() ¢5 =0inRY\ Us;

(3) 0<¢s <1inRV;

(4) for some point a € U and some ¢ = c(U, a) > 0,

|[Dps(x)| < —c-(x —a) - Dgs(x) forallx € U.
Condition (4) is perhaps unfamiliar, and merits some discussion. The point a should
be thought of as lying in the “middle” of U, and its existence as mandated in (4) is

simply a manifestation of the starlike quality of U (see Figure 5.4). The effect of the
boundary of U will be expressed via the value of ¢(U, a) in condition (4).

Fig. 5.4. The point a representing the middle of the set U.

We now apply the definition of | Dw| with w = ¢ - u to obtain

f ID(¢5-M)IdEN§f |D¢s|~|uldﬁN+/ ¢s - |Dul. (5.33)
RV RV RN
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Property (4) of the function ¢;s tells us that
/ |Dgs| - luldL" < —cf [(x —a) - Ds] - luldLN (x).
RN RN
Notice that
—/ div[(x —a) - ¢5] - |uldLN = —/ N -¢s - |ul+ (x —a) - Ds - lu|dL™ .
RN RN

Here we have used the fact that div (x —a) = N, the dimension of the ambient space.
Thus we see that

/ —div[(x—a)-¢5]-|u|+N¢5|u|d£N:/ (x —a)- D - uldCV .
RN RN
In conclusion,
/ |D¢a|-|M|dﬁNSC'/ (—lu| - div ((x — a)s) + Nlulps) dL" (x) .
RN RN

This last is majorized by

c(/ |D|u||+/ |u|d£N>§c</ |Du|d/$N+f |u|d£N>. (5.34)
U RN U RN

Here we have used the definition of | D|u| | and the fact that | Dlu| \ < |Du]| as seen
by a standard approximation argument.
Now it is not difficult to verify that

/ |Du|d£N§1iminf/ |D(¢sut)] . (5.35)
RN 5—0t JRN

The result follows by combining (5.33), (5.34), and (5.35). O






6

The Calculus of Differential Forms and
Stokes’s Theorem

In this chapter, we give a brief treatment of the classical theory of differential forms
and Stokes’s theorem. These topics provide motivation for the more abstract theory
of currents.

6.1 Differential Forms and Exterior Differentiation

Multilinear Functions and m-Covectors

The dual space of RY is very useful in the formulation of line integrals (see Appen-
dices A.2 and A.3), but to define surface integrals we need to go beyond the dual
space to consider functions defined on ordered m-tuples of vectors.

Definition 6.1.1. Let (R™Y)™ be the Cartesian product of m copies of RV .

(1) A function ¢ : (RN)" — R is m-linear if it is linear as a function of each of its
m arguments; that is, for each 1 < £ < m, it holds that

(»b(ula"-vuﬁ—l» au+ﬂvv ue—Flv"'vum)
=a U, ... . Upg—1, U, U], .., Up)
+ﬂ¢(ula"'vuﬁ—l» U, u(-ﬁ-lv"'sum)a
wherew, B € Randu, v, uy, ..., ug—1, Ug41, ..., Uy € RY . The more inclusive

term multilinear means m-linear for an appropriate m.

(2) A function ¢ : (RN)" — Ris alternating if interchanging two arguments results
in a sign change for the value of the function; that is, for 1 <i < £ < m, it holds
that

¢(M1, cees Ui, Uy Uiy, e Up—1, Ugy Upg], ..., um)
== QWi o Ui, Ugy Uity ooy Ug—1s Uiy Ugtls -5 Um)
h RN
where Uy, ..., U,y € .
G.S. Krantz, R.H. Parks (eds.), Geometric Integration Theory, doi: 10.1007/978-0-8176-4679-0_6, 159
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(3) We denote by A" (RN) the set of m-linear, alternating functions from (RV)™ to
R. We endow A" (RV) with the usual vector space operations of addition and
scalar multiplication, namely,

(¢+I/f)(ulsu27 ,um) :¢(u17u2’ "'7um) +1//(u17u2’ "'7um)

and

(Ol¢)(u1, l/t2, ML) um) = - (15(“1, 142, ML) Mm) ’
so A\ (RV) is itself a vector space. The elements of A" (RY) are called m-
covectors of RV

Remark 6.1.2.

(1) In case m = 1, requiring a map to be alternating imposes no restriction; also,
1-linear is the same as linear. Consequently, we see that /\1 (RV) is the dual
space of RV; that is, \' (RV) = (RV)*,

(2) Recalling that the standard basis for RN iswritteney, ey, ..., ey, welet e,’.‘ denote
the dual of e; defined by

(e’." ej):{llf‘]:l’

v 0if j #1i.
Then e}, €%, ..., e} form the standard dual basis for (RV)*.
(3) If x1, xp, ..., xy are the coordinates in RN then it is traditional to use the alter-

native notation dx; to denote the dual of e;; that is,
dx; =¢€/, fori=1,2,...,N.

Example 6.1.3. The archetypical multilinear, alternating function is the determinant.
As a function of its columns (or rows), the determinant of an N-by-N matrix is N-
linear and alternating. It is elementary to verify that every element of /\N (RN)isa
real multiple of the determinant function. O

The next definition shows how we can extend the use of determinants to define
examples of m-linear, alternating functions when m is strictly smaller than N.

Definition 6.1.4. Leta;, ay, ..., a, € /\1 (RN) be given. Each a; can be written
a; =a;j1dx1+ajrdxo+---+a;jydxy.

We define a; Aay A --- ANa, € /\’" (RN, called the exterior product of
ai,as, ..., any, by setting

(ag Nay N Nag)(uy, ug, ..., Uy)
ai aiz ... aiN Uiy U12 .. Uim
a1 4azz ... dapN U1 U22 ... U2m
= det L. . L. ) , 6.1

am1 Am?2 -.- Ay N UN1TUND2 ... UNmMm
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where the u;; are the components of the vectors uy, uz, ..., u;, € R that is, each
u; is given by
uj=urjet+uzjer+---+uyjey.

To see that the function in (6.1) is m-linear and alternating, rewrite it in the form

(ag Nay A+~ ANag)(uy,uz, ..., Uy)
(ai, ur) (ai, uz) ... {ar, um)
(az, ur) (az, u2) ... (a2, um)
= det : : . ) (6.2)
s 1) {am, 02} - (i, tm)

where (a;, u ) is the dual pairing of ¢; and u; (see Section A.2).

Elements of /\mRN that can be written in the form a; Aay A - - - A ay, are called
simple m-covectors.

Recall that A (RN) is the space of m-vectors in RY defined in Section 1.4. It is
easy to see that any element of A" (RN) is well-defined on Am (RM) (just consider
the equivalence relation in Definition 1.4.1). Thus A" (RN can be considered the
dual space of A ,, (R"). Evidently

dxjy Ndxipy N ANdxi,, 1 <0 <ip<---<in <N, (6.3)
is the dual basis to the basis
e, Ne,AN---ANe,, 1 <ii<ih<---<inp <N,

for A\, (RM).

Differential Forms

Definition 6.1.5. Let W C RY be open. A differential m-form on W is a function
¢ : W — A" (RY). We call m the degree of the form. We say that the differential
m-form ¢ is CK if for each set of (constant) vectors vy, va, ..., Uy, the real-valued
function (¢ (p), vi Ava A--- Avy)isa C* function of pe W.

The differential form can be rewritten in terms of a basis and component functions
as follows: For each m-tuple 1 <i| <ip < -+ < i, < N, define the real-valued
function

Pirsin,oin (P) = (P (D), &) N€iy A--- A€, ).

Then we have

¢ = Z ¢i1,i2,...,im dxil AN dx,-2 VANCIERIVAN dxim .

1<i|<ipg<-<ip<N

The natural role for a differential m-form is to serve as the integrand in an integral
over an m-dimensional surface. This is consistent with and generalizes integration
of a 1-form along a curve.
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Definition 6.1.6. Suppose

(1) the m-dimensional surface S € RY is parametrized by the function F : U —
R, where U is an open subset of R™; that is, F' is a one-to-one ck k>1)
function, DF is of rank m, and S = F(U),

(2) W € R¥ is open with F(U) € W, and

(3) ¢ is a differential m-form on W.

Then the integral of ¢ over S is defined by

oF OF oF "
/S¢=/U<¢OFO)’8_HA3_I2/\”./\E>CZ£ (t) (6.4)

whenever the right-hand side of (6.4) is defined.

The surface S in Definition 6.1.6 is an oriented surface for which the orientation is
induced by the orientation on R™ and the parametrization F'. The value of the integral
is unaffected by a reparametrization as long as the reparametrization is orientation-
preserving.

Exterior Differentiation

In Appendix A.3 one can see how the exterior derivative of a function allows the
fundamental theorem of calculus to be applied to the integrals of 1-forms along
curves. The exterior derivative of a differential form, which we discuss next, is
the mechanism that allows the fundamental theorem of calculus to be extended to
higher-dimensional settings.

Definition 6.1.7. Suppose that U C R" is open and f : U — R is a C¥ function,
k>1.

(1) The exterior derivative of f is the 1-form df on U defined by setting

a a a
df:—fdx1+—fdx2+---+—fde- (6.5)
dx1 dx2 oxy

Note that (6.5) is equivalent to

(df(p), v) =(Df(p), v), (6.6)

for p e U andv € RV,
(2) The exterior derivative of the m-form ¢ = f dx; ANdxij, A--- ANdx;,,m > 1,is
the (m + 1)-form d¢ given by setting

do = (df) Ndxjy Ndxiy A+ ANdx;, .

(3) The definition of exterior differentiation in (2) is extended by linearity to all C k
m-forms, m > 1.

The rules analogous to those for ordinary derivatives of sums and products of
functions are given in the next lemma.
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Lemma 6.1.8. Let ¢ and  be C' m-forms and let 0 be a C' £-form. It holds that

(D) d(p + V) = (dp) + (dV),
(2)d(@ ANO) = (dP) NO + (=1)"$ A (dO).

Proof.
(1) Equation (1) follows immediately from Definition 6.1.7(3).

(2) Note that in case m = 0, equation (2) reduces to Definition 6.1.7(2) and the
usual product rule. Now suppose thatm > 1, ¢ = fdx;; Adx;, A--- ANdx;,, and
0 =gdxj Ndxj, A--- ANdxj,. Using Definition 6.1.7(2), we compute

d(p n0)
=d(fg) dxjy Ndxjy N Ndx;, Ndxj Ndxj N ANdxj,

=[df) g+ fdg))dxi Ndxiy, A+ ANdxj, Ndxj Ndxj, A Ndxj,
= [(df) Ndxi; Ndxiy Ao Ndx, I ANgdxj ANdxj Ao Adx,]
+ (=D"[f dxi, Adxjy A+ Adxi, 1A [(dg) ANdxj Ndxj, N--- ANdxj,]

= (dP) AO + (=) A (dB) . O

In contrast to the situation for ordinary derivatives of functions, repeated exterior
differentiation results in a trivial form.

Theorem 6.1.9. If the differential m-form ¢ : U — A" (RN) is C¥, k > 2, then
dd¢ =0 holds.

Proof. Form = 0, ¢ is a real-valued function, so we have

ddp = Zzaxj( )dx]/\dxl

JEL i

_Z[a ( )_8_(8¢>:| dxi ANdxj =0.
dx; \0x; ox; \ 0x;

Form > 1and ¢ = fdx;; Ndxj, A --- Adx;,, we have

9 [ of
ddg = Z | Z | Wj(a)ﬁ) dxj Adxi Adxiy A+ Adx;,
J#i i¢{iy,iz, ..., im}
./¢{i1’52 ----- im})
) a d d
= > S (N2 (3 dx; Adxj ANdxi, A - Adx;,
— axi ax]' ax]' ax,-
i<j
i, j¢linin,....im}
=0.

The result now follows from the linearity of exterior differentiation. O
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Definition 6.1.10.

(1) An m-form ¢ is said to be closed if d¢ = 0.
(2) An m-form ¢ is said to be exact if there exists an (m — 1)-form 1 such that

dv = ¢.

Remark 6.1.11. Theorem 6.1.9 tells us that every exact form is closed. It is not
the case that every closed form is exact. In fact, the distinction between closed
forms and exact forms underlies the celebrated theorem of Georges de Rham (1903—
1990) relating the geometrically defined singular cohomology of a smooth manifold
to the cohomology defined by differential forms (see [DRh 31] or Theorem 29A in
Chapter IV of [Whn 57]).

6.2 Stokes’s Theorem

Motivation

Stokes’s theorem! expresses the equality of the integral of a differential form over
the boundary of a surface and the integral of the exterior derivative of the form over
the surface itself. The simplest instance of this equality is found in the part of the
fundamental theorem of calculus that assures us that the difference between the values
of a (continuously differentiable) function at the endpoints of an interval is equal to
the integral of the derivative of the function over that interval—here the interval
plays the role of the surface and the endpoints form the boundary of that surface. In
fact, Stokes’s theorem can be considered the higher-dimensional generalization of the
fundamental theorem of calculus.

Oriented Rectangular Solids in RV
In order to state Stokes’s theorem, one needs to define the oriented geometric boundary
of an m-dimensional surface. In fact, the general definitions are designed so that the
proof of Stokes’s theorem can be reduced to the special case of a nicely bounded
region in RY, indeed, to the even more special case of a rectangular solid that has its
faces parallel to the coordinate hyperplanes.

The space RY itself is oriented by the unit N-vector e; A ex A --- A ey. The
orientation of a Lebesgue measurable subset of R" will be induced by the orientation
of RY as described in the next definition.

Definition 6.2.1. Let U € RY be £V -measurable, and let w be a continuous differ-
ential N-form defined on U.

(1) The integral of w over U is defined by setting
/a):/(a)(x),el Ney A Aey)ydLN(x). (6.7)
U U

Note that on the left-hand side of (6.7), U denotes the oriented set, while on the
right-hand side, U denotes the set of points. On the left-hand side of (6.7), U is

1 George Gabriel Stokes (1819-1903).
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deemed to have the positive orientation given by the unit N-vectore; Aex A- - - A
ey. One must recognize from the context which meaning of U is being used. In
Chapter 7, we will introduce a notation that allows us to explicitly indicate when
U is to be considered an oriented set.

(2) If U is to be given the opposite, or negative, orientation, the resulting oriented
set will be denoted by —U. We define

/ w=/ —(w(x),e; Aey A--- Aey)dLN (x). (6.8)
U U

Definition 6.2.1 gives us a broadly applicable definition of the integral for an
oriented set of top dimension. The matter is much more difficult for lower-dimen-
sional sets.

A lower-dimensional case that is straightforward is that of a singleton set con-
sisting of the point p € RY. The point itself will be considered to be positively
oriented. A O-form is simply a function, and the “integral”” over p is evaluation at p.
Traditionally, evaluation at a point is called a Dirac delta function,” so we will use
the notation

8,(S)=[f(p)

for any real-valued function whose domain includes p.
The next definition will specify a choice of orientation for an (N — 1)-dimensional
rectangular solid in R that is parallel to a coordinate hyperplane.

Definition 6.2.2. Suppose that N > 2.

(1) An (N — 1)-dimensional rectangular solid, parallel to a coordinate hyperplane in
RY | is a set of the form

F =la1,b1] x --- x [aj—1, bi—1] x {c} x [aj+1, bit1] X --- X [an, bN],

where a; < b; fori =1,...,i —1,i+1,...,N.
(2) The (N — 1)-dimensional rectangular solid F € RY will be oriented by the
(N — 1)-vector

’éi:/\ej:e1/\~--/\e,~_1/\e,~+1/\---/\eN.
J#i

(3) Let w be a continuous (N — 1)-form defined on F. The integral of w over F is

defined by
/wzf (@), &) dH V" ().
F F

Similarly, the integral of w over —F is defined by

/ a):/ —(w, &) dHNT.
-F F

Note that | ® = — [ o holds.
2 Paul Adrien Maurice Dirac (1902-1984).
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(4) For a formal linear combination of (N — 1)-dimensional rectangular solids as
described in (1),

> aF, (6.9)

w= o . (6.10)
/Z o Fe Z ‘ »/fe

We can now define the oriented boundary of the rectangular solid in RV that has
its faces parallel to the coordinate hyperplanes.

we define

Definition 6.2.3. Let

R = la1, b1] x a2, b2] x -+ x [an, bN],
where a; < b;,fori =1,2,...,N.
(DIfN >2,thenfori =1,2,..., N, set

R =lai, bil x - x [ai—1,bi—1] x {b;} x [ai+1, bit1] % -+ x [an, b1,

R; =la1, b1l x - x [ai—1, bi—1] x {a;} X [aj+1, bi+1] X - -+ x [an, bN].

Incase N = 1, set RT = dp, and R| = dg,.
(2) The oriented boundary of R, denoted by 9, 'R to distinguish it from the topological
boundary, is the formal sum

8, — 84, ifN > 1,

aR= N
S DTHRE - RT)iEN = 2.
i=1

1

Stokes’s Theorem on a Rectangular Solid
We now state and prove the basic form of Stokes’s theorem.

Theorem 6.2.4. Let
R: [alabl] X [a29b2] X e X [aN9bN]v

where a; < b;, fori =1,2,...,N. If¢isa ck k>1, (N — 1)-form on an open set
containing R, then it holds that

Lo oo
9, R R

Proof. For N = 1, the result is simply the fundamental theorem of calculus, so we
will suppose that N > 2.
Write
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N
¢ = Z(f)l dxi A~ Adxi—1 ANdxjp1 A - Adxy .

i=1

It suffices to prove that

/ d(¢i dxy A - ANdxi—y Adxiz1 A+ Adxy)
R

=/ (pidxy A---ANdxi—1 ANdxjp1 N -+ Adxy)
R

(o]

holds foreach 1 <i < N.
Fix an i between 1 and N. We compute

d((]ﬁl’ dxi A+ ANdxi_1 N dxH_] N /\de)

= (d(]ﬁ,') dxi N - ANdx;_ /\dxi+1 A ANdxy

N 96
=E 8—ldxj/\dxl/\o~/\dx,',1/\dx,-+1/\~-~/\de
X

~

a.
=8—%dxi/\dx1/\-~/\dxi,1/\dxi+1/\~~/\de
Xi

_ g

3 (=D Vdxy Ao Adxi—y Adx; Adxigy A Adxy
Xi

so we have

/ d(¢idxl/\"'/\dxl‘_l/\dxi+1/\.../\de)
R

9
=/ (—l)l_la;% (dxy ANdxy N --- ANdxy, e /\62/\~~€N)d£N
R Xi

= (—1i~! f 91 4pv.
R

3)6,'

By applying Fubini’s theorem to evaluate fR(aqb,- /dx;)d LN, we obtain

[ 2
R 0X

bi §p:
=/ </ ﬁdcl(xi)) dLh-1
lar,bilx-x[a;_1,bi—11x[ai+1,bip11xx[an,by] \Ja; ~ 9%i

1

_ / Bilyy—p, ALV
[ar,b1]x--x[aj—1,bi—11x[aj+1,bi+1]x-x[an,bN]

167
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N—1
_/ ¢i|xi:a,— d£
lar,by]x--x[aj—1,bi—11x[aj+1,bi+1]xx[an,bN]

fdndHNl fqdeNl

‘We conclude that

f d(gidxy N+ Ndxi—y Ndxipy N -+ ANdxy)
R

= (=1i! (/ ¢>I-dHN_1—/ ¢,»dHN—1>. 6.11)
R R;

On the other hand, we compute

/ ¢>idx1/\~-~/\dx,-_1/\dxi+1/\~~~/\dx1v
a R
o

N
= Z(—D-/—l f L Gidxi Ao Adxiog Adxipy A Adxy
ia R}

—Z( 1/~ 1/ Gidxi A+ Adxi_y Adxip1 A+ Adxy

I
Mz

(-1~ ]/ Gi (dxi A--- Adxi—g Adxigr A Adxy, ) dHN !
|

~.
I

N

—Z( /- 1/ ¢i (dxi A Adxioy Adxip A Adxy, €) dHNT!
j=1
= ([ s - [ gian). 6.12)
R} R;
Since (6.11) and (6.12) agree, we have the result. O

The Gauss—Green Theorem
A vector field on an open set U € R” is a function V : U — R". The component
functions V;,i = 1,2, ..., N, are defined by setting

Vix) =V(x) - ¢,

sowe have V = ZINZ 1 Viej. Wesay that V is C ¥ if the component functions are C¥.
The divergence of V, denoted by div V, is the real-valued function
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Given an (N — 1)-form ¢ in RY we can associate with it a vector field V by the
following means: if ¢ is written

N
¢:Z¢idx1/\"'/\dxi—l/\dxi+1/\--~/\de,

i=1
then set
N .
V=2 (=D""gie
i=1

Direct calculation shows that
dp = (divV)dx; ANdxy N --- ANdxy

holds. One can also verify that

/ ¢=f V.ondHN!
R IR

holds, where n is the outward-pointing unit vector orthogonal to the topological
boundary dR. We call n the outward unit normal vector.

By converting the statement of Theorem 6.2.4 about integrals of forms into the
corresponding statement about vector fields, one obtains the following result, called
the Gauss—Green theorem?® or the divergence theorem:

Corollary 6.2.5. If V is a C' vector field on an open set containing R, then

/dide£N=/ V.ondHNT.
R IR

By piecing together rectangular solids and estimating the error at the boundary,
one can prove a more general version of Theorem 6.2.4 or of Corollary 6.2.5. Thus
we have the following result.

Theorem 6.2.6. Let A € RN be a bounded open set with C' boundary, and let
n(x) denote the outward unit normal to 9A at x. If V is a C! vector field defined on
A, then

/dide/:N=/ V.ondHN!.
A 0A

Theorem 6.2.6 is by no means the most general result available. The reader should
see [Fed 69, 4.5.6] for an optimal version of the Gauss—Green theorem.

3 Johann Carl Friedrich Gauss (1777-1855), George Green (1793-1841).
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The Pullback of a Form

Definition 6.2.7. Suppose that U € R isopenand F : U — RM is C*, k > 1. Fix
apoint p € U. If the differential m-form ¢ is defined at F'(p), then the pullback of
¢ is the m-form, defined at p, denoted by F#¢ and evaluated on vy, vy, ..., v, by
setting

(F*(p), vi Ava A~ Auw) = (SIF ()], Doy F ADyF A--- A Dy, F), (6.13)

where we use the notation
Dy, F = (DF, v;),

fori =1,2,...,m. Incase m = 0, (6.13) reduces to F¥¢p = ¢ o F.

Remark 6.2.8. We now have three similar notations in use: D,, F' as above; Dy (i, x)
for differentiation of measures, which was introduced in Section 4.3; and Dg f (x)
for the differential of f relative to the surface S, which was introduced in Section 5.3
for smooth surfaces and extended to rectifiable sets in Section 5.4. The notation that
is meant should always be clear from context.

The next theorem tells us that the operations of pullback and exterior differenti-
ation commute. This seems like an insignificant observation, but in fact, it is key to
generalizing Stokes’s theorem, i.e., Theorem 6.2.4.

Theorem 6.2.9. Suppose that U C RN js openand F : U — RM jsC*, k > 2. Fixa
point p € U. Ifthe differential m-form ¢ is defined and C*, k > 2, in a neighborhood
of F(p), then

d(F*¢) = F*(d¢) (6.14)

holds at p.

Proof. First we consider the case m = 0 in which F¥¢ = ¢ o F. Fix v € R". Using
the chain rule and (6.6), we compute

(dF*$,v) = (dl¢ o F1,v) = (D[¢ o F], v)
= (D¢[F(p)]. (DF, v)) = (d¢[F(p)], (DF, v)).

The most efficient argument to deal with the case m > 1 is to first consider a
1-form ¢ that can be written as an exterior derivative; that is, ¢ = d for a O-form
Y. Then we have

d(F*¢) = d(F*dy) = d(dF*y) =0 = F*(ddy) = F*(dg).
Lemma 6.1.8 allows us to see that the set of forms satisfying (6.14) is closed under

addition and exterior multiplication. The general case then follows by addition and
exterior multiplication of O-forms and exterior derivatives of O-forms. O
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In Appendix A.4, the reader can see an alternative argument that is less elegant,
but which reveals the inner workings of interchanging a pullback and an exterior
differentiation.

Stokes’s Theorem

Let R be arectangular solidin RY. If U isopenwithR C U C RN and F : U — RM
is one-to-one and C¥, k > 1, then the F -image of R is an N-dimensional C* surface
parametrized by F. We denote this surface by

FxR.
This definition extends to formal sums by setting F#[ Yo Ra] =Y, FsRq.

In Definition 6.1.6, we gave a definition for the integral of a differential form over
a surface. The next lemma gives us another way of looking at that definition.

Lemma 6.2.10. If w is a continuous N -form defined in a neighborhood of F (R), then

/ w:/ Ffo.
FsR R

Proof. By Definition 6.1.6, we have

0F O0F oF
/ w=/<a)oF(t),—/\—/\~-/\—>d.CN(t).
FsR R oty dat ot

Observing that

oF (DF. e)
- ),
0t; '
fori =1,2,..., N, we see that
oF OF oF
woF({t), — AN— A--- AN —
an it otnN

=(wo F(t), (DF, e;) AN(DF, e2) A--- A (DF, ey))
=<F#a), e Aez/\--~/\eN>,

and the result follows. O

The boundary of a smooth surface is usually defined by referring back to the space
of parameters. That is our motivation for the next definition.

Definition 6.2.11. The oriented boundary of F4'R will be denoted by 0, F#R and is
defined by

N
0, FyR =Y (="M (FR} — F¥R7) = Fyd,R.

i=1
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Some explanation of this definition is called for because F#Rf and FyR; do not
quite fit our earlier discussion. Recall that Rl"’ and R; lie in planes parallel to the
coordinate hyperplanes, so F restricted to either R:r or R, can be thought of as a
function on R¥~!. Note that both Rj' and R; are oriented in a manner consistent
with this interpretation.

We are now in a position to state and prove a general version of Stokes’s theorem.

Theorem 6.2.12 (Stokes’s Theorem). Let R be a rectangular solid in RN . Suppose
that U is open with R C U C RN and that F : U — RM is one-to-one and C¥,
k > 1, with DF of rank N at every point of U. If w is a C*, k > 2, (N — 1)-form

defined on F(R), then
/ do = / w.
FsR 30 F4R

Proof. We compute

/ do (Lcmng,.z.m)/ F#(da)) (Thm.:(mZ.())/ d(F#a))
FsR R R

(Thm,=6,2.4) / F#w (Lemn&ﬁ,z. 10) f @ (Def.éz,l 1 / w. D
30 R Fy 30 R 30 FsR

As was true for the earlier version of Stokes’s theorem (Theorem 6.2.4) and for the
Gauss—Green theorem (Corollary 6.2.5), a more general version of Theorem 6.2.12
may be obtained by piecing together patches of surface. Since the theory of cur-
rents gives a still more general expression to Stokes’s theorem, we will defer further
discussion of Stokes’s theorem until we have introduced the language of currents.
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Introduction to Currents

In the traditional setup (see our Chapter 6), a differential form is a smooth function
that assigns to each point of space a covector. For the purposes of integration on
smooth surfaces, de Rham cohomology, and other standard applications of geometric
analysis, differential forms with smooth coefficients are the perfect device. But
for applications in geometric measure theory and certain areas of partial differential
equations, something more general is needed. In particular, differential forms in
the raw (as just described) are not convenient for limit processes. Thus was born
the theory of currents. The earliest provenance of currents occurs in [Sch 51] and
[DRh 55], but the theory came into its own in [FF 60] and later works. See [Fed 69]
for a complete bibliography as of that writing.

Intuitively, a current is a differential form with coefficients that are distributions.
[The rigorous definition of current is more technical; this intuitive definition will suf-
fice for our introductory remarks.] It will turn out, for example, that integration over
a rectifiable set, with suitable orientation, can be thought of as a current. However, it
cannot be thought of as a traditional differential form.

The main advantage of the space of currents is that it possesses useful compactness
properties. Just as it is useful to extend the domain of an elliptic differential operator
to L2, with the definition of differentiation taken in the distribution sense, so that the
operator becomes closed, so it is useful to study the Plateau problem, and questions
of minimal surface theory, and a variety of variational problems, in the context of
currents. For it turns out that a collection of currents that is bounded in a rather
weak sense will have a convergent subsequence or subnet. Frequently, the limit of
that sequence or net will be the solution of the variational problem that we seek.
It generally requires considerable extra effort to verify in practice that that limiting
current can actually be represented by integration over a regular surface; but it can
be done. This has become the standard approach to a variety of extremal problems
in geometric measure theory.

Currents may also be used to construct representation theorems for measures and
other linear operators of geometric analysis, to produce approximation theorems, to
solve partial differential equations, and to prove isoperimetric inequalities. They have
become a fundamental device of geometric analysis.

G.S. Krantz, R.H. Parks (eds.), Geometric Integration Theory, doi: 10.1007/978-0-8176-4679-0_7, 173
© Birkhduser Boston, a part of Springer Science + Business Media, LLC 2008
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Our purpose in the present chapter is to give a rigorous but very basic introduction
to the theory of currents and to indicate some of their applications. Our exposition
in this chapter owes a debt to [Fed 69], [Sim 83], and [Whn 57]. For further reading,
we recommend [Fed 69], [FF 60], [LY 02], and [Mat 95]. Some modern treatments
of currents may also be found in [Blo 98], [Kli 91], [Lel 69], [LG 86]. We note
particularly the extensive monograph [GMS 98] treating the subject of Cartesian
currents—heuristically Cartesian currents can be thought of as being weak limits of
graphs of smooth maps—and their application to variational problems.

7.1 A Few Words about Distributions

The theory of currents is built on the framework of distributions. We will quickly
cover those portions of distribution theory for which we have immediate use. For the
reader familiar with the basic theory of distributions, the main purpose will be to fix
some notation. The reader who wishes to pursue some background reading should
see [Hor 69], [Kra 92], [Tre 80].

Fix M,N € N. Let U € R" be open and let V be an M-dimensional vector
space. By choosing a basis, we can identify V with RM and thus apply all the usual
constructions of calculus. We let £(U, V) denote the C*° mappings of U into V.
Now, as is customary in the theory of distributions, we define a family of seminorms.
Ifi € Z,i > 0,and K € U is compact, then we let, for ¢ € E(U, V),

Vi (¢) = sup( D/¢(x)]| :0 < j <iandx € K}.

Here D/ is, of course, the jth differential and || D/ ¢ (x)| is its operator norm (also
called the mapping norm—see Definition 1.1.3). Equivalently, one could use the
seminorms F% defined by taking the supremum over K of the partial derivatives up
to and including order i of all M component functions.

The family of all the seminorms v§< induces a locally convex, translation-invariant
Hausdorff topology on £(U, V). A subbasis for the topology consists of sets of the
form

OW,i,K,r)={p € EWU, V) :vi(p— ) <r}

fory € E(U, V) fixed and r > 0. Then £(U, V) is a topological vector space.

We define £'(U, V) to be the set of all continuous, real-valued linear functionals
on E(U, V). We endow &' (U, V) with the weak topology generated by the subbasis
consisting of sets of the form

(Te&WU,V):a<T(@@) <b}
for¢p € E(U,V)and a < b € R. This topology is also referred to as the weak-*

topology.
Now, for ¢ € £(U, V), recall that supp ¢, the support of ¢, is defined by

suppp = U \ U{ W : Wisopen, ¢(x) =0 wheneverx € W }.
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We would like to give a similar definition of the support of an element of £ (U, V). To
match the standard notation for currents, we will denote the support of T € £ (U, V)
by spt T instead of supp T. For T € £'(U, V), we define

sptT =
U\ U{W : Wisopen, T(¢) =0 whenever ¢ € E(U, V), suppp € W}.

This is the support of T. Then each element of £'(U, V) is compactly supported just
because, given T € £'(U, V), there exist 0 < M < o0, i € Zt, and K cc RN
such that

IT($)| < M - Vi ($)

holds, for all ¢ € E(U, V),1 and this inequality implies spt 7 € K. In conclusion,
we see that £'(U, V) is the union of its closed subsets

ExWU,V)={T €& WU,V):sptT C K}

corresponding to all compact subsets K of U. In fact, one may see (and this is
important in practice) that all the members of any convergent sequence in £'(U, V)
belong to some single set £ (U, V).

For each compact K C U we let

Dk(U,V)={¢p€&WU,V):suppp € K}.
We notice that Dg (U, V) is closed in £(U, V). Now we define the vector space
DWU,V) = U{DK(U, V) : K is a compact subset of U} .

We endow D(U, V) with the largest topology such that the inclusion maps
Dk (U, V) — DU, V) are all continuous. It follows that a subset W of D(U, V)
is open if and only if W N Dk (U, V) belongs to the relative topology of Dk (U, V)
in £(U, V). Thus the inclusion map D(U, V) — E£(U, V) is continuous. This map
is not a homeomorphism unless U = ¢ or M = 0. But it should be noted that
the topologies of £(U, V) and D(U, V) induce the same relative topology on each
Dk (U, V).

Now we define the dual space D'(U, V) to be the vector space of all continu-
ous, real-valued linear functionals on D(U, V). We endow D’ (U, V) with the weak
topology generated by the sets

(TeD(U,V):a<T(p) < b}

corresponding to ¢ € D(U, V) and a < b € R. Again, this topology is sometimes
referred to as the weak-* topology.

I To see this, note that 7! (=1, 1) must be open in £(U, V) and consider a neighborhood
basis of 0 € £(U, V).



176 7 Introduction to Currents

Each member of D(U, V) has compact support. However, the support of a mem-
ber of D'(U, V) need not be compact. For example, if U = V = R and §, is the
Dirac delta mass at p [i.e., the functional defined by 8 ,(¢) = ¢ (p)] then

00
UEZZ_ij
j=1

is an element of D'(U, V) that certainly does not have compact support. In point of
fact, a real-valued linear functional T on D(U, V) belongs to D’(U, V) if and only
if, for each compact subset K C U, there are nonnegative integers i and M such that

T($) < M - Vi (¢) whenever ¢ € D (U, V).

An element of D'(U, V) is called a distribution in U with values in V. Since
DU, V) C EWU,YV), it follows that £'(U, V) € D'(U, V). We sometimes refer
to the elements of £’ (U, V) as the compactly supported distributions.

Incase U = V = R, we see that any L' function f defines a distribution
T; € D'(R, R) by setting

Ty (¢) = / FOS@ AL @),

for each ¢ € D(R, R). If f is continuously differentiable, then integration by parts
gives us

Ty(¢) = / Flemdc ) = — / fd' ) dL (1) = —Tr(¢).

This last equation motivates the general definition for differentiation of distributions.

Definition 7.1.1. For T € D'(U, V), the partial derivative of T with respect to the
ith variable, 1 <i < N, is the element Dy, T of D' (U, V) defined by setting

(Dx;T)(9) = —T(39/0xi) .
A similar definition is applicable to the currents with compact support.

We use the notation D, T (instead of 97 /dx;) for the partial derivative of the
distribution T to avert possible confusion later with the boundary operator on currents.

The distributions in D' (U, R) are sometimes called generalized functions. The
next result generalizes the fact that if the derivative of a function vanishes, then the
function is constant.

Proposition 7.1.2. If T € D'(R,R) and D, T = 0, i.e., T(¢') = 0, for all ¢ €
D(R, R), then there is ¢ € R such that T = c, ie., T(¢p) = chqu[,l, for all
¢ € DR, R).
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Proof. Fix ¥ € D(R, R) with [ ¥ dL' # 0. Given ¢ € D(R, R), set

t
f<r>=/ [B(0) + q ¥ ()] dL (D) whereq=—f pdc' /f vdc' .
00 R R

Then f € D(R,R) and f' = ¢ + ¢ ¥. Thus we have

0=-D:T(/)=T(f)=T@)+qTW).

and we see that the result holds with

c=<T(¢)//R¢fd£1>. O

Proposition 7.1.2 is the simplest case of a more general result that tells us that
if all the partial derivatives of a distribution on R vanish, then the distribution is
just a constant. Another form of that theorem in the context of currents is called the
constancy theorem, and that result will be particularly important to us later. We treat
it in detail below.

7.2 The Definition of a Current

With notation as in the last section, we define
MUy =€ (U, AM RN) : Eu(U) = & (U, AM ]RN) ,
DM(U):D<U, /\M]RN>, Dy(U) =D’ (U,/\MRN>.

Thus, in brief, EM (U) is the space of differential forms on U with degree M and
having C* coefficients. Also DY (U) is the subspace of £ (U) having coefficients
of compact support in U. The spaces Dy;(U) and Eyy(U) are duals of these spaces.
The members of Dy, (U) are called the M -dimensional currents on U, and the image
of Ey(U) in Dy (U) consists of all M-dimensional currents with compact support in
U. To summarize, we have DM (U) € EM(U) and Ey(U) € Dy (V).

A simple example of an M-dimensional current on U is provided by considering
an £V -measurable function & : U — A ,, (RY) with the property that its operator
norm ||£|| has finite integral over U, i.e., ||£]| € LY(U). Then define T € Dy (U) by
setting

T(¢) = /U<¢>(x>, E(x))dLN (x)

for each ¢ € DM (U). Certainly this example can be generalized by considering
measures y different from £V . The function & will then need to be j.-measurable and
satisfy fU €]l dn < oo or, to generalize further, fK €]l dpn < oo for each compact
K C U. As will become clear, such examples in Dy, (U) are particularly useful when
the measure p is concentrated on a set of dimension M.
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Now we define some operations on currents that are dual to those on differential
forms. Those who know some algebraic topology will recognize some of the classical
cohomology operations lurking in the background (see [BT 82] or [Spa 66]).

Let T € Dy (U). If ¢ € EX(U) and k < M then we define

TL¢ € Du—x(U)
according to the identity
(TLe)W) =T Ay) forally e DY ().

Now let & be a p-vector field with C* coefficients on U (that is, a smooth map
into /\ , RY). We let
T A& € Dyrip(U)

be specified by the identity
(TAEYW) =TE Jy) forally € DM*P(U),

where & | is the interior product characterized by (¢ ]y, a) = (Y, a A &) for
aec Ay RN . (This last definition is consistent with [Fed 69, 1.5] despite the fact
that in the dual pairing (-, -), we are placing M-covectors on the left and M-vectors
on the right.)

Since the interior product used above may not be familiar, we will say more about
it here. Suppose that

I<iij<---<ip<Nand 1 <ji <---<jyuyp <N.

If{iy,....ip Y Z{Jj1,..., ju+p}, then

(e A---ne) (dxj A---Adxjy,, ) =0.
On the other hand, if {7y, ...,i,} S {j1,..., ju+p }, then we write

{ki, ook =gt s jup I\ i, ip )y
where 1 < k; < --- < kpyy < N. In this case, we have
(e Ao Ae) [(dxjy A Adxjy,, ) =0 dxgg A Adxgy,

where o € { —1, +1} is the sign of the permutation

Ut oeos Jmgp) V> (ky, oo kg, iy, oy ip) .

In practice, it is often not necessary to require that ¢ and & have C* coefficients.
It is only necessary to be able to make sense of the expressions that we use. Thus, in
the special case that T is given by an integral, we need only require that ¢ and & be
measurable and that their norms have finite integral over every compact set in U. In
particular, we may let
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TLA=TLx, € EuU)

for each set A that is measurable with respect to the measure used to define 7.

One of the features that makes currents important is that there is an associated
homology theory. For this we need a boundary operator. If M > 1 and T € Dy (U),
then we let the boundary of T,

0T € Dy-1(U),

be defined by setting
@T)(W) =Tdy) (1.1)

whenever v € DM~1(U). This definition is motivated by and consistent with
Stokes’s theorem, as we shall see later. It is also convenient to define 97 = 0
for T € Dy(U).

The reader should keep in mind that, for a current 7 € Dy, (U), there is a sig-
nificant distinction between the boundary of the current, a7 € Dy;_1(U), defined in
(7.1) and a partial derivative of the current, D, T € Dy (U), 1 < £ < N. Defini-
tion 7.1.1 tells us that, for any C® real-valued function with compact support in U
and any choiceof | < jj <--- < jy <N,

Dy T(pdxj A--- Adxj,) = =T [ (Dyy¢) dxjy A - Adxj, |

holds, where

a9
D¢ = —
x[¢ 3)6[

is the ordinary partial derivative of the real-valued function ¢.

Proposition 7.2.1. Suppose that ¢ and & have C* coefficients on U, where ¢ is a
form of degree k and & is a p-vector field. Then

(Hd@T) =0 if dim T >2;
2) OT)L¢p =TLdp+ (=1 (T L¢);
N

(3) 9T == (Dy,T)Ldx; if dimT > 1;
j=1
HT= > [TdejlA---Adij]Aele---AejM;
I1<ji<-<ju=N
(5) Dx,(TL¢) = (Dy, T)L¢p + T L(3¢/0x)) ;
(6) Dy (T NE) = (Dx;T) N§E+T A (36/0x) ;
N (T AELe=TA(ELY) if dimT =0andk < p;
N

(®) (T A&) = =T AdivE — Y (Dy;T) A (ELdx)) if dimT =0<p.
j=1
In the above, the partial derivatives d¢/dx; of the form ¢ and 9& /0x; of the vector

field & are obtained by differentiating the coefficient functions. The reader may easily
verify the identities given in the proposition.
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Currents Representable by Integration

If U € RY is an open set and  is a Radon measure on U (see Definition 1.2.11),

then the functional
> / pdu
U

is positive (i.e., f y ¢dp > 0 whenever ¢ > 0), R-linear, and continuous on the space
of compactly supported continuous functions on U. The topology on the compactly
supported continuous functions can be characterized by defining ¢ to be the limit of
the sequence {¢;} if and only if ¢; — ¢o uniformly and, in addition, Uj supp ¢; is
a compact subset of U.

The Riesz representation theorem, i.e., Theorem 4.4.1, tells us that every posi-
tive, R-linear, continuous functional on the space of compactly supported continuous
functions arises in this way. Similarly, each R-linear, continuous functional 7 on the
space of compactly supported continuous functions gives rise to a pair of mutually
singular Radon measures (1 and > such that

T(fp)=/ wdm—/ pdps.
U U

For our purposes, it is more convenient to form the total variation measure p by
setting u = 1 + (2, to define a Borel function f that equals +1 at t1-almost every
point and equals —1 at pp-almost every point, and to write then

T(w)=/Uf<de (7.2)

(see Figure 7.1).

Fig. 7.1. A current representable by integration.

We would like to know which 0-dimensional currents T € D'(U,R) can be
represented by integrals of Radon measures. Not every O-dimensional current can be
so written (consider for instance derivatives of the Dirac delta § ,). The characterizing
property is that for each open W CC U there exists an M < oo such that
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IT (@) =M sup{|p(x)|:x € U} (7.3)

holds for all ¢ € D(U, R). In fact, when (7.3) holds, T extends to all compactly
supported continuous functions on U, thereby defining an R-linear, continuous func-
tional.

Now suppose that T € Dy, (U). We define the mass of T on the open set U by

M(T)= sup T(w).
|wl<1
weDM (U)

If W C U is an open subset then we have the refined notion of mass given by

My (T) = sup T(w).
lw<1, 0eDM (U)
supp W
Notice that if My (7)) < oo for all open W CC U, then, for each sequence
1 <ji<js<---< jy <N, the 0O-dimensional current

TL(d)le Ndxj N Ndxjy,)

satisfies the condition (7.3) and thus defines a total variation measure ..., j,, and
function f7, . j, asin (7.2). Using the identity
T= Y [Tdejl/\-n/\dij]/\ejl/\~-~/\ejM,

I<ji<-<ju=<N

we see that we can add together the total variation measures ..., j,, and functions
Sitvesju €1 A - -Aej,, and normalize the resulting function to obtain a Radon measure
wr on U and a wr-measurable orientation function T with values in Ay (RV) such
that |7| = 1 pur-almost everywhere and

I'(w) = /U(w(X), T () dpr(x). (1.4)

In consequence of (7.4), the current T is said to be representable by integration.
The measure ur—which we call the fotal variation measure associated with T—is
characterized by the identity

prW)y= sup  T(w),
lwl=1,0eDM (U)
supp wCW

and this last equals My (T) for any open W C U. We have in particular that
ur(U) =M(T).

The total variation measure pr will also be denoted by ||7||. This alternative
notation || T || is the only one used in [Fed 69].

If E is a py-measurable set and 7 (RN \ E) = 0, then we have T = T | E and
we say that T is carried by E. Certainly T is carried by spt T', but since spt T is by
definition a closed set, T can be carried on a much smaller set than spt 7.
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Itis worth noting that mass M is lower semicontinuous in the sense thatif 7; — T
in U in the topology of weak convergence then

My (T) < liminf My (T;) forallopen W C U . (7.5)
Jj—>00

Currents Associated to Oriented Submanifolds

A particularly important type of current representable by integration is that associated
with an oriented submanifold of RY. Suppose that S is a C! oriented M-dimensional
submanifold. By saying that S is oriented we mean that at each point x € S there is
a set of M orthonormal tangent vectors &1 (x), &2(x), ..., £y (x) such that

S0 = E () AEX) A A by ()

defines a continuous function S : S — A ,, (RY). We define the current [ S] €
Dy (RY) by setting

[S](w) :/(a), S VdHM
S

As a special case of this definition, we can take S to be a Lebesgue measurable subset
of RV and define

[[S}](@:f(w, elAerA---Aey)dLV, (7.6)
S

for w € DV (RN).
In case S is an oriented submanifold with oriented boundary, the classical Stokes’s
theorem tells us that

[S](dw) =[3,S](w) ., (7.7)

where 9_S is the oriented boundary of S (see Definition 6.2.11 and Theorem 6.2.12).
By the definition of the boundary of a current we have

[STdw) = (A[S])(@). (7.8)

Equations (7.7) and (7.8) show that the definition of the boundary of a current is
consistent with the classical definition of the oriented boundary.
We also observe that
M([s]) =HY($),

which shows that the mass generalizes the area of a submanifold.

—_
In case M = N — 1, one can identify> S with a unit vector normal to S.
Figure 7.2 uses this identification to illustrate a current associated with a 2-dimen-
sional submanifold of R3.

2 This identification is effected by the Hodge star operator, which is discussed in Section 7.5.
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Fig. 7.2. A current associated with a 2-dimensional submanifold.

7.3 Constructions Using Currents and the Constancy Theorem

We can think of £V as the 0-dimensional current that gives the value [, ¢ d£" when

applied to ¢ € DO(RN). If £ is an M-vector field with £ -measurable coefficients,
satisfying

/ el dCy < oo
K

for each compact subset K € RY, then there is a corresponding current LV A £ €
Dy (RN) given by

LN A YY) = /w, gydch  fory e DMRY).

Recalling the definitions in the last section, we see that for ¢ € &k (U), with
k<M, (LN NE)L ¢ € Dy_i(U) is given by

[ noLo]wr= [(onw srac

for € DM—*RN). We can also write this as (LN A &)L ¢ = LN A (L ¢), where
we define the interior product & |_ ¢ by requiring that (v, L. ¢) = (¢ A Y, §).

As we did for the interior product defined in the preceding section, we can ex-
amine the effect of the interior product & |_ ¢ on the basis vectors for A ,, (RV) and

AM=% (RV). Suppose that
l<ij<---<iy<Nand 1 <ji<---<jyr<N.
If{ll’7lM} 2 {jls-"’jMfk}athen

(e, /\'-'/\eiM)I_(dle Ao ndxjy, ) =0.
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On the other hand, if {iy,...,ip } 2 {j1,..., jM—k }, then we write
bbb =i, oim I\ o =k b
where 1 < €] < --- < £; < N. In this case, we have
(e, Ao Aep )L (dxj Ao Adxjy, ) =0 dxe A Adxg
where o € { —1, +1} is the sign of the permutation
Gty eeenipt) — Uty oo J—k> L1y -5 Lk) -

If it happens that £ has C! coefficients, then (using the fact that when £V is treated
as a current, all its partial derivatives vanish) we have

Dy, (LN A &) =LY A (98 /0x;)
and
N N
LN AE) == Dy (LY AE)ILdxj = —LN A D (08/0x)) Ldx;
j=1 j=1
In case M = 1, in which case & is an ordinary vector field, we see that

N
> (0&/0x)) Ldx; = divé. (7.9)

j=1
Letting (7.9) define the divergence of an M-vector field forall 1 < M < N, we have
LN NE)=—LN AdivE.
Let & be an M-vector field on U. We define the differential form D& by setting
Dyé =& 1(dxi A+ Adxy).

Of course, Dj/& has degree N — M. Also, with each differential form ¢ of degree M
on U we associate the (N — M)-vector field

DYp=(erA---Ney)Lo.

If p € DV~M and € DM, then we see that

LN ADN My (y) = / (v, DV"Meyach

=/(dx1/\-'-/\dx1v,¢Aw)d£N.
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The following commutative diagram helps to clarify the roles of the different
spaces and their interaction with the various boundary and coboundary operators:

N—-M N
eN-M@®Ny 2L e®N AL, RY) £X Dy ®RY)

(—HN-My [ J div l -9

_ DN—M—H ENA
EN-MHIRN) " ERN, A )i RY) =5 Dy (RY)
The special notation
EVN =2V AejA---ney € DvRY)

is often used. Of course, this means that if ¢ € DV (R"), then
EY(¢) = /<¢(x), el e A Aey)dLN(x).

We see that

ijEN =0 foreachj=1,...,N and 9EN = 0.
Comparing with (7.6), we see that for any Lebesgue measurable set A € RV,
EN[LA=]A].
If T €e Dy(U) and j € {1, ..., N}, then, using the formula

N

0T = = (Dy,T)Ldx

=1
and the fact that /\N TIRN — 0, we can calculate that
(0T) Nej :(—l)NDXjT. (7.10)

Thus the vanishing of the boundary of an N-dimensional current is equivalent to the
vanishing of its partial derivatives. Accordingly we expect that an N-dimensional
current with vanishing boundary should be given by integration. That intuition is
confirmed by the next proposition.

Proposition 7.3.1 (Constancy Theorem). IfT € Dy (U) with dT = 0and if U is
a connected open set, then there is a real number ¢ such that

T=cENLU)=c[U].

In order to prove the constancy theorem, we will need to introduce the notion of
smoothing currents. In what follows, we will use mollifiers in a standard manner.
Mollifiers were introduced in Section 5.5. Recall from Definition 5.5.1 that ¢ is a
mollifier if
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© 9 e C®RY);

* =0

* suppy € B(, 1);

. / px)dN(x) =1;
* @) =g(—x).

Foro > 0 we set ¢, (x) =0~ (x/a) Also recall that in case f € L
o > 0, equation (5.31) defined

(RM) and

loc

0 = f 0 = [ F@et-0d 0 = [ fa—en@de @),

Definition 7.3.2. Given a current 7 € Dy (RY), we define a new current 7, €
Dy (RY) by
Ty (w) = T(ps * ) . (7.11)

[Note here that we convolve ¢, with a form by convolving with each of the coefficient
functions.] The process of forming 7, from T is called smoothing the current T'.

The crucial facts are collected in the next lemma.
Lemma 7.3.3.

(1) T; converges to T in DR aso |0,
(2) Dy;To = (Dx;T)g, for j =1,2,..., N,
(3) for each o > 0, T, corresponds to a function in E(RY, Ay RM).

Proof.
(1) This is immediate from the fact that, for € DM (RY), @5 * w converges to w in
the topology of DM (RV).
(2 Fix j € {1,...,N}and w € DM (RY). We have
@Yo * (0w /0x;) = 0(¢y x w)/0x; ,

SO we compute

(D To) (@) = —T5 (90/3x)) = —Tlgg * (Io/0x;)]

~T[3(ps % )/3x;] = Dy, T (¢ % @) = (Dx; T ().

(3) In order to focus on the essential ideas, we will consider just the case M = N.
Lett, : RN — RV denote translation byz € RY so that

t,(x)=x+z.
We define the real-valued function F, by setting

Fo(z) = T[ (9 0 t_2)dxi Adxa A Adxy]. (7.12)
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Another way to write (7.12) is as
Fo(2) = Tilpo (x —2)dxy Adxa A -+~ Adxy ], (7.13)

where the subscript x on T indicates that we are considering x as the operant variable
for the current, while z is treated as a parameter. It is routine to verify that F,, is C*°
using the fact that ¢, is C*°.

We claim that 7, corresponds to the function F, e Aex A--- Aey € En (RN);
that is,

Tg(a))=/ F, (w,ejAesA---Aey)dLN (7.14)
RN

holds, for each w € DY (RN).
To verify the claim, fix € DM (RY) and write

w=gdx; Ndxo AN--- Ndxy,

where g is scalar-valued and C*°. By definition, the left-hand side of (7.14) equals

T [(/ 8(2) po (x —Z)dEN(Z)) dxi /\dxz/\~-~/\de:| .
RN

We can approximate
/ 82 9o (x —2)dLN (2)
RN
(in the topology of DR, R)) by finite sums
p
> 8@k g0 (x — 2) LN (Ar)
k=1
where zx € Ay and where the Ay are Borel subsets of the support of g. Thus
P
T |:Z 8(zk) o (x — 2) LY (A dxy Adxy A+ A de]
k=1

will approximate 7, (w).
By the linearity of 7 and using (7.13), we have

p
T |:Zg(Zk)%(x — ) LY (A dxy Adxy A+ A dei|
k=1

P
=Y Telgo(x —z)dxi Adxy A+ Adxn] g(zi) £ (Ar)
k=1

p
= Fo(z) - (o), e Aea A Aey) LV (Ap) .
k=1
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But as the diameters of the Ay approach O,

P
Y Fo(z) - (o), e Aes A Aey) £V (A)
k=1

approaches
f Fy-(w, et AesA---Aey)dlN,
RN

verifying the claim. O

Smoothing is defined in a general open set U € RY by introducing functions
w; € D(U, R) such that the sets K; = {x : w;(x) = 1} are increasing and exhaust
U. For T € Dy (U), one then considers (Tij)U—as one may, since TI_wj €
Dy (RM).

Proposition 7.3.4. If T € Dy (U), whereU € RM, and if M(T) < oo and M(3T) <
00 hold, then T = [U]L F with F € BV (U).

Proof. Referring to Lemma 7.3.3(3), we observe that T, = [U] L F, and that the
L'-norm of F, equals M(T,), which is bounded by M(T). Also, f |D Fs| equals
M(07y ), which is bounded by M(07'). By the compactness theorem for functions of
bounded variation (see [KPk 99, Corollary 3.6.14]), we can select a sequence o; | 0
such that F,;, converges to a BV -function F* and conclude from Lemma 7.3.3(1) that
T =[U]JLF. o

Now we return to the constancy theorem.

Proof of the Constancy Theorem. For convenience of exposition we suppose that
U = RY. By (7.10), the hypothesis 37 = 0 tells us that all the partial deriva-
tives of T vanish. Then, for any o > 0, the partial derivatives of 7, must vanish. We
know that T, corresponds to a function in E(RY, AN R™) and that function must be
constant since its partial derivatives vanish. Letting o | 0, we obtain the result. 0O

We end this section with the following variant of the constancy theorem.

Proposition 7.3.5. I[f T € Dy (RNY with 9T = 0 and sptT € V, where V is an
M -dimensional plane, then there is a real number c¢ such that

T=clV],

thatis, T = c (HM L V)/\U] AV A---Avy, where vy, v, ..., vy is an orthonormal
Sfamily of vectors parallel to V.

Proof. Without loss of generality, we may suppose that
V={(x1,x2,...,%8) " xp+1 = Xp42=---=xy =0}.

Fixo : R — R, acompactly supported, C* function satisfying o (t) = ¢, for || < 1.
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Consider 1 <ij < iy < --- <iy < N and suppose that M < iy;. Let ¢ be an
arbitrary compactly supported, real-valued C* function on RY. Setting

w=0 (x,-M) cp(x)dxiy ANdxipg Ao Ndxgy,
we see that, on V, dw = ¢ (x) dx;; Adxj, A --- Adxj,, so that
0= T)(w) = T(dw) = T(q)(x)dxil Adxi, A A dxiM)

holds. Thus we have
Tl_dxil A ANdxpy, =0.

Using the preceding paragraph, we conclude that

T

Z [TdeilA-~-AdxiM]Aei]/\-~-Ae,~M

1<ij<-<iyg<N

[TdelA---AdxM]AelA---/\eM.

Thus we can identify 7 with an element of Dy (RY) and apply the constancy
theorem. o

7.4 Further Constructions with Currents

7.4.1 Products of Currents

Next we need the notion of a Cartesian product of currents.

Definition 7.4.1. Suppose Uy € RN, Ty € Dy, (Uy) and Uz € RN, Ty € Dy, (Ua).
We define T x T» € Dy, +m, (U1 x Ua), the Cartesian product of Ty and T, as follows:

(1) We will denote the basis covectors in R¥! by dx, and the basis covectors in RV
by dyg.

QIfl <oy <ay<---<ay <N,1<pB <pr<--<Bu, <N, and
g € D(U; x Uy, R), then set

[T1 x Th)I(gdxq, N+ A dxaMl ANdyg A+ A dyﬁMz)
=T (Tz[g(x,y)dy,g1 /\~~/\dy,3M2]dxal /\"’/\dxaM, ) .
3) Ifw; € DMi(U)), wy € DM2(Us) with M| + M} = My + Ma but M| # M and

Mé # My, then [T} X Th](w1 A wp) = 0.
(4) Extend Ty x T to DMi+M2 (U} x U,) by linearity.
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Now it is immediate that
(T x Tp) = (0Ty) x T, + (—1)M1 T, x 07> . (7.15)

In case either M| = 0 or My = 0, then the last formula is still valid, provided the
corresponding terms are interpreted to be zero.

In the special case that T € Dy, (U) with U € RN and [ (0, 1) ] is the 1-current
in R! given by integration over the oriented unit interval, then (7.15) becomes

W[O,D]xT)=(@1—-80) xT —[(0,1)] xoT
=8 xT—-8xT—-[(,1)] xoT.

Of course, §,, denotes the O-current that is given by a point mass at p.

7.4.2 The Pushforward

Now we shall define the notion of the pushforward of a current. Some of the most
important and profound properties of currents will be formulated in terms of the
preservation of certain structures under the pushforward. The setup is this. We are
given open sets U € RV and V € R™2 and a smooth mapping f : U — V. If
w € DM (V) thenlet f #w be the standard pullback of the form w (see Definition 6.2.7).

Now the current 7" is given on U, and we must suppose that f is proper: this
spt T

means that the inverse image under f of any compact set, intersected with spt 7', is
compact. We define the pushforward fyT under f (see Figure 7.3) of the current
T by

fiT (@) =T - ffw) Yo e DM (V), (7.16)

where ¢ is any compactly supported C°°(U) function that equals 1 in a neighborhood
of spt T N supp f*w. The definition of f3T given in (7.16) is independent of ¢.
Notice that

ofyT = fyoT (7.17)

S

Fig. 7.3. The pushforward of a current.
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holds for f, T as above. In fact, (7.17) holds because one can interchange the exterior
differentiation and pullback operations on forms (see Theorem 6.2.9).

If My (T) < oo forevery W C U then f is representable by integration and f4T
is given explicitly by

FT (@) = /<?, Fro)dur

_ / (A g DF T (), o(f())) dur(x).

This formula gives a way to make sense of f37 even when f is only continuously
differentiable and proper.

The next result is about vanishing of currents on sets that project to measure 0
in all coordinate directions. For notation, if « = (i1, ..., i3) is a multi-index with
1 <iy <ip <--- <iy < N then we let p, denote the orthogonal projection of RN
onto RM given by

(xl,...,xP) — (xil,...,xiM).
Lemma 7.4.2. Let U C RY be open as usual. Let E C U be closed. Assume that
EM(pa(E)) = 0 for each multi-index « = (i1, ...,iy), | <ij <ip <--- < Iy <
N. Then TLE = 0 whenever T € Dy (U) with My (T) and My (T) finite for
every W CC U.

Proof. Let w € DM (U). We write

W= wedx®
> o

aeA(N,M)

with wy € C*°(U) and compactly supported. Thus

T(w) =Y T(wgdx®)
= Z(T L wy) dx®

= > (T Low)p} dy.

Here dy = dy' A --- A dyM in the standard coordinates on RY .
So we have

T(@) =) Pus(T Lwa)(dy). (7.18)

This last makes sense just because spt T | wy C supp w, which is a compact subset
of U.
On the other hand, we know for any t € pN-1 (U) that
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(T Lwe) (1) = (TLwa)(d7)
= T (wedT)
=T d(weT)) = T(dwy A T)
=0T (wqt) — T(dwy AN T),
and so
My (I(T Lww)) < My (3T) - sup |we| +Mw(T) - sup |dwy] .
From this we conclude that
M(3pgs(T L wa)) = M(pasd(T L wy)) < M((T Lwy)) < 00.
Now we apply Proposition 7.3.4 to see that there is a 6, € BV (p, (U)) such that
Pos(T Lwa) = [Py (V)] L Os -

It follows that p,4(T L wy) L p, (E) = Obecause LY (p, (E)) = 0. Assuming without
loss of generality that E is closed, we now see that

M(Poy(T Lwa)) < M(oy(T L) L RY \ py (E)))

= M(posl (T Lwo) L RN \ p;'py (E) 1)

< M((T Lwe) L RN\ p,'p, E)) (7.19)
<Mw(TL@®RY\ p;'pE)) - lwe|

<My(TL@RY \ E)) - |og] (7.20)

for any open set W such that suppw € W C U.
Now we combine (7.18) and (7.20) to obtain

My (T) < cMy(TLRY \ E)).
In particular, we see that
My (TLE) < cMw(TL®RY \ E)). (7.21)

If K is any compact subset of E, then we can choose sets {W,} such that

. W,cCUs;

. W((])j)’l C W,

© Nz Wy =K.

By (7.21), with W = W,,, we conclude that M(T L K) = 0. Since K was arbitrary,
we see that M(T |_E) = 0. O
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7.4.3 The Homotopy Formula

Next we have the homotopy formula for currents. Let f, g : U — V be smooth
mappings, with U € RV and V € RM2, Let & be a smooth homotopy of f to g; that
is, h : [0,1] x U — V,h(0,x) = f(x),and h(1l,x) = g(x). f T € Dy (U) and if
the restriction of /2 to [0, 1] x spt T is proper, then ([ (0, 1) ] x T') is well-defined and

ahs([ 0, 1)] x T) = hgd([ (0, )] x T)
=hy x T —8x T —[(0,1)] x aT)

= guT — fuT —hy([ (0, 1) ] x 8T).
The homotopy formula is then a simple rearrangement of this last equality:
gsT — fuT = 0hs([ (0,1)] x T) +hu([ (0,1)] x 0T). (7.22)
An important instance of the homotopy formula occurs when
ht,x) =1g(x) + (1 —1) f(x) = f(x) +1(g(x) — f(x));
we call this an affine homotopy of f to g. Then we can obtain that

M[hg([ (0, D] XT)] < sup [f—gl- sup (IDf@)[I+1Dgx) )" M(T). (7.23)
sptT xesptT

In fact, this inequality follows immediately once we notice that

hy([ (0, D] x T)(w)

1
/O /<</\M+l Dh(, %), e1 A T (1)), a)(h(t,x)))dur(x) R0

1
- /O [ (e = ran a

Ay Dfx)+ A —1) Ay Dgx), T (x)), w(h(t, x)) >dur(x) dach@).
(7.24)

Figure 7.4 illustrates the homotopy formula. In this figure, 7 is the 1-dimensional
current associated with the oriented line segment on the left, f is the identity, and g
maps the line segment on the left to the polygonal path on its right. The six-sided
polygonal region then corresponds to hx([ (0, 1) ] x T) with h the affine homotopy

of ftog.

7.4.4 Applications of the Homotopy Formula

The next lemma shows us how the homotopy formula can be used to define f47 in
case f is only Lipschitz—provided that the restriction of f to the support of T is
proper and both My (T'), My (8 T) are finite forall W CC U. We will use smoothing
of currents as described in Definition 7.3.2.
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—

Fig. 7.4. The homotopy formula.

Lemma 7.4.3. Let T be a current, T € Dy (U), and suppose that My (T), My (0T)
are finite for each W CC U. Let f : U — V be a Lipschitz mapping, and assume
that the restriction of f to the support of T is proper. Then we may define

S#(T) = lim_ fouT (w)
o—0F

because the limit on the right-hand side exists for each @ € DM (V). We also may
conclude that

M
spt 3T C FGptT)  and My (fsT) < (esslsup|Df|> M 1 gy (T)
£1w)

forall W CC V.

Proof. If o, T > 0 are small then the homotopy formula gives us that

forT (@) = frrT (@) = hy([[0, D] x T)(dw) + hy([ (0, 1) ] x IT)(w),

where £ is the usual affine homotopy of f; to f,. Now (7.23) tells us, for small
o, T, that

[ fosT (@) — fesT ()| <c  sup  |fo — frl- [IflILip -
U EK)Nspt T

Here K is a compact subset of V with suppw C interior (K). Since f, — f
uniformly on compact subsets of U, the result clearly follows. O

Now we need the notion of a cone over a current 7 € Dy, (U). Any definition
that we give should have the property that in the special case that T = [ S], where S
is a submanifold of the sphere S¥~! € R¥, the cone over T is [ Cs], where

Cs={m:xeS,0<xr<1}.

We define the cone using ideas and terminology that we have introduced thus far.
We let
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e Te DM;

e U be star-shaped with respect to the point 0 (i.e., t € U, for each x € U and each
O0<t=<1)

e sptT be compact;

¢ h:R xRN — RY be defined by h(t, x) = tx.

Then the cone over T, denoted by 8¢ T, is given by
8oxT =hs([ (0, 1) ] xT). (7.25)
It follows that 80T € Djs+1(U) and, by the homotopy formula,
d(6oxT) =T — §ox0T .

Also, if spt T C {x : |x| = r} holds, then we can estimate

r
+1

M(@oxT) < ———M(T).

This last estimate follows from observing that

ha([ (0, )] x T)(w)

1
= /0 /<(/\M+l Dh(t,x), e AT (x)), w(h(tsx))>d,ur(x) drl o

1
=f /rM<xA?(x), w(tx)ydur(x) dC @) .
0

By making the obvious modifications, we can define the cone over T with vertex
p, which we denote by 8,7 . In this case, we have

38, xT) =T —§,%0T (7.26)

and, if spt7 C {x : |x — p| = r} holds,
’

= M(T). (7.27)

M@, %xT) <
(pXK)_M

7.5 Rectifiable Currents with Integer Multiplicity

Now we consider integer-multiplicity currents T € Dy (U), which are similar to, but
more general than, the currents associated with smooth surfaces. These new currents
will be based on the notion of a countably M -rectifiable set that was introduced in
Section 5.4.

Definition 7.5.1. Let M be an integer with 1 < M < N. Let T € Dy (U) for
U € RY an open set. We say that T is an integer-multiplicity rectifiable M -current
(or, more succinctly, an integer-multiplicity current) if there are S, 6, and & such that
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(1) SisanHM-measurable, countably M -rectifiable subset of U with HM (S NK) <
oo for each compact K C U;

(2) 6 is a locally HM -integrable, nonnegative, integer-valued function;

eSS —> Ay (RM) is an HM-measurable function such that, for HM -almost
every point x € S, £(x) is a simple unit M-vector in T, S;

(4) the current T is given by

T'(w) = /S(w(X), E(x)) 0(x)dHM (x)

for w € DM (U).

For (3), recall that £ (x) is simple if £(x) = 71 A - - - A Ty in this situation it is usually
most convenient to choose {7;} to be an orthonormal basis for T, S.

In the preceding definition, we call 6 the multiplicity of T and & the orientation
of T. It will be convenient for us to write 7 = (S, 0, £). In terms of the notation
for currents representable by integration introduced in (7.4) we have

S =t us=ISI=H"LO 1.

Figure 7.5 illustrates a current that fails to be integer-multiplicity rectifiable because
the orientation does not lie in the tangent space.

Fig. 7.5. A current that is not integer-multiplicity rectifiable.

Let T € Do(U) for U € RY an open set. We say that T is an integer-multiplicity
rectifiable O-current if there are S C U and 6 : § — Z such that

S K isfinite if K C U is compact,

T(w) = Z 6(x) w(x) for w € DO(U). (7.28)
xeSNsupp @

In this case, the multiplicity function of T is the absolute value of 6 and the orientation
function of T is the sign of 6, so we may write

T =1(S,10],sgn(®)).
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Some Properties of Integer-Multiplicity Currents

(1) If 71, T» € Dy (U) are integer-multiplicity currents, then so is p1 71 + p2T» for

any py, p2 € Z.
2 T =t(V1,601,61) € Dy(U)and T = T(V2,62, &) € Dy(V)then T xT> €
Dy+n (U x V) is also integer-multiplicity and

Ty x Th=1(Vi x Va, 6162, £ A &)

(3) f F:U — VisLipschitz, S C U,and T = ©(S,0,&) € Dy (U), and iff|
is proper, then F4T € Dy (V) is integer-multiplicity and

sptT

FyT =t (F(S), ¢, m),

where ¢ € Ay, RV and n € Z* are characterized, HM -almost everywhere in
F(S), by

S o). u DsFE.E)

= . 7.29
(A 4y DsF o), EG)] () n(y) (7.29)

xeF~1(y)NSy

Here S, is the set of x € S for which T, S and Dg F (x) both exist and Dg F (x)
is of rank M on T, S.

Statements (1) and (2) are immediate. To see statement (3) we reason as follows:
By definition,

FyT (w) =/V(w(f(X)), (A y DsF(x), £(x))) 0(x) dHM (x) .

Corollary 5.1.13 of the area formula allows us to rewrite the last equation as

_ (/\ yy DsF,&(x)) M
FyT (w) = /F(S) <a)(y), xeF-lZ(ymerQ(x)' (A DSF EC0) > dHY (y).

(7.30)
For H™ -almost every y the approximate tangent space T, (F(S)) exists and T, S and
DgF exist forall x € F~!(y) N S;. Hence

(/\ y DsF,&(x))
I{/\ y DsF,&(x))]

where 11, ..., Ty is an orthonormal basis for Ty (F(S)). Thus we obtain (7.29).
Considering a y such that the approximate tangent space T, (F(S)) exists and

T.S and DgF exist for all x € F~'(y) N Sy and replacing 7; by —7 if necessary,
we may suppose that 7y A -+ - A Ty = n(y). Then we have

PN = 00— 6(x),
Ay Ay

=x11A--- ATy, (7.31)
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where A1 is the set of x € F~!(y) N S, for which

s = A DsF 00, €G)
(A DsF @), £C)|

and A, is the set of x € F~!(y) N S for which

n = (A y DsF(x),&(x))
A\ DsF(x), E(x))|

Thus, for HM -almost every y € F(W), we have

nm= Y m-2) 0W= Y = 0.

xeF*l(y)ﬂW+ As xeF~1(y)nw,

We also note that, for H¥ -almost every y € F(W), n(y) is congruent modulo 2 to
Qv r1(nnw, 0()-

One of the main things that we do in this subject is to extract “convergent”
subsequences from collections of currents. This is, for instance, how we prove an
existence theorem for the solution of the Plateau problem.? The next compactness
theorem is an instance of this point of view.

Theorem 7.5.2 (Compactness for Integer-Multiplicity Currents). Let {T;} C
Dy (U) be a sequence of integer-multiplicity currents such that

sup [MW(Tj) +MW(3T,~)] <00 forallW cCU.
j=]

Then there is an integer-multiplicity current T € Dy (U) and a subsequence {T )}
such that Ty — T weakly in U.

The compactness theorem was first proved by Federer and Fleming in [FF 60].
Their proof had the drawback of relying on the structure theorem for sets of fi-
nite Hausdorff measure (for the structure theorem, see [Whe 98] and the references
therein). An alternative proof was developed by Bruce Solomon (see [Som 84]).
Solomon’s proof used facts about multivalued functions, which led Brian White to
give a third proof that avoided both the structure theory and multivalued functions
(see [Whe 89]). Later in this book we will give a proof of the compactness theorem
using metric-space-valued functions of bounded variation in a manner similar to that
in [LY 02]. It should be noted that the work of Ambrosio and Kirchheim [AK 00]
puts this metric space approach into a more general and natural context. Yet another
extension of this theory appears in [Whe 99].

Remark 7.5.3. Itis important to realize that the existence of the subsequence {7/} and
the limit current 7 in Theorem 7.5.2 is an immediate consequence of the Banach—
Alaoglu theorem.* What is nontrivial is the fact that T is an integer-multiplicity

37 oseph Antoine Ferdinand Plateau (1801-1883).
4 Stefan Banach (1892-1945), Leonidas Alaoglu (1914-1981).
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current. In the codimension-1 case, that is, when the ambient space has dimension
N = M+1,Theorem 7.5.2 can be proved using Proposition 7.3.4 and the compactness
theorem for functions of bounded variation. In case M = 0, because of (7.28),
Theorem 7.5.2 is a consequence of the Bolzano—Weierstrass theorem.’

To end this section we will prove a decomposition theorem for integer-multiplicity
currents of codimension 1. The statement of this theorem invokes the notion of a set of
locally finite perimeter. We recall the relevant definitions here (see [KPk 99, Section
3.7]; the original definition is due to De Giorgi):

Definition 7.5.4.
(1) If A is a Borel set and U € R” is open, then the perimeter of A in U is denoted
by P(A, U) and is defined by

P(A,U)= | |Dx
( )/UI Al

= sup{/ div(g)dEN:geCl(U;RN), suppg CC U, |g| < 1} .
A

(2) We say that A is of locally finite perimeter if
P(A,U) <0

holds for every bounded open set U. Sets of locally finite perimeter are also
called Caccioppoli sets.

(3) If A is of locally finite perimeter, then there is a positive Radon measure & and
a u-measurable RY -valued function o, with |0 (x)| = 1 for pu-almost every x,
such that the distribution derivative of X, is givenby DX, = o u. Itis customary

to use the notation | D X A| for the Radon measure © and to write ng = —o, so
that

DXA = —nNy |DXA|
and

P(A,U) = Dx,|.
( )fU| N

We have defined n4 to be the negative of o so that ng will be the outward unit
normal to A.
(4) In case A has locally finite perimeter in U, the reduced boundary of A, denoted
by 0* A, is the set of x € U such that
(a) |DXA|(IB(x, r)) > 0 holds for r > 0,

5 Bernard Placidus Johann Nepomuk Bolzano (1781-1848), Karl Theodor Wilhelm Weier-
strass (1815-1897).
6 Renato Caccioppoli (1904-1959).
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/ nAd|DXA|
. B(x,r)

b) ng(x) = lim )
®)na(x) rl0 |DXA|(]B(x,r))

(c) Imy| = 1.
The structure theorem for sets of finite perimeter tells us that

|Dx,| =HN""Lo*A. (7.32)

Theorem 7.5.5. Let U be an open set in R¥*! and let R be an integer-multiplicity
current in Dy1(U) with My (0R) < oo forall W cC U. Then T = 9R is of
integer multiplicity, and we can find a decreasing sequence of (M + 1)-dimensional

Lebesgue measurable sets {Uj}ﬁfoo of locally finite perimeter in U such that

00 0
R=>"[U;1- > [u\Uujl.
j=1 j=—00
T= Y a[u;l.
j=—00
wr= 2, Ky
j=—00

In particular,

My (T) = Z My B[U;]) forall W cCU.

j=—o00

Remark 7.5.6. Lebesgue measurable sets whose boundaries as currents have locally
finite mass correspond to domains with locally finite perimeter. Here we describe
that correspondence.
Let x : D(U, RM*1) — DM (U) be the version of the Hodge star operator’ given

by

M+1

*xg = Z(—l)jilgjdxl A /\d)Cj_l /\de+1 A AdXNT -

j=1
Thusd x g = (div g) dxi A- - -Adxpr41. Then, for any (M +1)-dimensional Lebesgue
measurable set A C U, we see that

[Al(xg) =[A]@xg) =/ X, divgdcMt!
U

Thus, by definition of |DXA| and M(T), we find that for any (M + 1)-dimensional
Lebesgue measurable A C U,

7 William Vallance Douglas Hodge (1903-1975).
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(1) A has locally finite perimeter in U if and only if My (0] A]) < oo holds for all
W ccU,
(2) in case A has locally finite perimeter in U, then

MW(E)[[A}]):/ IDX,|, forall W CC U,
w

_

d[A] = xng4, at|DX,|-almost every point of U .
Proof of Theorem 7.5.5. Now R must have the form
R = r(S9 9’ E) 9

where § is an (M + 1)-dimensional Lebesgue measurable subset of U. We may
suppose that £(x) = £e; A--- Aeyy 1 and @ € ZT for all x € U and that 6(x) =0
holds forx € U \ S.

Set
0. (x) = 9(x) if&(x) =e A-- Aeyy,
+W) = otherwise,
9()6) ifE(x) =—e A Aepyy,
otherwise,
6=0,—06_.
We have

R(w) = /aédﬁM“(x),
N
where = adxi A -+ Adxpyy1 € DYHI(U) and
My (R) = / 101 dLM+ (x) (7.33)
w
forall W ccC U. Also we have
My (T) = / | D (7.34)
w
for all W CC U, because we can convert between the left-hand and right-hand sides

of (7.34) using the operation *. Thus we see that 0 e BV (U).
Now let

={xelU:0,(x)=>j},
={xeU:0_(x) = j},

for j =1,2,..., sothat
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- o0 o0
9=9+—9—:ZXU,~ —waf.
j=1 j=r

Since
W ={x:0(x)<—j)
=U\{x:0(x)>—j}=U\{x:0(x)=—j+1},
we can set
Ui={xeU:0(x) >—j},
for j =0,—1, =2, ..., and conclude that
00 0
0= ZXU,« - X\,
j=1 j=—00
and that
o) 0
R=Y[u;1- Y [U\Uj]
j=1 j=—00
inU.
Since T(w) = dR(w) = R(dw), w € DM (U), we have
T = 0R
o0 o0
= Za[IUj}] _Za[[vj}]
j=1 j=0
o0
= > alujl. (7.35)
Jj=—00

Hence we have the necessary decomposition of 7'; it remains only to prove that each
U has locally finite perimeter in U and that the corresponding measures sum up.

To this end, we will use a smoothing argument. Choose 0 < € < 1/6 and let
¥ € CY(R), j € Z, satisfy

e Y;j(t)=0fort <j—1+¢;
e Yi(t)=1fort > j—e;

* 0=y, =1L

. sup|1ﬁ}| <14 3e.

Then, because 6 is integer-valued, we have X, =¥ o g for all Jj €.
J

Suppose that a is a nonnegative, compactly supported, continuous function on U
and that g = (g', ..., gM*!), where each component g/ is a compactly supported,
continuous function on U. Suppose that |g| < a holds. For any choices of k, £ € Z
with k < £, we have
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/U (div g) (Zf-=k Xu_,) dLM+! = /U (div 2) (Zf-=k v o’e“) dLM+!
= Jim | w@ive) (Zji:k v o@,) dLM+!

— — lim g.(zf.:k [gradgg][lﬂ}ogg]) dLM+1

o—>0t Jy

IA

(1 4+3¢) lim /a|gradf9;|dﬁiwrl
o—0t Jy
= (1+3e)/ a|Dd)
U

= (1—|—3e)/ adur .
U

Here §U are the mollified functions formed in our usual way (see Definition 5.5.1);
we have used the fact that the mollification of a bounded variation function converges
back to that function in a suitable topology (see [KPk 99, Section 3.6]), and we have
also used (7.34).

By taking k = £, we see that each U, has locally finite perimeter in U. If instead

we take k = —¢ and set Ry = Zf»:l [U;] - Zf‘:o [V;], we see that (with g as in
Remark 7.5.6) the last display implies that

IRe(d )| 5(1+3e)/ adyr.
U
Thus, with Ty = 9 Ry, we have that

/ad,unffadur
U U

holds for all 1 < £ and all compactly supported 0 < a € C*°(U).
Using (7.32), we also know that

4
Z / divg - x, dCM(x)
U J

Re(dxg) =
j=—t
12
= Z/ n;-gdH".
=t *U;

Here n; is the outward unit normal for U; and 9* U; is the reduced boundary for U;.
Since Uj41 € Uj, we have n; = ng on 9*U; N 9*Uy. Thus the last line may be
rewritten as
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Tﬂ*g):i/ILghgdHM. (7.36)
U

In (7.36) we have let hy = Zf&% Xy« and let n be defined on (J7Z_,, *U; by
J
n=mn;ond*U;.

Since |n| = 1 on [ J%

j=—00

/ad,un :/ahgdHM

¢
M
Z /3*Ujad’H

j=—t

i /adua[[Uj}].

j=—t

*U j» we may thus conclude that

Letting £ — 400, we can now conclude that

The reverse inequality of course follows directly from (7.35). Hence the proof is
complete. O

7.6 Slicing

Our first goal in this section is to define the concept of the “slice” of an integer-
multiplicity current. Roughly speaking, we slice a current by intersecting it with
the level set of a Lipschitz function. The process is closely related to the content of
the coarea formula. First recall from Theorem 5.4.9 that if S is an HM -measurable,
countably M -rectifiable set, then for HM _almost everyx € S,the approximate tangent
plane T, S exists. If, additionally, f : R¥*X — R s Lipschitz, then for H*-almost
every x € S, the approximate gradient V5 f(x) : TS — R also exists.
The following lemma is a special case of Theorem 5.4.9.

Lemma 7.6.1. Let S be an HY -measurable, countably M -rectifiable set and let f :
RM+K _ R be Lipschitz. If we define S, to be the set of x € S for which Ty S and
VS f(x) exist and for which V3 f (x) # 0, then for L' -almost all t € R, the following
statements hold:

(1) Sy = f_l(t) N S is countably HM_l-rectiﬁable.
(2) For HM=1_qlmost every x € Sy, the tangent spaces T, S and T, S; both exist. In
fact, T S; is an (M — 1)-dimensional subspace of Ty S and

T,S={y+AV5f(x):yeT,S, »eR}.
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Finally, for any nonnegative H™ -measurable function g on S we have

(3) /OO (/ gdHM_]> dﬁl(t)=/|VSf|gdHM.
—00 St S

Now we apply the lemma. We replace g in statement (3) by g - X{x: Foo<t)’ We

thus obtain the identity

t
/ VS £l gdHM =/ f gdHMac ).
SN{x: f(x)<t} —00 J 5y

Hence the left-hand side is an absolutely continuous function of # and we may write

d

- |st|gd7‘lM=/ gdHM~! forallr e R.
dt Jsngx: £ <i)

S

Welet T = (S, 6, &) be an integer-multiplicity current in U, with U an open set
in R¥*K_ Let f be a Lipschitz function on U and let

0 if VSf(x)=0,

01 (x) = {e(x) it VSF(x)#0.

For £!-almost every t € R with T, S, Ty S; existing for HM=1_almost every x € S,
and such that the identity (3) of Lemma 7.6.1 holds, we define & (x) by

B VS f(x)
&(x) =&)L (m) (7.37)

and we note that & (x) has the following properties

* & (x)is simple;
o &) liesin A g (TeS) S A -y (TxS);
*  £/(x) has unit length for HM~!-almost every x € S,.

Continuing to assume that T € Dy (U) is given by T = (S5, 0, &), we define
the slice of T by the Lipschitz mapping f as follows.

Definition 7.6.2. For £!-almost every t € R, we know that T, S, T, S; exist and (3)
of Lemma 7.6.1 holds for HM~1-almost every x € S;. We now define the integer-
multiplicity current (T, f,t) € Dy —1 by

(Tv fﬂ t) = T(Staehé:t)a

where & (x) is as in (7.37) and
O = 04| -

We call (T, f, t) the slice of the current T by the function f at z. See Figure 7.6.

The next lemma records some of the main properties of slices.
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Fig. 7.6. Slicing.

Lemma 7.6.3. Slices enjoy these features:

(1) For each open W C U,

/OO My ((T, f,1))dL (1) =/ VS £16 dHM
— SNw

< <ess sup |V5f|) My (T).
SNwW

(2) If My (3T) < oo forall W cC U, then for L' -almost every t € R, we have
(T, fity=0[TL{x: f(x) <t}]—=@T)L{x: f(x) <1}.

(3) If T is of integer multiplicity in Dy—1(U), then for L'-almost every t € R, we
have

(oT, f,t) =—o(T, f,t).

Remark 7.6.4. The equation in (2) is often the most intuitively helpful way to think
of a slice of T.

Proof.
(1) To prove (1), take g = 64 in formula (3) of Lemma 7.6.1.

(2) Recall that the countable M -rectifiability of S allows us to write
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oo
s=Js;.
j=0

where S; N'S; = ¥ when i # j, HM(SO) = 0,and each §; € V;, j > 1, with
V; an embedded C' submanifold of RM*X . This decomposition, together with the
definition of V5, shows that if /1 is Lipschitz on RM+K and if h, are the mollifications
of h (formed in the usual way—see (5.31)) then as 0 — O,

vV, converges to v - vSh (7.38)

for any fixed, bounded HM -measurable function v with values in R K that is,
VShy converges to VS in the weak topology of L*(u7). To verify this assertion,
one need only check that (2) holds with the C! submanifolds V; replacing S; and with
v vanishing on R¥+K \ § j; one approximates v by a smooth function and exploits
the fact that the i, converge uniformly to 4.

Now let ¢ > 0 and let y be the unique piecewise linear, continuous function
satisfying

lifs<t—e,

y<s):{0ifs>t.

Then y is Lipschitz, and we apply the reasoning of the preceding paragraph to 7 =
y o f. Letting w € DM (U), we have

AT (how) = T(d(hew))
= T(dhy A®) + T (hedw).

Now, applying the integral representation (7.4) to a7, we see that
@TLh)(w) = gl—i>H()l+ T(dhs Aw) + (T Lh)(dw) . (7.39)
Since & (x) orients T, S, we have
(dho Aw, §(x)) = ((dho ()T AT, £(x))

= ((dhe (D" Ao, E(x)).

Here A7 denotes the orthogonal projection of A4 (RM*X) onto A?(T,S)). We con-
clude that

T(dhy A @) = /((dhg(x))T Aw, E(x))0dHM
S
_ /(w, £ L VShy (x)) 0 dHM
S
Thus we may use (7.38) to write

lim T(dhy A ) = /(w, E)LVSh(x)) 6 dHM . (7.40)
S

o—0t
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By definition of V54, and by the chain rule for Lipschitz functions, we have
vSh = v'(f) st for HM -almost every point of S . (7.41)

Here we have used the convention that y’(f) = 0 when f takes one of the values ¢
or t — € for which y is not differentiable. Notice also that

VSh(x)=VSf(x) =0

for HM -almost every point in {x € S : f(x) = ¢}, ¢ a constant.
Now (7.39), (7.40), and (7.41) tell us that

(aTthw):—é/S{ , }(w,SLVSf)GdHMHTLh)(dw)-
N{t—e< f<t

We conclude by letting ¢ — 0 and exploiting the remark following the proof of
Lemma 7.6.1 with g = 0 (w, £V £/|V5 f]). In fact, by considering a countable
dense set of @ € DY (U), we can show that the aforementioned remark is applicable
with this choice of g except on aset F of points # having measure 0, with F independent
of w. That completes the proof of (2).

(3) To prove part (3) of the theorem, we begin by applying part (2) with 9T replacing
T. Since 8% = 0, we find that

T, f,1) =3lOTIL{f < 1}].
If we instead apply o to the identity in (2) we obtain
AMOT)L{x: f(x) <t} =T, f.1).
Therefore part (3) is proved. O

The right-hand side of the equation in part (2) of Lemma 7.6.3 makes sense when
T and 0T are representable by integration, without the necessity of assuming that
T is an integer-multiplicity current. Thus we may consider slicing for an arbitrary
current T € Dy, (U) that together with its boundary has locally finite mass in U. So
suppose that My (T) + My (0T) < oo for all W cC U. Initially, we define two
types of slices by

(T, form) =dlTL{x: f(x) <t} 1= @T)L{x: f(x) <t} (7.42)
and
(T, fity) = =d[TL{x: f(x) >t} 1+ @T)L{x: f(x)>1}. (7.43)
For only countably many values of 7 does it hold that
MITL{x: f(x)=1}]+M[@T)L{x: f(x) =1}]1>0.

For all other values of ¢, we have
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(T, fot-) = (T, fitx) =3[TL{x: f(x) #1}1 = @D L{x: f(x) #1} =0,

and we denote the common value of (T, f, 74) and (T, f,t_) by (T, f,t).
The important facts about these slices are that if f is Lipschitz on U, then

spt(T, fotx) CsptT N{x: f(x) =t} (7.44)
and, for all open W C U,
My (¢7. £.11))

1
< ess sup | Df| - lim inf —MW<T|_{t <f< t+h}), (7.45)
w h—0t h

My (¢, f.1-))
o1
< e sup | Df | - lim inf ZMW(TL{r —h<f< z}). (7.46)

Certainly My (T L {f < t}) is increasing in ¢; thus the function is differentiable for
L!-almost every ¢ € R and

b
/ %MW(TL{f <) ALY () = My(TL{a < f < b))

for any a < b. Thus (7.46) yields the following bound on the upper integral of the
mass of the slices:

/ My (T, f, ti))dﬁl(t) <esssup|Df|-Mw(T L{a < f < b)) (7.47)
a w

for every open W C U.
Now we prove (7.44), (7.45), and (7.46). First consider the case that f is Cland
let ¥ be any smooth, increasing function from R to R*. We have

AT Ly o flw) —(@T)Lyo f)w) = (TLyo f)dw) —(@T)Ly o f)(w)
=T(yo fdw)—T(d(y o fw))
=-Ty'(Hdf rw). (7.48)
Now let € > 0 be arbitrary and select y piecewise linear such that

(1) = 0 fort <a,
V=11 forr > b.

We also suppose that 0 < y/(¢) < [1 +€]/[b — a] fora < t < b. Then the left side
of (7.48) converges to (T, f, ay) if we let b decrease to a. Hence (7.44) now follows
because spty’ C [a, b].
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Furthermore, the right-hand side R of (7.48) is majorized by

1+¢€
IRIS(suplDfl)-<—b )-MW(TL{a<f<b})~(sup|w|)
W —a w

for all w with support in W. Hence we have (7.45) for f € C 1 Equation (7.46) for
f € C'is proved similarly.

To handle the more general Lipschitz f, we simply examine f, in place of f
in (7.42), (7.43), and in the preceding argument, and let ¢ — OV to obtain the
conclusion.

We conclude this section with a discussion of slicing a current 7 € Dy by a
Lipschitz function F : RM+K _ RL where 2 < L < M. The most straightforward
approach is to formulate the definition iteratively. For example, if 7 is integer-
multiplicity, then define

(Ts F» (ll""vtL)):<<"'<<Tv Fl»tl>v an t2)s"'>vFL» tL)v

where Fi, Fa, ..., F| are the components of F.

Of particular interest to us will be slicing the integer-multiplicity current 7 =
(S, 6, £) by the orthogonal projection onto a coordinate M-plane. Letp : RM+X
RM map (x1,x2,...,Xy+k) to (x1, x2,...,xpy). Proceeding in a manner similar
to Lemma 7.6.1, we define S, to be the set of x € § for which T, S and Dgp(x)
exist and for which rank Dgp(x) = M. Then for LM _almost everyt = (t1,...,tu),
we have

(T, p,t)= Z o (x)0(x) 8y, (7.49)

xep~ NSy

where o (x) = sgn(a) when ( /\, p, §(x)) =adxi A+ Adxy.
The next proposition is then evident from the definition in (7.49).

Proposition 7.6.5. Let p : RM+K . RM pe projection onto the coordinate plane as
above.

() Ifh : RM _ RK A CRM is LM measurable, and H : RM — RM+K jg given
by H(t) = (t, h(t)), then

(Hz[ Al p, t)=8uq -

(2) For continuous ¢ : RMTX — Rand  : RM — R, if at least one of the two
functions is compactly supported, then

flﬂ(X)(T, pox) @) dLY (6) = [TL(WY op)dxi A+ Adxy](@) .

The interested reader will find an extremely thorough treatment of slicing in a
very general context in [Fed 69, Section 4.3].
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7.7 The Deformation Theorem

One of the cornerstones of geometric measure theory, and more particularly of the
theory of currents, is the deformation theorem. There are both scaled and unscaled
versions of this result. The scaled version of the theorem is obtained by applying
homotheties to the unscaled version, so we will concentrate on the unscaled version.
First we need some notation that will be particular to this treatment:

* 1< M,K € Z (we will be considering M-dimensional currents in RM+K );
e C=10,1] x [0, 1] x - -- x [0, 1] (the standard unit cube in R¥+XY);

M+K factors
={(z1,22, .-, Zm+K) : 2 € Z} (the integer lattice in RM+K);
e forj =0,1,...,M + K, we will use £; to denote the collection of all the
Jj-dimensional faces occurring in the cubes

. ZMJrK

t,(C)=lz1, z1 + 1] x [z2, 22+ 1] X -+ X [2p4k, Zm+k + 1]

as 7 = (21,22, - - ., 2+ k) € ZMTK ranges over the integer lattice.

Each M-dimensional face F € Ly corresponds (once we make a choice of
orientation) to an integer-multiplicity current [ F]. For currents having finite mass
and having boundaries of finite mass, the deformation theorem tells us how such a
current can be approximated by a linear combination of the [ F], F € L. The name
“deformation theorem” arises from the proof of the theorem. The precise statement
is as follows.

Theorem 7.7.1 (Deformation Theorem, Unscaled Version). Suppose that T is an
M-dimensional current in RM+K with

M(T) + M@3T) < oco.

Then we may write
T —P=0R+S,

where P € Dy (RMTK) R € Dyt RMHKY and S € Dy RMHKY satisfy

P = Z prlF]., where pr € R, for F € Ly, (7.50)
FeLly

M(P) < cM(T), M(@P) < cM(@T), (7.51)

M(R) < cM(T),  M(S) < cM(@T). (7.52)

The constant ¢ depends on M and K. Further,
spt P UsptR C {x sdist(x, sptT) < 2 M + K} ,

sptaP UsptS C {x sdist(x, sptdT) <2 M + K} .



212 7 Introduction to Currents

Moreover, if T is an integer-multiplicity current, then P and R can be chosen
to be integer-multiplicity currents. Also, in this case, the numbers pr in (7.50)
are integers. If in addition 0T is integer-multiplicity, then S can be chosen to be
integer-multiplicity. [We shall see later that in case T is integer-multiplicity and
M(@T) < oo, then dT is automatically integer-multiplicity.]

See Figure 7.7.

o L

Fig. 7.7. The deformation theorem.

A few remarks about the unscaled deformation theorem are now in order. First,
since S = o7 — 9P and M(0P) < ¢M(dT), it is an immediate corollary that
M(9S) < cM(3T). Also, theinequalitiesM(d P) < ¢ M(dT) and M(S) < ¢cM(0T)
yield immediately that when 07 = 0 then 9P =0 and S = 0.

The estimate for the mass of P in (7.51) depends only on the mass of 7" and not
on the mass of d7. This estimate, due to Leon Simon, is an improvement over the
original estimate given by Federer and Fleming.

For the record now, we shall also state the scaled version of the deformation
theorem. In the statement, we will use the notation 7, : RM+K _ RM+K for the
homothety defined by

n,(x) =tx.

Theorem 7.7.2 (Deformation Theorem, Scaled Version). Fix p > 0. Suppose that
T is an M-dimensional current in RM+X with

M(T) +M@OT) < oco.

Then we may write
T—P=0R+S,
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where P € Dy (RMTK) R € Dyt RMHKY and S € Dy (RMHK). We have

P= %" pruylFl. (7.53)
Fely

where pp € R, for F € Ly, and
M(P) <cM(T), M(@OP) <cM(@OT), (7.54)
M(R) <cpM(T), M(S) < cpM(@T). (7.55)

The constant ¢ depends only on M and K. Further,

spt PUSsptR C {x sdist(x, sptT) < 2\/M+Kp},

sptaP UsptS C {x s dist(x, sptdT) < 24/ M + Kp}.

In the case that T is integer-multiplicity then so are P and R. If 0T is integer-
multiplicity then so is S.

The scaled deformation theorem is an immediate consequence of applying the
unscaled theorem to 5 ,, 47 and then applying 7,4 to the P, R, and S so obtained.
The two factors of p in (7.55) occur because the dimension of R is 1 more than the
dimension of T and the dimension of S is 1 more than the dimension of d7". Thus it
will suffice to prove the unscaled deformation theorem.

The essence of the proof of the unscaled theorem consists in pushing forward by
a retraction to deform the current 7' onto the M-skeleton Lj;. The first step in our
presentation of the proof will therefore be the construction of the retraction. For this
construction, we introduce additional notation.

e Forj=0,1,...,M+ K, set
Li=|JF.
Feﬁj

so that L; is the j-skeleton of the cubical decomposition

U z+0O)

zeZM+K

OfRM+K;
e forj=0,1,...,M + K, set
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Clearly we have

M+K
RY*® = Lyyk 2 Lysk—1 2 Lyyx—22 -+ 2 Lo,

and similar containments hold for the I, j
Observe that

LoNLyix—1 =9,
LiNLyyk—2 =19,

L K—1NLy=0;
these equations hold because
e apointin Ly g j—1 must have j + 1 integral coordinate values,
whereas
* apointin L j must have M + K — j coordinate values that are multiples of 1/2.

Similarly we see that, for any face F' € Ly1g—j, the center of F is the point of
intersection of F and L ;. Thus the nearest-point-retraction

§j Ly+k—j \ Lm+k—j—1 — Zj
is well-defined. We define the retraction

Wi Lyusk—j\Lj = Lysk—j-1
by requiring that

e Yi(x)=x,ifx € Lyyx—j—1;
* the line segment connecting v (x) and &;(x) contains x if x € Ly4k—; \
[L; ULmyk—j-11]

In effect, ; radially projects the points in /' € Lk ; from the center of F onto
the relative boundary of F, so of course v; cannot be defined at the center of F and
still be continuous.
We define
L/ RM+K \ZK,1 — Ly

by
Y =Yg 10¥Yg20---0p.

Figure 7.8 illustrates the mapping ¢ (for M = 1 and K = 2) by showing how
maps a curve in the unit cube onto the faces of the cube by radially projecting from
the center of the cube. Then /| maps that projected curve onto the edges of the cube
by radially projecting from the centers of the faces.
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Fig. 7.8. The mapping .

It is crucial to estimate the norm of the differential of . Because i is the
composition of radial projections, one can bound | D | from below by

1 <|Dy|.

One also expects to be able to bound | Dv/| from above by a constant divided by the
minimum distance to any of the centers of projection. We will prove such an upper
bound, but in fact our proof will be more analytic than geometric. We will need the
next elementary lemma.

Lemma 7.7.3. If0 < ap < a1 <--- < aj41 < 1/2, then

J

1
[ [0 +2a —2ai4)' = ————.
i=0 1 — 2Clj+]

Proof. We argue by induction. The result is obvious if j = 0 and easily verified if
j=1
Now, assuming that the result holds for j, we see that
Jj+1
[T +2a —2ai0)7" < (1 =2a;00)7" (1 +2aj41 = 2aj42) 7"
i=0
1
< — ’
- 1- 2(1j+2

where the first inequality follows from the induction hypothesis and the second in-
equality follows from the case j = 1. O
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Lemma 7.7.4. There is a constant c = ¢ = ¢(M, K) such that

DY ()| < =
0

holds for LMK almost every x € RMTK \ ZK_I, where p = dist(x, ZK—I)-

Proof. First note that if 6 is the composition of reflections through planes of the form
e -x = k/2, k € Z, translations of the form #,, z € ZM+K and permutations
of coordinates, then 6 o ¥ o #~! = . Thus it suffices to consider points x =
(x1,x2, ..., Xp+x) of the form

O<xi<xp<---<xyskx <1/2.

Since no coordinate of x equals 1/2, we have x ¢ L M+k- One computes ¥(x) by
finding the smallest value of t € R for which

1-1 (%,%,---,%)—i—t(xl,xz,---,xMJrK)

has a coordinate equal to 0. In fact, that smallest value of ¢ is 1/(1 — 2x1), and we
see that

Yolx) = 0,x2 —x1, ..., XMk — X1) .
1—2)(1
Proceeding in this way, we see that
Y1 o Yo(x) ! ! 0,0 )
o X) = L0, x3 —x2,...,x —X
1 0 1 —2x, 1 =20 —x) 3 2 M+K 2

and, ultimately, that

Y(x) =Yk-10¥k-—20"0Yo(x)
K-1
(=27 []00 =200 —xp) 17! (7.56)
j=1
(0,0,...,O,XK_H—XK,...,)CM+K—XK)

K—1
]_[(1 +2x) — 2x41) "
o

0,0,...,0,xk41 — XK, ..., XM+K —XK) € Ly,

where x¢o = 0.
By computing the partial derivatives of

K—1
(r—xg) [ +2x—2xj4)7", forl+K <1 <M+K,
j=0
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and using the estimate in Lemma 7.7.3, we see that each

aer - v)
aXJ

can be bounded by a constant multiple of (1 — 2x74x)~!. Since the point of L K—1
nearest to x is (xl,xg, o, XK1, %, %, e, %), we have

MK 172

p=2""[ Y a-2p*| =27"(1 - 2em).

j=K

so the desired bound holds. m]

7.8 Proof of the Unscaled Deformation Theorem

We divide the proof into four steps.

Step 1. We claim that
/~ IDY ()M dLM K (x) < oo,
C

where 5 = [—%’ %] X [—%’ %] X o0 X [_%’ %]

Using the estimate in Lemma 7.7.4, we see that it will suffice to bound
Jz(@)™M acMtK  where  is the distance from a point in RM*X to the union of
the (K — 1)-dimensional coordinate planes. Since the distance from a point to the
union of the (K — 1)-dimensional coordinate planes is the minimum of the dis-
tances to each of the individual (K — 1)-dimensional coordinate planes, if we write
x = (x',x") € RMTK where x' € RM*! and x”_e RX™!, then it will suffice to
bound (7 [x'|~™ dLMFK (x). We may also replace C by the larger set By x B, where

B = {x' e RM o) <27 4+ )12,
By={x"eRN " <27k - D'/?).

We have

ﬁ|xr|—Md£M+K(x)§f / M At (o d ek ()
¢ B /B,

27N +1)1?
= EK_I(BQ)-/ / r~ManME) dc' o)
0 RMFIN{E: & |=r}

= £KIBy) HM (R N E el = 1)) 27 M+ 1) < o0,
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Step 2. There exists a point a € C such that

/|Dw<x)|Md||ta#T||<x) < c¢M(T),

/ 1Dy ()M dllta40TI(x) < cM(@T)

hold, where c depends only on M and K. (Recall that || W|| denotes the total variation
measure of the current W.)

Set
c=4 /~|Dw(x)|MdL‘M+K(x).
C

By the symmetry in the construction of ¥y we have
ﬁ DY (x +a)| M dLME () = /~ DY (@) d LMK (@) = c/4.
C C

By Fubini’s theorem, we have

(c/HM(T) = f fN|Dw(x+a)|Mch+K(a>d||T||(x>
C

=/~ /|Dw(x+a)|Md||T||<x> dLM K ).
C
Set

G = {a eC: / 1Dy (x + )M d|T|(x) < CM(T)} .

~

H =C\G, = {a eC: f DY (x + a)|M d|| T (x) > ¢ M(T) } .
‘We have
fg f DY (x + a)| M d|TII(x) dLY 5 (@) = ¢ M(T) LY (H)) |
so if LMK (Hy) > 1/3 held, then we would have (c/4) M(T) > (c¢/3) M(T). That

is a contradiction. So we have LM+X (H) < 1/3 and LM+X(G}) = 2/3.
A similar argument shows that

Gy = {a eC: / |DY (x +a)|M d||aT ||(x) < cM(BT)}

satisfies LYK (G,) > 2/3.
We have
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LME(GI N Go) = LMK (G + LMK (Go) — LMK (G Go)
> LYK(Gy) + LMK (Gy) - £LMHE(C) = 1/3.

Thus there exists a € G| ) G». Finally, we observe that

/|Dw<x>|Md||ta#T||<x>=/|Dw(x+a>|Md||T||(x>

and

/|Dw<x)|Md||ata#T||<x>:/|Dw<x+a)|Md||aT||<x)
hold.

Step 3. Now we fix ana € C asin Step 2 above and write T =t,4T. Applying the
homotopy formula (see (7.22) in Section 7.4), we have

T=T+0hs([ O, D] xT)+hs([ 0, 1)] x aT), (7.57)
where 4 is the affine homotopy
h(t,x)=tx+ (1 — )Y (x)
between the identity map and ¢,. We have the estimates
M[hyg([ (0, )] x T)] < |a| M(T),
M[hy([ (0. 1) ] x dT)] < |a|M(@T).
We also have
T=vyuT +0ke([ 0, 1)] x T) + k([ (0,1)] x 8T), (7.58)
where k is the affine homotopy
kt,x) =tx+ -0y (x)

between the identity map and . We note the estimates
Miks([ (0, )] x T)1 <27 (M + K)!'/? / 1Dy ()M d||T|(x)
<27'M+ K2 eM(T),

Ml k([ (0,1)] x 9T)] <271 (M + K)'/? / |DY ()M~ d |97 ||(x)

<271 <M+K>1/2/|D1/r<x>|“d||af||<x>
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<27'M+ K2 eM@OT),

M(vs T) = [ 10w 0O diF i) = M),
M(vso7) = [ 1Dy djaT i

s/|Dw<x>|Md||a?||(x> < cM@T).
Combining (7.57) and (7.58), we have
T =T = o[ e O. DI x )+ ke[ 0. D] x D]

+ ha([ 0, 1)] x dT) + k([ (0, 1) ] x 9T).
We set ~
R=hs([ 0, 1)] xT)+ks([ (0,1)] xT)

and ~
St =he([ (0,1)] x dT) +ka(] (0,1)] x aT).

Note that R is integer-multiplicity if 7 is, and Sj is integer-multiplicity if 97 is. Also
we have

SptR C {x cdist(x, sptT) < 2 M + K} ,
sptS1 C {x sdist(x, sptaT) < 2 M + K} .

Step 4. While 1//#T is supported in Ly, it need not have the form

Z prlF]

Fely

required by (7.50). We will now show how w#f can be used to construct P as
in (7.50). B
Write Q = y4T. We have

sptQ C Ly . (7.59)

Let F be one of the faces in Ly, (that is to say, F € L)) and let F be the interior of
F. Suppose that F ¢ RM x {0} ¢ RM+K and let p be orthogonal projection onto
RM x {0}. The construction of ¥ tells us that p o ¢ = ¥ in a neighborhood of any
point y € F. Thus we have that

p#(QLF)=QLF.
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Identifying RM x {0} with RM and applying Proposition 7.3.4, we obtain a function
of bounded variation 6 such that

M(QL F) = / 10F| d LM (x) (7.60)
E
and
M((@Q)L F) =[ |DOp| (7.61)
E
hold and such that
(OL F)(w) = /p(a)(x), eLAer A Aep)O0p(x)dLM(x) (7.62)

holds for all € DM (RM).
In addition, by (7.62),

(QLF — B[F)(@) = /F(eF — B (@), e A Aey ) dLM ()

Thus, we have

M(QLF - BIF] = /F 6F — BldLY (x), (7.63)

M(8(QLF—/3[[F}]))=/RM|D(Xp ©r — P (7.64)
Now let us take B = BF such that

min{EM{x e F:0p(x)>B), LM{x e F:0px) < ,3}} >

N =

Note that we can do this because LM (F) = 1. Also we may take Sr € Z whenever
OF is integer-valued.

We have now, by Theorem 5.5.6, Theorem 5.5.7, (7.60), (7.61), (7.63), and
(7.64), that

M(QI_F—ﬂ[IF]])5cfﬁ|D9F|=cM(an_ﬁ), (7.65)

M(a(QLF*—,B[[F}]))EC/D |DOr| = cM(OQLF). (7.66)
E
It is also the case that

QLAF =0. (7.67)

Now, summing over F € L and using (7.65), (7.66), and (7.67), with P =
> Fery BrLF], we see that



222 7 Introduction to Currents
M(Q — P) <cM(@0Q), (7.68)
M@OQ —9dP) <cM(0). (7.69)
Actually our choice of BF tells us that
brl <2 [ or1ach o).

Thus, again using (7.63), and since M(P) = ZF |Br|, we see that
M(P) < cM(Q). (7.70)

We also know, from (7.69) above (and the triangle inequality), that

M@OP) <cM(@Q). (7.71)

Finally, we write
T—P=9R+S, (7.72)
where S = S1 + (Q — P), and the deformation theorem follows. O

7.9 Applications of the Deformation Theorem

There are some immediate applications of the deformation theorem that amply illus-
trate the power of the theorem. These are:

* the isoperimetric theorem;
» the weak polyhedral approximation theorem;
» the boundary rectifiability theorem.

Theorem 7.9.1 (Isoperimetric Inequality). Letr M > 2. Suppose that T €
Dyr—1 RMTKY i integer-multiplicity. Assume that spt T is compact and that 3T = 0.
Then there is a compactly supported, integer-multiplicity current R € Dy (RM+K)
such that )R = T and

[M(R) |M=DM < eM(T).

Here the constant ¢ depends on M and K.

The theorem deserves some commentary. In its most classical formulation, the
current T is a current of integration on a simple, closed curve y in R%. Of course,
the mass of T is then its length. The current R is then a 2-dimensional current (i.e.,
a region in the plane) whose boundary is 7. And the conclusion of the theorem is
then that the square root of the area of R is majorized by a constant times the mass
of T. We know, both intuitively and because of the classical isoperimetric theorem,
that the extremal curve T—that is, the curve that encloses the largest area for a given
perimeter (see Figure 7.9)—is the circle. Let us say that that extremal curve is a
circle of radius r. Its mass is 2;rr. The region inside this curve is a disk of radius r,
and its mass is 7772 In this situation the asserted inequality is obvious with constant

c=1/2Jm).
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AN

Fig. 7.9. The isoperimetric inequality.

Proof of the Theorem. The case T = 0 is trivial, so let us assume that 7 # 0. Let

P, R, S be integer-multiplicity currents as in Theorem 7.7.2, the scaled version of the

deformation theorem, applied with M replaced by M — 1 and with K replaced by

K + 1. For the moment, p > 0 is arbitrary; observe also that § = 0 because 7 = 0.
Clearly, because

M(n,4[F1) =H"""[n(F)]1=p""!
for all F € Fy;_1, we know that
M(P) = N(p) p"~!

for some nonnegative integer N (p). Theorem 7.7.2 tells us that M(P) < ¢ M(T). If
we take
p=12eM(T) VM1, (7.73)

then we have
N(p)2c¢M(T) = N(p) pM~1 = M(P) < ¢ M(T),

so 2 N(p) < 1, implying that N(p) = 0.
Choosing p asin (7.73), we have P = 0. Theorem 7.7.1 now tellsus that 7 = dR
for the compactly supported, integer-multiplicity current R and we have

M(R) < ¢ p M(T) = 21/~ M/M=1) [yg () (M/M=D) o
Theorem 7.9.2 (Weak Polyhedral Approximation). Let T € Dy (U) be any

integer-multiplicity current with My (0T) < oo for all W CC U. Then there is
a sequence { Py} of currents of the form

4
= Y i npulF (7.74)
FeFy

with pgf) € Z, pe | 0 and with Py converging weakly to T (so d Py also converges
weakly to dT) in U.
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Proof. First consider the case U = R X and M(T) < oo, M(dT) < co. Now we
just use the deformation theorem directly: For any sequence p; | 0, Theorem 7.7.1,
the scaled version of the deformation theorem, applied with p = py, yields P, as in
(7.74) such that

T — Py =0Ry+ Sy

for some Ry, Sy such that
M(R¢) < cpe M(T) — O,
M(S¢) < cpeM(@OT) — 0,

and
M(Py) < cM(T) and M@ Py) < cM(@T).

Clearly the last three lines give Py(w) — Ty(w) for all w € DM RM*K). Also
9P, = 0if 3T = 0. Hence the theorem is established if U = RM+X and T, 9T are
of finite mass.

For the general case, let us take any Lipschitz function ¢ on R¥+X such that
¢ > 0inU and ¢ = 0 on RM+X\ U, We further assume that {x = ¢(x) > A} cC U
for all A > 0. For £!-almost every A > 0, Lemma 7.6.3 implies that 75, = T | {x :
¢(x) > A} is such that M(a7)) < oo. Since spt 7, CC U, we can use the above
argument to approximate 7} for any such A. Then, for a suitable sequence A; | 0,
the required approximation is an immediate consequence. O

Theorem 7.9.3 (Boundary Rectifiability). Let the integer-multiplicity current T €
Dy be such that My (0T) < oo forall W CC U. Then oT, which is an element of
Dy—1(U), is also an integer-multiplicity current.

Proof. This is a direct consequence of the last theorem and of the compactness
theorem, Theorem 7.5.2, applied to integer-multiplicity currents of dimension
M —1. O

Remark 7.9.4. The compactness theorem is not proved until Section 8.1. We will
see there that the proof of the compactness theorem for integer-multiplicity currents
of dimension M uses the boundary rectifiability theorem for currents of dimension
M — 1. So logically the compactness theorem and boundary rectifiability theorem
are proved together in an induction that begins with the compactness theorem for
integer-multiplicity currents of dimension 0.
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Currents and the Calculus of Variations

8.1 Proof of the Compactness Theorem

First let us recall the statement of the compactness theorem, Theorem 7.5.2:

The Compactness Theorem for Integer-Multiplicity Currents. Ler {T;} C
Dy (U) be a sequence of integer-multiplicity currents such that

sup [MW(Tj) +MW(3T,-)] <00 forallW cCU.
j=1

Then there is an integer-multiplicity current T € Dy (U) and a subsequence {T '}
such that Ty — T weakly in U.

Logically the compactness theorem and boundary rectifiability theorem are proved
in tandem by induction on M, the dimension of the currents. The induction begins
with the straightforward proof of the compactness theorem in the case M = 0. That
proof is given in the next subsection.

The inductive step is then in two parts. First it is shown that the boundary rec-
tifiability theorem is valid. Note that the boundary rectifiability theorem is vacuous
when M = 0. In Section 7.9, we showed that when M > 1, the boundary rectifi-
ability theorem is an easy consequence of the compactness theorem for currents of
dimension M — 1.

The second part of the induction step is to prove the compactness theorem for
dimension M assuming the boundary rectifiability theorem for dimension M and the
compactness theorem for dimension M — 1. The strategy for this part of the proof
is to use slicing to convert a sequence of weakly convergent M-dimensional integer-
multiplicity currents into a sequence of functions that take their values in the space of
0-dimensional integer-multiplicity currents. These functions are of bounded variation
in an appropriate sense. We then analyze the behavior of the graphs of such functions
of bounded variation to understand the structure of the limit M-dimensional current.

To carry out this program we must study the 0-dimensional integer-multiplicity
currents in some detail and we must define and investigate the appropriate space of
functions of bounded variation.

G.S. Krantz, R.H. Parks (eds.), Geometric Integration Theory, doi: 10.1007/978-0-8176-4679-0_8, 225
© Birkhduser Boston, a part of Springer Science + Business Media, LLC 2008
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8.1.1 Integer-Multiplicity 0-Currents

Notation 8.1.1.

(1) Let Ro(RM*XY) denote the space of finite-mass integer-multiplicity O-currents in
RM +K .

(2) By (7.28), a nonzero current 7 in Ro(RM+KY can be written
o
T=Y cjép,. 8.1)
j=1

where « is a positive integer, p; € RM+K foreach 1 < j < a, p; # pj for
1<i#j< a,Spj is the Dirac mass at p;, and ¢; € Z\ {0} foreach1 < j < a.

Proof of the Compactness Theorem for Integer-Multiplicity Currents of Dimension 0.
Suppose that T; € Ro(RM+K), j =1,2,..., and that

L = sup M(T}) < o0.
j=1
By the Banach—Alaoglu theorem there is a T € Dy (RM+ky such that a subsequence
of the T'; converges weakly to T'. For simplicity, we will not change notation. Instead
we will suppose that the original sequence T; converges weakly to 7. What we must
prove is that T e Ro(RM+K),

Consider 0 < m < oo chosen large enough that T L B(0, m) # 0. We can write
each T; L B(0, m) € Ro(RMTK) as

L
T;LBO,m) = Zci(j) 8 s
i=1 ’

where ) . N —
ez, -—L<c <L, p?eBOm.

‘We now allow cfj ) — 0 because it is possible that M[ T L B(0, m) | < L holds.

By the Bolzano—Weierstrass theorem, we can pass to a subsequence—but again
we will not change notation—so that for j = 1,2,...,L, cfj N ¢; € Z and
pi(j) — pi € B(0,m) as j — oo.

If ¢ € DORMHK) with supp ¢ < B(0, m), then we have

L
Tj(¢) = T;LBO, m)(¢) - > _cid(pi)

i=1

and we have T (¢) — T (¢) because T; converges weakly to 7. Thus we can write

o
TLBO.m)=> ciép, .
i=l1
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where (by renaming if necessary) we can suppose that « < L is a positive integer,
pi € BO,m) foreachl <i <a«, py # piforl <h #i <a,andc; € Z\ {0} for
each 1 <i < «. Since M(T) < L < oo, we see that in fact we can choose m large
enough that T = T | B(0, m). O

Notation 8.1.2.
(1) Equation (8.1) tells us that, for ¢ € DO(RM+K))

T@) =) c;d(p)). (82)
j=1

We can also use (8.2) to define 7' (¢) when ¢ is merely continuous.
(2) We will use the metric dy on Ro(RM*X) defined by

do(T1, T2)
= sup{ (11 — T2)(¢p) : ¢ is Lipschitz, [[¢lloc < 1, lldPllcc < 1}.

(3) We let FM+K denote the space of nonempty finite subsets of RM+X metrized by
the Hausdorff distance. The Hausdorff distance is defined in Section 1.6. The
Hausdorff distance between A and B is denoted by HD (A, B).

(4) Define

0: Ro@®RM+KYy 5 R

by
o(T)=inf{|p—ql:p,qespt(T), p#q}.
Note that if either 7 = 0 or card[ spt (T') ] = 1, then o(T") = +o0.
Lemma 8.1.3. If Tj € RoRY*X) and T; — T € Ro(RMTK) weakly as j — oo,

then
card[ spt (T) ] < liminf card[spt (7})].
j—00

If additionally
card[ spt (T) | = card[spt (T})], j=1,2,...,
then

o(T) = ,-ILHSOQ(TJ')‘

Proof. For each p € spt (T') we can find ¢, € DORM+KY for which op(p) =1,
¢p(x) < 1forx # p,and ¢,(q) = 0for g e spt (T') with g # p. The existence of
such a function ¢, implies that p is a limit point of any set of the form ( ;. ; spt [ T}, ],
and the result follows. - o

The proof of the next lemma is elementary, but we treat it in detail because the
result is so essential to proving the compactness theorem.
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Lemma 8.14. If T, T € Ro(RM+K) satisfy 0 < M(T) = M(T), then it holds that
min { 1, (1/3) o(T), HD [spt (7). spt (1)1} = do(7. 7).

Proof. Write T = %_, ¢ §p; asin (8.1), and write T = D gespt (7) Ya 8q- Set

r=minl 1, (1/3)0 }.

We may assume that do(T;T) <r.
Because M(T') = M(T) holds, we have

dDoleil= > vl (8.3)
j=1

gespt (T)

For j =1,2,...,a,define ¢; by setting

sgn(c;) - [r —|x — pjl]if |x — p;| <,
¢j(x) =

if [x—pjl>r.

Since [¢p;| < rr <1 and |d¢;| < 1 hold, we have (T — T)((pj) < do(T, T)
If there were 1 < j < « for which spt (T) (N B(p;,r) = ¥ held, then we would
have ~ -
do(T.T) = (T = T)(¢j) =T(¢j) =rlcjl =r,

contradicting the assumption that do(7’, T) < r holds. We conclude that

spt (T) \B(pj,r) # B, forj=1,2,...,a. (8.4)

Now define ¢ = Zj‘: 1 @;. Since the ¢; have disjoint supports, we see that
|¢| <rr < 1land|d¢| <1 hold. Setting

Aj=spt()NB(pj.r).  B=spt(T)\US_4;,
and using (8.3), we have

do(T, T) = (T — T)(¢) = T(¢) — T(¢9)

—rZ|c,|—Z > sen(ej) [r—lg — pillvg

Jj=1g€A;
o
=r Y lvgl=) ) senep)lr—lg = pjllvg
gespt (T) j=1q€A;

=Y rivl+ D 2 (vl —seneplr = la = pillvy ). 85

qgeB Jj=1 q€A;
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Note that every summand in (8.5) is nonnegative.
If there existed ¢ € B, then we would have

do(I. D) zrlylzr,
contradicting the assumption that do(7’, T) < r holds. We conclude that
spt (T) € US_ B(pj. 7). (8.6)

Now we consider ¢, € spt (T) and 1 < j, < o such that g, € Aj,. Looking
only at the summand in (8.5) that corresponds to j, and g, we see that

do(T, T) = rlyg,| — sen(c;,) [r — |gs — pj.l1va. (8.7)

holds.
In assessing the significance of (8.7) there are two cases to be considered according
to the sign of ¢, vy, .

Case 1. In case sgn(cj, y,4,) = —1 holds, we have
sgn(c;,) vq, = sgn(c,) sgn(yg,) lvg.| = sen(ej, vg.) Vgl = —1vq.l -
The fact that sgn(c},) vy, = — |4, | holds implies
do(T, T) 2 r lygl = sgn(c)) [r = lg = pjl 17y
=0 +r—=lg«—piDlvel =1,

and this last inequality contradicts the assumption that do (7, T)<r.

Case 2. Because of the contradiction obtained in the last paragraph, we see that
sgn(cj, ¥q,) = +1 must hold. Consequently we have sgn(cj,) y4, = |v4,|, which
implies that

do(T, T) = (r —r +1g = piD 1va.| = lgx — Py,

By (8.6), for g, € spt (T), there exists j, such that g, € Aj,. Similarly, by (8.4),
for 1 = Jx < o, there exists g € spt (T') such that g, € Aj,. Thus we conclude that
do(T,T) = HD [ spt (T), spt (T)]. O

Theorem 8.1.5.

() IFACRM and f : A — FM+K s q Lipschitz function, then

U r@ (8.8)

xX€eA

is a countably M-rectifiable subset of RM+K,



230 8 Currents and the Calculus of Variations

QIFACRM and g : A — RoRM+KY is a Lipschitz function, then

U spt [ g(x) ] (8.9)

xeA

is a countably M -rectifiable subset of RM+K,

Proof.
(1) Let m be a Lipschitz bound for f. Then 1 will be a Lipschitz bound for f(x/m).
Thus, without loss of generality, we may suppose that 1 is a Lipschitz bound for f.

In this proof, we will need to consider open balls in both R¥ and in R¥+X | Ac-
cordingly, we will use the notation BM (x, r) for the open ball in R and BM+X (x, r)
for the open ball in RM+K

ForZ =1,2,...,set Ay = {x € A :card[ f(x)] = £}. Note that UxeAl f(x)
is the image of the Lipschitz function u : A — RM+X defined by requiring f(x) =
{u()}.

Now consider £ > 2 and x € Ay. Write f(x) = {p1, p2,..., pe} and set
r(x) =min;z; |pi — pjl.

If z € Ay ﬂ]BM(x, r(x)/4), then for each i = 1,2,..., ¢ there is a unique
q € f@QNBMHX (p;, r(x)/4) and we define u;(z) = q.

The functions u1, us, ..., u, are Lipschitz because, for

21,22 € Ag\BM (x, r(x)/4)

we have

HD[ f(z1), f(z2) ] =max{|ui(z1) —ui(z2)[:i=1,2,....£}.

Since

£
U r@=U{u@:zeaNB . reoms |,
i=1

z€ANBM (x,r(x)/4)

we see that U 4, M (r.r (114 / (2) is a countably M-rectifiable subset of RM*X.

As a subspace of a second countable space, Ay is second countable, so it has the
Lindelof! property; that is, every open cover has a countable subcover. Thus there
is a countable cover of Ay by sets of the form Ay ﬂBM(x, r(x)/4), x € Ay. We
conclude that (J, . » , f(2) is a countably M -rectifiable subset of RM+K and hence
Uz U.ea, f(2) is also countably M-rectifiable.

(2) Without loss of generality, suppose that 1 is a Lipschitz bound for g. For i and j
positive integers, set

Aij={xeA:Mlgx)]=j and 27" <rgm},
! Ernst Leonard Lindelof (1870-1946).
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where
raco =min { 1, (1/3) plg)1].

Fix x € A; j. Forz1, 22 € A; j () B(x,2771), we have

Mlg(z)]1=Mlg(z2)] = and dolg(z1), 8(z2) 1 <27 <recr))-
So, by Lemma 8.1.4, HD [ spt (g(z1)), spt (g(z2))] < do[ g(z1), g(z2) 1holds. Thus
A OB, 277 — FMHK
defined by f(z) = spt [ g(z) ] is Lipschitz. By part (1) we conclude that

U spt[g(2)] (8.10)

ZEA,',_,‘QB()C,Q_’._I)

is a countably M-rectifiable subset of R¥+X As in the proof of (1), we observe that
A;,j has the Lindeldf property, and so the result follows. O

8.1.2 A Rectifiability Criterion for Currents

The next theorem provides a criterion for guaranteeing that a current is an integer-
multiplicity rectifiable current. Later we shall use this criterion to complete the proof
of the compactness theorem.

Theorem 8.1.6 (Rectifiability Criterion). If T € Dy (RM+K) satisfies the following
conditions:

(1) M(T) +M(@AT) < oo,

Q) IT| = HM L6, where 0 is integer-valued and nonnegative,

3) {x:60(x) > 0} is a countably M -rectifiable set,

then T is an integer-multiplicity rectifiable current.

Proof. Set § = {x : 6(x) > 0}. We need to show that for HM -almost every point

inS, T (x) =v; A--- Avy, Wwhere vy, ..., vy is an orthonormal system parallel
toT,S.
Of course, HM-almost every point x of S is a Lebesgue point of 6 and is

a point where 7 (x) and T,S both exist. Also, by Theorem 4.3.7, we see that
O*M(||aT||, x) < oo holds for HM -almostevery x € S. Hence ®M~1(||aT ||, x) =0
also holds for H™ -almost every x € S. Let us consider such a point and, for con-
venience of notation, suppose that x = 0. Consider a sequence r; | 0. Pass-
ing to a subsequence if necessary, but without changing notation, we may sup-
pose that n,. 47 and 7, 40T converge weakly to R and dR, respectively. Here

n, : RMTK . RM+K 5 given by 5,(z) = r~!z. Then we have R (0) = T (0),
0R = 0,and spt R € TS. By Proposition 7.3.5 (a variant of the constancy theorem),

we have R (x) = vi A--- Avy, where vy, ..., vy is an orthonormal system parallel
to TopS. O
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8.1.3 MBY Functions

In this subsection, we introduce a class of metric-space-valued functions of bounded
variation. The notion of metric-space-valued functions of bounded variation was
introduced in [Amb 90] and applied to currents in [AK 00].

Definition 8.1.7.
(1) A function u : R — Ro(RM+KY) can be written

o0

w() =Y ci(y)8py) (8.11)

i=1

where only finitely many ¢; (y) are nonzero, for any y € RM.
(2) If uis asin (8.11) and and ¢ : R¥TX — R, then we define u o ¢ : RM — R by
setting

wod)y =Y amo[ p» |, (8.12)

i=1

for y € RM; thus the value of (« ¢ ¢)(y) is the result of applying the O-current
u(y) to the function ¢. We use the notation ¢ in analogy with the notation o for
composition.

(3) A Borel function u : RM — Ro(RM*X) is a metric-space-valued function of
bounded variation if for every bounded Lipschitz function ¢ : R¥+K — R, the
function u ¢ ¢ is locally BV in the traditional sense (see for instance [KPk 99,
Section 3.6]). We will abbreviate “u is a metric-space-valued function of bounded
variation” to simply “u is MBV.”

@ Ifu: RM - Ry(RM*K) is MBV, then we denote the fotal variation measure
of u by V,, and define it by

(Vu)(A)zsup{/ Do @) :¢: RMTK SR ¢ <1, |dg] 51}
A

= Sup{/(u<>¢)divgd£M:supngA, lgl <1, ¢ <1, |do| 51}

for A C RM open.

For us the most important example of an MBV function will be provided by slicing
a current. That is the content of the next proposition.

Proposition 8.1.8. Ler p : RM+TK = RM 5« RK — RM pe projection onto the first
factor. If T € Dy (RMTXY is an integer-multiplicity current with M(T) + M(T) <
oo, then u : RM — Ro(RM+KY defined by

u(x) =(T,p, x)

is MBV and
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Vu(A) = M [ 19T 1) + 1T 1) ]
holds, for each open set A C RM,

Proof. Fixanopenset A C RM. Letg e C!(RM, RM) satisfy |g| < 1 and supp g €
A. Let ¢ : RM+K _ R be such that |¢| < 1 and |d¢| < 1.
Picki with 1 <i < M and set

W:gi, dx,A:dxl/\-~-/\dxi_1/\dx,'_,_l/\u-/\dxM.

Using Proposition 7.6.5(2), we estimate

UDX,-I// (T.p. x) (@) dLM(x)
= (Tl_[(Dxilﬁ)op]dxlA...AdxM)(¢)‘
= T(¢ [(Dx,-‘/f)op] dxl/\“-/\dxM)‘

= |T10dwop) nax]

=0T (¢ Yo dxi] ~ TI(Y op)de Adxz] |

A

19T II(A) + IT[I(A),

SO
‘/(T, p, x) ¢ div(g) dL"(x)| < M 9T I(A) + [ITI(A)]. o

In fact, we have the following more general result.

Theorem 8.1.9. Ler p : RY+TK = RM « RK — RM pe projection onto the first
factor and fix 0 < L < oo. Iffor £ = 1,2, ..., we have that Ty € Dy (RM+K) is
an integer-multiplicity current with M(Ty) + M(0Ty) < L and if T, — T weakly,
then for LM -almost every x € RM, it holds that (T, p, x) is an integer-multiplicity
current. Furthermore, the function u : RM — Ro(RM*K) defined by

u(x) =(T,p, x)

is MBV, and
Vu(A) <ML

holds for each open set A € RM.

Proof. Since (T;,p,x) — (T,p, x) weakly for LM _almost every x € RM we
see that (7', p, x) is an integer-multiplicity current by the compactness theorem for
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0-dimensional currents. Then, using the same notation as in the proof of Proposi-
tion 8.1.8, we estimate

‘ f Yy, (T, p, x) () dLM (x)
= | (TL (4, 0p) dxi A+ ndxyr) @]
=|T(¢ (I/fxiop)dX1/\~"AdxM)‘

= |T9dw op) ndx]

= | Jim TiLgd(y op) ndxr]
= Jlim | OT0) (¢ (¥ o) dxr] = e [(¥ o) d A dixr]

< lim [ 10Tl(4) + el () |

and the result follows. O

Definition 8.1.10. For a measure  on RM, we define the maximal function for .,
denoted by M,,, by

1 —
M) = sup oy i [ B0 |

(This definition is a variation on the definition given in Section 4.5.)

Lemma 8.1.11. If v is a real-valued BV function and O is a Lebesgue point for f,
then it holds that

1 [v(x) —vO)|
—dL
QurM /];(O,r) x| 0

! 1 M 1
s/o e /Iag(o,m'D”(x)'dﬁ () dL (1) < Mipy(©).

Proof. Fora C! function v : R — R, we have

|
[v(x) —v(0)| = ‘/ d—v(tx)dﬁl(r)
0 dt

1 1
/(Du(zx),x)dcl(z) 5/ |Dv(zx)| |x|dL (7).
0 0
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So
1 ) (0
QurM fIB%(o,r) - )|x| Ol dcM(x)
b
- /B«m /0 G| PVERldL @) LY ()
] 1
- /0 /“33(0,0 QMrMlDU(”‘”dﬁM(X)dCl(r)
o
- /o W/B(Om |Dv(x)|dLM (x)dL (7).
The result follows by smoothing (see [KPk 99, Theorem 3.6.12]). a

Theorem 8.1.12. If v : R® — R is a BV function and y and z are Lebesgue points
for v, then

) = @I = [ Mipy () + M@ [ Iy = 21.

Proof. Suppose that y # z. Let p be the midpoint of the segment connecting y and
zandsetr = |y —z|.
For x € B(p, r/2) we have

Iv(y)—v(z)|<|v(y)—v(x)| [v(x) — v(2)]
ly—zl = ly—z| ly —zl

x =yl <lx—=pl+lp=yl=r/24+r/2=1y -z,

x—zl<lx—=pl+ip—zl<r/24+r/2=|y—zl,

SO
v —v@I _ v —v@)] | &) —v(@)]
ly—z = ly—zl ly —zl
) vl &) —v(@)]
-y —x| lx —z|
As a result,

lv(y) —v@| 1 / v = v@I m

ly—z QM JBp.n Iy —zl

1 _
- M/f lv(y) U(x)|d£M
Qur™ JBp.r2 |y —xl

n 1 Mﬁ Iv(x)—v(z)ldEM
Qur™ JBop.rp  1x—2zl
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o1 ﬁ [O) = V@I
B(y.r)

- QurM ly — x|
1 [v(x) —v@)| .y
I — = dc
QMVM /I;(z,r) [x —z]
< Mpy|(y) + Mpy|(2) . O

Corollary 8.1.13. If u : RM — Ro(R™*K) is an MBV function, then there is a set
E with LY (E) = 0 such that, for y, z € RM \ E, it holds that

do[u(y), u(@)] = [ My, () + My, @ | Iy 2.

Proof. Let¢;,i =1,2,..., be adense setin Do (RM) and let E; be the set of non-
Lebesgue points for u ¢ ¢;. Then we set E = | J72, E; and the result follows from
Theorem 8.1.12. O

The preceding corollary tells us that an MBV function u is Lipschitz on any set
where the maximal function for V,, is bounded. As we saw in Chapter 4, we can use
covering-theorem methods to show that maximal functions are well behaved. We do
s0 again in the next lemma.

Lemma 8.1.14. For each A > 0, it holds that
B
CMx s My (o) > 1) < =2 p®Y),

where By is the constant for RM from the Besicovitch covering theorem.

Proof. Set
L={x: M,(x)>A}.

For each x € L, choose a ball E(x, ry) such that

i MBG )] > 4

Since L € [,/ B(x, ry), we can apply the Besicovitch covering theorem to find
families Fy, F2, ..., Fp, of pairwise disjoint balls B(x, ry), X € L, such that L C
UIB:M1 Uper, B Then we have

By

MLy < M (UfiMl UBGF,.B) <> > 27MQy diam (B)

i=1 BeF;

1 Su B
M M
— B) < — n(R™). O
<3 lz_l BEEFM( ) < 7 w(R™)
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Theorem 8.1.15. Ifu : RM 5 Ro(RM+KY isan MBYV function, then there is a set E
with LM (E) = 0 such that

U sptlut]

xeRM\E

is a countably M-rectifiable subset of RM+K,

Proof. We apply Lemma 8.1.14 to write RY as the union of sets A; on which the
maximal function for V,, is bounded. By Corollary 8.1.13, there is a set E; C A; of
measure zero such that u is Lipschitz on A; \ E;. So we can apply Theorem 8.1.5 to
see that |, . AE; SPt[u(x)]is countably M-rectifiable. O

8.1.4 The Slicing Lemma

Lemma 8.1.16. Suppose that f : U — R is Lipschitz.
If T; converges weakly to T and

sup (M (7) + Mw 0T;) ) < oo
for every W CC U, then, for L'-almost every r, there is a subsequence i j such that

(Ti;, f.r) converges weaklyto (T, f,r) (8.13)

and
sup (M (Ti;, f.7) 1+ My [ 9(T;, f.r)]) < o0

holds for W cC U.
If additionally Wy CC U is such that

Tim (M, (T;) + My 0T)) ) =0,
1—>00
then the subsequence can be chosen so that

Jim (Mg [(T;;, £.r) 14 Mg [8(T,, £,7)1) = 0.

Proof. Passing to a subsequence for which [|7;; || + [|d7;, || converges weakly to a
Radon measure 1, we see that (8.13) holds, except possibly for the at most countably
many 7 for which u{x : f(x) = r} has positive measure.

The remaining conclusions follow by passing to additional subsequences and
using (7.47) and the fact that 9(7;, f, r) =(07T;, f, r). m]
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8.1.5 The Density Lemma
Lemma 8.1.17. Suppose that T € Dy (U). For B(x,r) C U, set
A(x,r) =inf{M(S) : S = [ TLB(x,r)], S€ Dy (U)}.
() IfMw(T) +Mw (0T) < oo holds for every W CC U, then
Alx, 1)

lim ————— = (8.14)
r0 [IT] (B(x, 7))
holds for || T ||-almost every x € U.
@) If
(a) aT =0,
(b) [ TLB(x,7)] is integer-multiplicity for every x € U and almost every
0<r,

(©) Mw(T) +Mw(T) < oo holds for every W CC U,
then there exists § > 0 such that

YT, x) > 8
holds for || T ||-almost every x € U.

Proof.

(1) We argue by contradiction. Since A(x,r) < ||T|| (B(x, r)) is true by definition,
we suppose that there is an € > 0 and £ C U with | T||(E) > 0 such that for each
x € E there exist arbitrarily small » > 0 such that

A, r) < (=€) IT] (B(x,r)).

We may assume that E € W for an open W CC U.
Consider p > 0. Cover ||T|-almost all of E by disjoint balls B; = B(x;, r;),
where x; € E andr; < p. Foreach i, let S; € Dy, (U) satisfy

3S; = [TLBxi, )], M(S) < (1 —e)M[TLB(x;,r)].

T,=T—-Y TLBi+)_Si.
i i

For any w € DM (U) we have

Set

(T =Ty (@) = Y (TLB; = S)(w)
=) [0(8,;x(TLB; - 5)) ()

= Z(&xix«(TLBi = 5))(dw)
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<Y M(8,x(TLBi — ;) - sup|dol|

1

<p ZM(TLBi — 8 - sup |do|

L

<2p Y M(TLB;) sup|dol

L
<2pM(T) - sup|dw]| .

Thus we see that 7, converges weakly to T as p decreases to zero. By the lower
semicontinuity of mass, we have

My (T) < liminf My (T),) .
P10

On the other hand, we have

My (T,) < Mw (T = Y TLB) + Y Mw(S)
=My (T =Y TLB)+ 1= Mw(TLB)

<My (T)—e) My (TLB)

=Mw(T) —€lITI(E),

a contradiction.

(2) Let x be a point at which (8.14) holds. Set f(r) = M(T LB(x, r)). For suffi-
ciently small » we have
fr) <2x(x,r). (8.15)

To be specific, let us suppose that (8.15) holds for 0 < r < R.
For £!-almost every r, we have

M[(TLB(x,r)) 1< f(r).
Applying the isoperimetric inequality, we have
20e, MM < ¢ 1),

where ¢ is a constant depending only on the dimensions M and K. So, by (8.15),
we have
[f)IM=DM < p £/(r) O<r<R),

where c¢; is another constant. Thus we have
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a-m)/M

j—r[f(r)]l/M = (/M) f'(r) [f(r)] > 1/cr.

Since f is a nondecreasing function, we have
/M b4 /M p
> —— dc'ry = | 1jcidcte) = .
o] = [ s ro] M actor = [Ciadcto) = o
We conclude that f(r) > (r/cl)M holds for0 < r < R. O

8.1.6 Completion of the Proof of the Compactness Theorem

Now that we have all the requisite tools at hand, we can complete the proof of the
compactness theorem. Recall that by hypothesis we have a sequence {7} € Dy (U)
of integer-multiplicity currents such that

sup | My (T)) + My (07)) | < o0 forall W cc U
j=1

By applying the Banach—Alaoglu theorem and passing to a subsequence if necessary,
but without changing notation, we may assume that there is a current T € Dy (U)
such that 7; — T weakly in U. Our task is to show that T is an integer-multiplicity
rectifiable current.

By the slicing lemma applied with f(x) = |x —a| (a € U), we see that it suffices
to consider the case in which U = RM+X and all the T; are supported in a fixed
compact set.

By the boundary rectifiability theorem, each 97} is integer-multiplicity. By the
compactness theorem for currents of dimension M — 1, a7 is integer-multiplicity
(since 37 converges weakly to 97'). We know then that o3 (07) and o (07T') are
integer-multiplicity. By subtracting those currents from 7; and 7', we may suppose
that 97; = 0, for all j (and, of course, 3T = 0).

By Lemma 8.1.17, we know that |T|| = HM |6, where 6 is real-valued and
nonnegative. In fact, 6 is bounded below by a positive number, so we see that

A={x eRMK :9(x) >0}

has finite HM measure.
Consider « a multi-index with

l<ai<amp<---<ay<M+K. (8.16)
Let p, : RY+K — RM be the orthogonal projection mapping

M
RM+E 5 x Z(ea; -x)e.
i=1
By Theorem 8.1.9, we see that (T', p,,, x) is an MBV function of x with total variation

measure bounded by M L. By Theorem 8.1.15, we see that there is a set E, € RM
with £M (E,) = 0 such that
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Se= |J sptI(T,pg.x)]
xeRM\E,
is a countably M-rectifiable subset of RM+K Also set
By = AP, (Ea).

We have A € S, | By
Letting I denote the set of all the multi-indices as in (8.16), we see that

Ac[saUB.|csUB,

ael
where
s=JS.. B=()B..
ael ael

By Lemma7.42, TLB=0,s0T =TLS.

We may suppose that A € S. By Theorem 8.1.9 we know that, for each @ € [
and for £M -almost every x € RM, (T, P, x) is integer-valued. So we conclude that
0 is in fact integer-valued.

Finally, Theorem 8.1.6 tells us that 7" is an integer-multiplicity rectifiable
current. O

8.2 The Flat Metric

Here we introduce a new topology given by the so-called flat metric. Our main
result is that, for a sequence of integer-multiplicity currents {T;} C Dy (U) with
sup [ Mw (T;)+Mw (37T}) ] < oo, forall W CC U, this new topology is equivalent
to that given by weak convergence. There is some confusion in the literature because
readers assume that the word “flat” has some geometric connotation of a lack of
curvature. In point of fact the use of this word is an allusion to Hassler Whitney’s
use of the musical notation b to denote the metric.
Let U denote an arbitrary open set in R¥ K Set

Z(U) ={T € Dy (U) : T is integer-multiplicity, My (0T) < oo if W cC U}.
Also set, forany L > Oand W CC U,
Iy wU)={TeZ:sptT C W, M(T)+M(@T) <L}.

When the open set U is clear from context, as it usually is, we will simply write 7
and 7y w for Z(U) and Z; w (U), respectively.
On 7 we define a family of pseudometrics {dw}wccv by

dw(Ti, T5) = inf { My ($) + My (R) : Ty = To = 9R + 5,

R € Dy+1(U), S € Dy (U) are of integer multiplicity ] .
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It is worth explicitly noting that if @ € DY (U) with sptw C W, then

(T = T)(@) | < dw(T1. 7o) -max | sup ()], sup [do()] . (.17
xeW xeW

In what follows we shall assume that 7 is equipped with the topology given by
the family {dw }wccv of pseudometrics. This topology is the flat metric topology for
7. Obviously there is a countable topological base of neighborhoods at each point,
and T; — T in this topology if and only if dw (7}, T) — Oforall W CC U.

Theorem 8.2.1. Let T, {T;} in Dy(U) be integer-multiplicity currents with
supjzl{MW(Tj) +Myw (8T}) } < oo forall W CC U. Then T converges weakly to
T if and only if

dw(T;,T) — 0 foreach W CC U . (8.18)

Remark 8.2.2. The statement of this last theorem in no way invokes the compactness
theorem (Theorem 7.5.2), but we must note that if we combine the result with the
compactness theorem then we can see that, for any family of positive (finite) constants

{c(W)lwccu. the set
(T eZ Mw((T)+Mw@OT) <c(W) forall W cC U}
is sequentially compact when equipped with the flat metric topology.

Proof of the Theorem. First observe that if (8.18) holds, then (8.17) implies that T;
converges weakly to 7.

In proving the converse, that weak convergence implies flat metric convergence,
the main point is demonstrating the appropriate total boundedness property. More
particularly, we shall show that for any given € > 0 and W CC W cC U, we can
find a numbern = n(e, W, VT/, L) and integer-multiplicity currents Py, P>, ..., P, €
Dy (U) such that

n

Trw C(J(SeT:dg(S, P <e): (8.19)
j=1
that is, each element of 7, w is within € of one of the currents Py, P», ..., P,, as

measured by the pseudometric d;. This fact follows immediately from the deforma-
tion theorem. To wit, for any p > 0, Theorem 7.7.2 shows that for T € Z; w we can
find integer-multiplicity currents P, R, S such that

() T —P=09R+S;

@ P= Y praglFl. prei:
Fely

3) spt P C {x :dist(x,sptT) <2+M + K p};
@ MP)= Y Iprlp™ and M(P) < cM(T) < cL;
FeLly(p)
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(5) sptR |J sptS C {x :dist(x,sptT) <2+vM + K p}
and M(R) + M(S) < cpM(T) < cpL.

It follows that for p small enough to ensure 2 /M + K < dist(W, d VT/), the estimates
(1) and (5) imply that
dy(T,P)<cpL.

Since there are only finitely many currents P as in (2), (3), (4), they may be indexed
P1, ..., P,asin (8.19), where the number n depends only on L, W, M, K, and p.

Next we choose an increasing family of sets W; CC U such that the boundaries
of the W; cut the T in a controlled way. Specifically, we notice that by (1) and (2) of
Lemma 7.6.3 and Sard’s theorem (i.e., Corollary 5.1.10), we can find a subsequence
{Tj»} C {T}} and a sequence {W;} with W; cC W;1; CC U and U2 W; = U such
that sup =1 M{[o(T L W;) 1 < ooforalli. Itfollows that we may henceforth assume
without loss of generality that W CC U and

spt T C W forall j.

Now we take any W such that W cc W cC U. We apply (8.19) withe = 27",

r=1,2,..., so that we may extract a subsequence {Tjr};";l from {7} such that
dW(Tjr+l ’ T/r) <27
and so
T, ,—Tj,=0R+5. (8.20)

Here R, S, are integer-multiplicity,
spt R, |Jspt S, Cc W,

and
M(R,) + M(S,) <27".

Thus, by the compactness theorem, Theorem 7.5.2, we can define integer-
multiplicity currents R, §© via series

o0
RO =>"R,
r=~{

and
o0
sO=3"s,,
r=~¢

which converge in the mass topology. It follows then that
M[ROT+M[5T] <27

and, from (8.20),
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4 4
T—T;, =0RY + 5.

Hence we have a subsequence {7, } of {7} such that d (T, Tj,) — 0. Since we
can in this manner extract a subsequence converging relative to dg from any given
subsequence of {7}, we have dy (T, Tj) — 0. Since this process can be repeated
with W = W;, W = W; for all i, the desired result follows. O

8.3 Existence of Currents Minimizing Variational Integrals

8.3.1 Minimizing Mass

One of the problems that motivated the development of the theory of integer-
multiplicity currents is the problem of finding an area-minimizing surface having
a prescribed boundary. The study of area-minimizing surfaces is quite old, dating
back to Euler’s discovery? of the area-minimizing property of the catenoid in the
1740s and to Lagrange’s discovery> of the minimal surface equation in the 1760s.
But despite the many advances since the time of Euler and Lagrange, many interesting
questions and avenues of research remain.

In the context of integer-multiplicity currents, it is appropriate to investigate the
problem of minimizing the mass of the current, as the mass accounts for both the area
of the corresponding surface and the multiplicity attached to the surface. The next
definition applies in very general situations to make precise the notion of a current
being mass-minimizing in comparison with currents having the same boundary.

Definition 8.3.1. Suppose that U € RY is open and T € Dy (R") is an integer-
multiplicity current. For a subset B C U, we say that T is mass-minimizing in
B if

My ([T] < My[S] (8.21)

holds whenever S is an integer-multiplicity current and

W ccU,
aS =0T,
spt[S — T'] is a compact subset of B N W.

Remark 8.3.2. In case B = R, we say simply that T is mass-minimizing. If, addi-
tionally, T has compact support, then Definition 8.3.1 reduces to the requirement that

M[T] < M[S]

hold whenever 0S = oT.

2 Leonhard Euler (1707-1783).
3 Joseph-Louis Lagrange (1736-1813).
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If R is a nontrivial (M — 1)-dimensional current that is the boundary of some
integer-multiplicity current, then it makes sense to ask whether there exists a mass-
minimizing integer-multiplicity current with R as its boundary. The next theorem
tells us that indeed, such a mass-minimizing current does exist.

Theorem 8.3.3. Suppose that 1 < M < N. If R € Dy _1(RN) has compact support
and if there exists an integer-multiplicity current Q € Dy (RN) with R = 9Q, then
there exists a mass-minimizing integer-multiplicity current T with 0T = R.

Proof. Let {T;}{°, be a sequence of integer-multiplicity currents with 97; = R, for
i=1,2,..., and with

lim M[T;] =inf{M[S] : 0S = R, S is integer-multiplicity } .
1—> 00

Setm = dist(spt R, 0) andlet f : RN — E(O, m) be the nearest-point retraction.
Because the boundary operator and the pushforward operator commute, we have

A(f4#T) = f#OT;) = f4yR =R
fori =1,2,.... Noting that Lip (f) = 1, we conclude that
M[ f&T;] < M[T;]

holds, fori = 1, 2, .... Thus, by replacing 7; with f47; if need be, we may suppose
that spt 7; € B(0, m) holds fori = 1,2, ....

Now consider the sequence of integer-multiplicity currents {S;}7°, defined by
setting S; = T; — Q, foreachi = 1,2,.... Noting that dS; = 0 for each i, we
see that the sequence {S;}7°, satisfies the conditions of the compactness theorem
(Theorem 7.5.2). We conclude that there exist a subsequence {S;, },fil of {S; l‘.’il and
an integer-multiplicity current S* such that S;, — S* as k — oco. We conclude also
that 05* = 0.

Setting T = S* + Q,weseethat7;, = S;, + Q — S*+ Q =T ask — oo and
that 37 = 9(S* + Q) = 3S* + 3dQ = 90 = R. By the lower semicontinuity of the
mass, we have

M[T] = inf{ M[S] : 0S5 = R, S isinteger-multiplicity }. O

8.3.2 Other Integrands and Integrals

Minimizing the mass of a current is only one of many possible variational problems
that can be considered in the space of integer-multiplicity currents. To introduce more
general problems, we first define an appropriate class of integrands.

Definition 8.3.4. Let U C R" be open and suppose that 1 < M < N.

(1) By an M -dimensional parametric integrand on U we mean a continuous function
F:U x A\, RY — R satisfying the homogeneity condition
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F(x,ro)=r F(x,w), for r >0, x €U, we€ /\MRN.
The integrand is positive if
Fx,w) >0

holds whenever @ # 0. We will limit our attention to positive integrands (see
Remark 8.3.5).

(2) If F is an M-dimensional parametric integrand on U and 7' = t(V, 6, &) is an
M -dimensional integer-multiplicity current supported in U, then the integral of
F over T, denoted by [, F, is defined by setting

/TF=/VF(x,9(x>s(x>)dHM(x>=/UF<x,?(x>)d||T||(x>.

(3) We say that the parametric integrand F is a constant-coefficient integrand if
F(x1,w) = F(x2, w) holds for x;,xp € U and w € /\M RN If F is a constant-
coefficient integrand, then it is no loss of generality to assume that U = R,

(4) Given any xo € U, we define the constant-coefficient parametric integrand Fy,
by setting

Fy,(x, ®) = F(x9,w), for x e RV, we/\MRN.

Remark 8.3.5. The limitation to considering a positive integrand is convenient when
one seeks a current that minimizes the integral of the integrand, because one knows
immediately that zero is a lower bound for the possible values of the integral.

Example 8.3.6.

(1) The M-dimensional area integrand is the constant-coefficient parametric inte-
grand A given by

Ax,w) = |w|, for x € U, a)e/\MRN.
We see that
/A:M[T].
T

(2) Let F be an (N — 1)-dimensional parametric integrand on RY. If W is a bounded
open subset of RY and T is the (N — 1)-dimensional integer-multiplicity current
associated with the graph of a function g : W — R, then

/ F= / F [(x, g(x)), e + ZfV:jID,-g(x)e,A] dchN .
T w
Comparing with [Mor 66, p. 2] for instance, we see that integrating the parametric

integrand F over a surface defined by the graph of a function g gives the same
result as evaluating the classical nonparametric functional

/ Flx. g(x). Dg)1dLY " (x)
w

over the region W, where the integrand F is given by
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Flxozpl= F[ .2 eV + 25 prer ] (8.22)

forx e RN=! z e R,and p = (p1, p2, ..., pn—1) € RN L.
A similar comparison can be made in higher codimensions, but the notation
becomes increasingly unwieldy. O

The notion of minimizing a parametric integrand is defined analogously to Defi-
nition 8.3.1, but with the appropriate modification of (8.21); more precisely, we have
the following definition.

Definition 8.3.7. Let F : U x A ;,; RY — R be an M-dimensional parametric in-
tegrand on U. Suppose that T € Dy (RV) is an integer-multiplicity current. For a
subset B € U, we say that T is F-minimizing in B if

/ F§/ F (8.23)
TLw sLw

holds whenever S is an integer-multiplicity current and

W ccU,
S =0T,
spt[S — T] is a compact subset of B N W.

The existence of mass-minimizing currents was guaranteed by Theorem 8.3.3.
The proof of that theorem, as given above, is an instance of the “direct method” in
the calculus of variations. In the direct method, a minimizing sequence is chosen
(always possible as long as the infimum of the values of the functional is finite), a
convergent subsequence is extracted (a compactness theorem is needed—in our case
Theorem 7.5.2), and a lower-semicontinuity result is applied (lower semicontinuity
is immediate for the mass functional). Thus the question naturally arises whether the
integral of a parametric integrand is lower semicontinuous.

Definition 8.3.8. Let F : U x A RY — R be an M-dimensional positive para-
metric integrand on U. We say that F is semielliptic if for each xo € U, the
integer-multiplicity current associated with any oriented M -dimensional plane is Fy,-
minimizing.

Remark 8.3.9. What Definition 8.3.8 tells us is that F' is semielliptic if and only if
for every xo € U, the conditions

(D vy, vg,...,vy € RN are linearly independent,

(2) V is a bounded, relatively open subset of span {vy, va, ..., vy},
(3)%’=U1/\U2A-~-AUM/|U1/\U2A-~-AUM|,
@DHT=12V,18),

(5) R is a compactly supported integer-multiplicity current,

(6) OR =0T ,
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/ Fy, < f Fy,. (8.24)
T R

The hypothesis of semiellipticity for the integrand F is sufficient to guarantee
the lower semicontinuity of the integral of F' as a functional on integer-multiplicity
currents. We state the result here without proof.

Theorem 8.3.10. Suppose that 1 < M < N. Let F : U x \ ;RY — R be an
M -dimensional positive parametric integrand on U. If F is semielliptic, then the
functional T +— fT F is lower semicontinuous. That is, if K C U is compact,
T; — T in the flat metric, and sptT; C K fori = 1,2, ..., then it holds that

/Ffliminf/ F.
T I—00 T;

The heuristic of the proof is that, for || 7' ||-almost every xo, T can be approximated
by an M-dimensional plane and F can be approximated by F,. The details can be
found in [Fed 69, 5.1.5].

imply that

Corollary 8.3.11. Suppose that 1 < M < N. Let F : U x /\ 4 RN — R be an M-
dimensional semielliptic positive parametric integrand. Let K be a compact subset of
U. IfR € Dy —1(RN) and if there exists an integer-multiplicity current Q € Dy (RN)
with R = 0 Q and with spt Q C K, then there exists an integer-multiplicity current
T with 0T = R and with sptT C K that is F-minimizing in K.

Proof. Proceeding as in the proof of Theorem 8.3.3, we let {7;}7, be a sequence of
integer-multiplicity currents with 07; = R and with spt7; € K, fori = 1,2,...,
chosen so that

lim F

i—00 T;
= inf { / F :05S=R, sptSCK, Sis integer-multiplicity} .
S

By the compactness theorem, we can extract a convergent subsequence, and then the
result follows from Theorem 8.3.10. O

As regards being convenient for guaranteeing lower semicontinuity, the condition
of semiellipticity is hardly satisfactory, since it may be difficult to verify that currents
associated with M-dimensional planes are F),-minimizing. A more practical condi-
tion is that each Fy; be convex.

Definition 8.3.12. Let F : U x A ,;RY — R be an M-dimensional parametric
integrand on U. We say that F is convex if for each xg € U, F), is a convex function
on A ,, RV, that is, if

F (%0, 2o1 + (1 = @2) = 4 F(xo, 1) + (1= 2) F(xo, 02)

holds for wy, wp € A\, RY and 0 < 1 < 1.
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Theorem 8.3.13. If the M -dimensional parametric integrand F is convex, then it is
semielliptic.

Proof. Let F be convex and fix xo € U. Suppose that the conditions of Re-
mark 8.3.9(1)—(6) hold.
First we claim that

/TduTu =/_R\d||R||. (8.25)

Both sides of (8.25) are elements of /\ ,, RN If (8.25) were false, then we could find

w € /\M RY such that
<a), / Td||T||—f Rd||R||>7é0-

Butchoosing W € Dys41 (RV)suchthatdW = T—R, as we may because (T —R) =
0, and thinking of w as a differential form having a constant value (so that dw = 0
holds), we see that

0= Wldo] = (OW)[w] =/<w, T)d|T]| —f(w, R)d|R|

=<w, /?d||T||—/?d||R||>,

Now by the homogeneity of Fy, the fact that T is constant, equation (8.25), and
using Jensen’s inequality,* we obtain

/TFX() =/F(xo,?) d|T| =F<xo, ?) ITIEN]
= F <xo, T ||T||[RN]> =F (xo, [ ?dnTn)
- F(xo,fﬁann) < /F(xo, ?) d|IR| =/ F,. O
R

Finally, we illustrate the subtle difference between the notion of a convex paramet-
ric integrand and the notion of convexity of integrands in the nonparametric setting.

a contradiction.

Example 8.3.14. The 2-dimensional parametric area integrand on R* is convex, but
the integrand that gives the 2-dimensional area of the graph of a function g over a
region in R? is not a convex function of Dg. In fact, if g = (g1, g2) is a function of
(x1, x2), then the area of the graph of g is found by integrating

4 Johan Ludwig William Valdemar Jensen (1859-1925).
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2
2
F(p1,1, P12, P21, P22) = |1+ E piz’j + (P11 P22 — P12 p21) . (8.26)
ij=1

where we set
R
" 3)6./ '

We see that the function in (8.26) is not convex by comparing

T.T,0,0 0,0, —T, T
F Hf( ) _ 11212 (8.27)

F(ATAT =T AT) = J1+ T2+ 414, (8.28)

and noting that, for large |T'|, the value in (8.28) is larger than the value in (8.27). O

with

8.4 Density Estimates for Minimizing Currents

One gains information about a current that minimizes a variational integral by using
comparison surfaces. A comparison surface can be any surface having the same
boundary as the minimizer. To be useful, a comparison surface should be one that
you construct in such a way that the variational integral on the comparison surface
can be estimated. Since the variational integral for the minimizer must be less than
or equal to the integral for the comparison surface, some information can thereby be
gleaned from the estimate for the variational integral on the comparison surface. The
next lemma illustrates this idea.

Lemma 8.4.1. If T € Dy (RY) is a mass-minimizing, integer-multiplicity current,
pesptT,and B(p,r) NsptdT = 0, where O < r, then

M[TLB(p.r)] < % M[(TLB(p, r)]. (8.29)

Proof. The comparison surface C that we use is the cone over d(T L B(p, r)) with
vertex p; see Figure 8.1. That is, we set

C =38,%3(TLB(p,r))

using the cone construction in (7.25) with O replaced by p and M replaced by M — 1.
Then by (7.26) we have
aC = (T LB(p,r)) (8.30)

and by (7.27) we have

M[C] < % M[ (T LB(p,r)]. (8.31)



8.4 Density Estimates for Minimizing Currents 251

Fig. 8.1. The conical comparison surface.

By (8.30), we see that
a(T +C—TLB(p, r)) =T,
80, because 7' is mass-minimizing, we have
M[T] <M[T +C —TLB(p,r)]
and we conclude that
MITLB(p.r)] < MIC] < - M[&(T LE(p.r)]

holds. O

The upper bound (8.29) for the mass of a mass-minimizer inside a ball is interest-
ing, but the reader may have noticed the absence of a bound for the quantity on the
right-hand side of (8.29). The next lemma, which follows readily from Lemma 7.6.3,
provides that missing bound.

Lemma 8.4.2. If T € Dy(RN) is an integer-multiplicity current, p € sptT, and
B(p, R) NsptdT = ), where 0 < R, then for L' -almost every0 < r < R, it
holds that

d
M[(TLB(p,r)] < p M[TLB(p,r)]. (8.32)
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The remarkable fact is that by combining Lemma 8.4.1 and Lemma 8.4.2, we can
obtain the lower bound on the density of a mass-minimizing current given in the next
theorem.

Theorem 8.4.3. If T € Dy (RY) is a mass-minimizing integer-multiplicity current,
p esptT,and B(p, R) NsptdT = @, where O < R, then

Qur™ <M[TLB(p.r] (8.33)
holds, for 0 <r < R.
Proof. Define ¢ : (0, R) — R by setting

¢(r) =M[TLB(p,r)].

Then ¢ is a nondecreasing function and (8.29) and (8.32) tell us that
$(r) < — ¢'(r)
- M

holds, for £'-almost every 0 < r < R.
Now choose 0 < rg < r < R. Since

r
long —logréw =/

ro

M r '
Mac ) < / (togo6) (o) ' (o)
P

ro
= (1ogo¢) () ~ (logog) o),

we conclude that
M[TLB(p,ro)] - M[TLB(p,r)]

(8.34)
M rM
Fixing 0 < r < R and letting ro | 0 in (8.34), we see that
(Tl p) Qur™ <MITLB(p.r)] (8.35)

holds. Replacing p in (8.35) by a nearby g € spt T for which 1 < Oy (|| T|, ¢q) is
true, we obtain

Qur—Ip—q)™ <MI[TLB(p,r —|p—qD]. (8.36)
Finally, letting ¢ — p in (8.36), we obtain (8.33). O

The inequality (8.34) expresses the monotonicity of the density of an M-
dimensional area-minimizing surface. In fact, the monotonicity property holds very
generally for surfaces that are extremal with respect to the area integrand (see for
instance [All 72, 5.1(1)]). Allard has also shown in [All 74] that the methods used
to prove monotonicity for surfaces that are extremal for the area integrand will not
extend to more general integrands.

The preceding paragraph notwithstanding, a lower bound on density does hold
for surfaces that minimize more general variational integrals. In the general case, the
comparison surface used is not the cone, but rather the surface whose existence is
guaranteed by the isoperimetric inequality.
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Lemma 8.4.4. Fix0 < A < 1. Let F be an M-dimensional parametric integrand on
RN satisfying the bounds

Mol < F(x,w) <27 o, (8.37)

forx e RN and w € Ay (RM).
IfT € Dy (RN) is an F-minimizing integer-multiplicity current, p € spt T, and
B(p,r)NsptdT = @, where O < r, then

M/(M~1)

MITLB(p. 1)1 =27 Cuny (MLO(TLE(p. 1)) (8.38)

Here Cyy y is the constant in the isoperimetric inequality for (M — 1)-dimensional
boundaries and M-dimensional surfaces in RN .

Proof. By the isoperimetric inequality, there is an integer-multiplicity current Q with
90 =3d(TLB(p,r)and

M/(M~1)
MIQ] = Cyw (MID(TLB(p, 1) .

Using (8.37), we obtain

MITLB(p.r)] <A"! / F
7L B(p.r)

§A_I/F
0

M/(M—1)
< 272MIQ] = 272 Cyw (MIO(TLE(p. 1)1 ) .

By combining Lemma 8.4.2 and Lemma 8.4.4, we obtain the next theorem.

Theorem 8.4.5. Fix 0 < A < 1. Let F be an M-dimensional parametric integrand
on RN satisfying the bounds

Mol < F(x,0) <27,
forx e RN and w € )\ ,; RM).
IfT € Dy (RY) is an F-minimizing integer-multiplicity current, p € spt T, and
B(p, R) NsptdT = ¥, where 0 < R, then
MM M0 Um0 M < MIT L B(p. 1) ] (8.39)
holds, for0 <r < R.
Proof. As in the proof of Theorem 8.4.3, we define ¢ : (0, R) — R by setting

¢(r) =M[TLB(p,r)].
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Then ¢ is a nondecreasing function and (8.38) and (8.32) tell us that

M/(M—1)

¢(r) <22 Cun [¢' ()]
or, equivalently,

M)/

_ 1— a- /M
2= /M CI(VI,NM)/M < [¢(r)] ]

M d
¢ =M [

holds, for £!-almost every 0 < r < R.
Now fix 0 < r < R. Since we have

,
—1,2(M-1)/M ~A=M)/M —1,2(M=-1)/M ~(0—M)/M
MMM oY r_/o MMM e T ap

< /0 M j—p [0 ap

]1/M

)

= o)

(8.39) follows.

Theorem 8.4.5 applies to an integer-multiplicity current that minimizes an elliptic
integrand. The theorem gives us a lower bound on the mass of the minimizing
current 7 in any ball that is centered in the support of 7" and that does not intersect
the support of 7. Remarkable as Theorem 8.4.5 is, Theorem 8.4.3, which applies
to mass-minimizing currents, gives an even larger, and in fact optimal, lower bound

for the mass in a ball.
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Regularity of Mass-Minimizing Currents

In the last chapter we proved the existence of solutions to certain variational problems
in the context of integer-multiplicity rectifiable currents. In this chapter, we address
the question of whether such solutions are in fact smooth surfaces. Such a question
is quite natural: Indeed, Hilbert’s 19th problem asked [Hil 02], “Are the solutions of
regular problems in the calculus of variations always necessarily analytic?”’

While Hilbert proposed his famous problems in 1900, the earliest precursors
of currents as a tool for solving variational problems are the generalized curves of
Laurence Chisholm Young (1905-2000) [You 37]. So of course, Hilbert could not
have been been referring to variational problems in the context of integer-multiplicity
currents.

Sets of finite perimeter are essentially equivalent to codimension-one integer-
multiplicity rectifiable currents. It was Ennio de Giorgi (1928-1996) [DGi 61a],
[DGi 61b] who first proved the existence and almost-everywhere regularity of
area-minimizing sets of finite perimeter. Subsequently, Ernst Robert Reifenberg
(1928-1964) [Rei 64a], [Rei 64b] proved the almost-everywhere regularity of area-
minimizing surfaces in higher codimensions.

Later work of W. Fleming [Fle 62], E. De Giorgi [DGi 65], Frederick Justin
Almgren, Jr. (1933-1997) [Alm 66], J. Simons [Sis 68], E. Bombieri, E. De Giorgi,
and E. Giusti [BDG 69], and H. Federer [Fed 70], led to the definitive result that states
that, in RV, an (N — 1)-dimensional mass-minimizing integer-multiplicity current is
a smooth, embedded manifold in its interior, except for a singular set of Hausdorff
dimension at most N — 8.

The extension of the regularity theory to general elliptic integrands was made by
Almgren [Alm 68]. His result is that an integer-multiplicity current that minimizes the
integral of an elliptic integrand is regular on an open dense set. Later work of Almgren,
R. Schoen, and L. Simon [SSA 77] gave a stronger result in codimension one.

In our exposition, we will limit the scope of what we prove in favor of including
more detail. Specifically, we will limit our attention to the area integrand and to
codimension-one surfaces. An advantage of this approach is that we can include a
complete derivation of the needed a priori estimates. Our exposition is based on the
direct argument of R. Schoen and L. Simon [SS 82].

G.S. Krantz, R.H. Parks (eds.), Geometric Integration Theory, doi: 10.1007/978-0-8176-4679-0_9, 255
© Birkhduser Boston, a part of Springer Science + Business Media, LLC 2008
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9.1 Preliminaries

Notation 9.1.1.

(1) We let M be a positive integer, M > 2.

(2) We identify R™*! with RM x R and let p be the projection onto R and q be
the projection onto R.

(3) We let BM (y, p) denote the open ball in RY of radius p, centered at y. The
closed ball of radius p, centered at y, will be denoted by EM (v, p).

(4) The cylinder BM (v, p) x R will be denoted by C(y, p) and its closure by a(y, 0).

(5) Recall that e, e>, ..., ey41 is the standard basis for RM+1 and dxy, dx,
...,dxp 1 is the dual basis in /\1 RMA+T,

(6) As basis elements for A ,, RM+1 we will use

e7,e5,...,¢€ 9.1

M1

where
e =€ Ney N - AN€_1 N€yp1 N Nepyy].

Since the M-dimensional subspace associated with e T will play a special role
in what follows, we will also use the notation

eM=eﬁ+\1=e1 ANeyN---Ney.
(7) We will identify A™ RM+! and the dual space of /\ ;, RM*! using the standard
isomorphism. Thus we will write (¢, 1) and ¢ (1) interchangeably when 1 €

/\MRMH and ¢ € /\M RM+1 ~ [/\MRMH]/-

(8) We set
dx = dxl/\dxz/\~-~/\dx,'_1/\dx,~+1A-~-AdxM+1 9.2)
fori =1,2,..., M + 1. We will also use the notation
dx™ = dxy =dxi Adxa A- - Adxy 9.3)
Definition 9.1.2.

(1) According to the definition given in Example 8.3.6(1), the M-dimensional area
integrand on RM*! is a function on R¥*+! x A ,, RM*! but a function that is
in fact independent of the first component of the argument. For simplicity of
notation, we will consider the M-dimensional area integrand to be a function
only on A\ ,, RM*1 5o that

AN\ RMTT SR

is given by
A(§) = |§]
for& € N\, RM*L



9.1 Preliminaries 257

(2) The M-dimensional area functional A is defined by setting

AS) = / A (?m) 41181 ()

whenever § is an M-dimensional current representable by integration. We also
have A(S) = M(S) = || S| (RM+1y Of course, the area integrand is called that
because, when S is the current associated with a classical M -dimensional surface,
then A (S) equals the area of that surface.

Next we will calculate the first and second derivatives of the area integrand and
note some important identities.
Using the basis (9.1), we find that if £ = Ztﬂil &er, then

A®) =[S+ -+ 8 9.4)
so the derivative of the area integrand, D A, is represented by the 0-by-(M + 1) matrix
DA® = (&1/181. /181, su+1/I81). ©.5)
That is,
(DA(E), n) = (§-n)/IE] (9.6)
holds for &, n € A\ M RM+L or equivalently, we have
M+1
DAE) = &7" ) &dxr. ©.7)
i=1
In particular, we have
DA(ep) =dx7. 9.8)

We see that the second derivative of the area integrand, DA, is represented by
the Hessian matrix

10...0
01...0
D*A@) =g1"" | ... .
00...1
g &a&E .. &Eun
LS| && E2 ... ExEma
—~ 1§ : o 9.9)

Evriél Empisr . Epy

Equivalently, for the partial derivatives 3*A/d&;&; = D, g; A, we have
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De g, AE) = 1617 (5181 — & €)). 9.10)

where §; ; is the Kronecker delta.!
Using (9.10), we can compute the Hilbert—Schmidt norm of DA as follows:

M+1

ID?AE) = ) (D, AG)T

i,j=1

M+1

a0 Y [es; - g

ij=1

M+1
=160 Y [lel s - 216685 8 + 27

i j=1

= 167 [+ D jgl* - 2181 + 11

=ME| 2.
So we have
|ID?A| = VM/|E|. 9.11)
We note that
1
5|E—n|2=A(n)—<DA(E), n), for|§| =n|=1. 9.12)

Equation (9.12) follows because
1 21 2 2
Ste—nl? =3 (1612 =26 -n+1nl?)
=1-&-9
= Inl— & -n/l§l

= A(n) — (DA(). n),

where the last equality follows from (9.6).
Equation (9.12) will play an important role in the regularity theory, but it is the
inequality
1
515= > < A) — (DA), n), for |&] = |y =1, 9.13)

1 Leopold Kronecker (1823—1891).
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that is essential. Any inequality of the form (9.13) (but with % possibly replaced
by another positive constant) is called a Weierstrass condition. Ellipticity of an
integrand is equivalent to the integrand satisfying a Weierstrass condition (see [Fed 75,
Section 3]).

Definition 9.1.3. We say that the M-dimensional integer-multiplicity current T is
mass-minimizing if

A(T) = A(S) 9.14)

holds whenever S € Dy (RM+1) is integer-multiplicity with 95 = 97

When a current is projected into a plane, the mass of the projection is less than
or equal to the mass of the original current. The difference between the two masses
is the “excess” (see Figure 9.1). The fundamental quantity used in the regularity
theory is the “cylindrical excess,”” which is the excess of the part of a current in a
cylinder, normalized to account for the radius of the cylinder. We give the precise
definition next.

Fig. 9.1. The excess.

Definition 9.1.4. For an integer-multiplicity 7 € Dy (RM*1), y € RM, and p > 0,
the cylindrical excess E(T, y, p) is defined by

1 N
E(T,y,p) = Qp*’” /C( )|T —eMPary, (9.15)
y.p
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where we recall that N
T=|T|ANT.

The next lemma shows the connection between equation (9.15), which defines the
excess, and the more heuristic description of the excess given before the definition.

Lemma 9.1.5. Suppose that T € Dy (RMHYY is integer-multiplicity, y € R™, tis a
positive integer, and p > 0. If

px(TLC(y, p)) = LEM B (y, p)

and spt 3T € RM+1\ C(y, p), then it holds that

E(T,y,0) = 0~ (ITICO. 0) — IP4T B (v, )))

(9.16)
= p M ITI(C(y, p)) — £ 2m p™).
Proof. Since | T | = [eM| = 1, we have
T —eMP2 = | T2 +eM? -2 (? -eM>
—2-2 (? - eM) .
So we have
1/ T —eMPd|T| =f - <?~eM) d|T|
2 Jew.p C(r.p)
— ITI(CG. ) — T IBY (v, p))
= ITI(C(y, p)) — £Qp p™ . O

We now give two corollaries of the lemma. The first is an immediate consequence
of the proof of Lemma 9.1.5 and the second shows us the effect of an isometry on the
excess.

Corollary 9.1.6. Suppose that T € Dy (RM+1) is integer-multiplicity, y € RM, € is
a positive integer, and p > 0. If

px(TLC(y, p)) = LEM B (y, p)

and spt 3T < RM*1\ C(y, p), then for any LM -measurable B € BM (y, p), it
holds that

] N
IT|(B x R) < 5/ T —eM>d|T| +¢LM(B). 9.17)

BxR
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Proof. The corollary is an immediate consequence of the proof of the lemma. O
Corollary 9.1.7. Suppose that T € Dy (RM+1) is integer-multiplicity, p > 0,
p4(TLCO, p)) = tEMLBY (0, p),

and spt 3T < RM+1\ C(0, p).
If1 <A <oo,j: RMHL 5 RMHL s an isometry, 0 < p' < p, and

PUTLCO, ) S j(spt TLCO, p) ),
then

E(jT. 0, p') <2 (p/p " E(T, 0, p)

A )
+ (/P -l = Tguer IPM - E(T, 0, p)

20— 1)
+%-(p/p’>”nj—lwﬂ 2
Proof. Using
Aaad (T) = = [ Aard (T) = A () [ +] A (&) — & |
and
(|a|+|ﬂ|)2=m2+%ﬁ2—(M|a|—|ﬂ|/m)2
<hel T
we obtain

EGT, 0. ') = 5 ()7 / [ (T 7) e[ i

IA

Lt s
* 2()» )( o7 /(o,p)‘/\Mj (eM) et ‘zd”T”
=2 /c«),p) T e[ air)

+ ﬁ(ﬁ/)_M /C(O,p) ‘ Aui <EM> —eM ‘zd“TH
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A N 2
< (™ T —eM| a|T|
2
C(0,p)

A =My s M
_— —I T|C(, p),
+ o 1)(,0) i — Igaes 17 ITICCO, p)

and the result follows from Lemma 9.1.5. O

Notation 9.1.8. Certain hypotheses will occur frequently in what follows, so we col-
lect them here (with labels) for easy reference:

(H1) sptdT < RM*1\ C(y, p),

(H2) ps[TLC(y, p)] =EMLBM(y, p),

(H3) Qur™ < ||T|{X € RM*! : |X — Y| < r} holds whenever Y € spt T and
(X eRM*HL X — Y| <r}NsptdT =9,

(H4) E(T,y,p) <e,

(HS5) T is mass-minimizing.

Here p and € are positive and y € RY.

Note that the constancy theorem, i.e., Proposition 7.3.1, implies that if spt 7 C
RM+1 \ C(y, p), then, because dpyT = pydT, we have

p+(TLC(y, p) = tEMLBY (y, p), (9.18)

where £ is an integer. So in (H2) we are making the simplifying assumption that
{=1.

Note that (HS) allows us to apply Theorem 8.4.3 to obtain (H3), so (H3) is, in
fact, a consequence of (HS).

9.2 The Height Bound and Lipschitz Approximation

We begin this section with the height bound lemma. The proof we give is simplified
by using hypothesis (H3). While the height bound lemma remains true for currents
minimizing the integral of an integrand other than area, the proof is more difficult
because the lower bound on mass that they satisfy (see Theorem 8.4.5) is weaker than
that in (H3).

Lemma 9.2.1 (Heightbound). Foreacho withO < o < 1, thereareey = eg(M, o)
and ¢y = c¢1(M, o) such that the hypotheses (H1-H4), with € = €q in (H4), imply

sup {1a(X1) = q(X2)| : X1, Xz € spt T NC(y, o) }

< ap(ETy. )™
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Proof. By using a translation and homothety if need be, we may assume that y = 0
and p = 1. We write

E = E(T,0,1).
Set
ro=3(1-o0) (9.19)
and
c0=2"YQua-o0)". (9.20)

First we consider points whose projections onto BM (0, 1) are separated by a
distance less than 2 . So suppose that X, X, € spt T N C(0, o) are such that

Ypaxn—pox)| <.
We set
rzﬁ\p(xl)—mxz)}, h=%!q<X1>—q(X2>-
Then we have
X1 = Xa| =2V 402

We set

s=min{vrZ+h—r,rp}.

Then we have
B(X1,r+5)\B(X2,r+s)=0

and
B(X1,r+s)JB(X2, r+5) CCO,1).

Setting
=L pX)+pX2),

so that
|p(X1) —x*[=[p(X2) —x*| =7,

we see (Figure 9.2) that

6%

Fig. 9.2. The projections of the balls.
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BY (x*,5) € p B(X1. 7 +5))(\p BX2, 7 +5))
and thus that
LM p B 7+ ) P B2 +9) | = Qs
By (H3) we have
ITIBX1,r+9)+ ITIB(X2, 7 +5) > 2Qu (r + )Y
= L p B, 7+ |+ £ p BG40 |
Thus we have

Ez ITI[ By r+9) UBXar+59) |
— M p B, 7+ ) Up B, +5) |
> M p @1+ |+ £ p B, +5) |
— LM pBX1, 7 +9) Up B(X2r +5)) |

= LY pBOX1.r +5) P Bt +5) | = Qs

We now consider two possibilities.

Case 1. s = ry,

Case2. s =Vr2+h2 —r <ry.

In Case 1, by the definition of rg, i.e., (9.19), the definition of €y, i.e., (9.20), and
(H4), we have

E>Qus"=Qurl!=2""Qy(1 - =¢ > E,

a contradiction. Thus we may assume that Case 2 holds.
In Case 2, we note that

h <Vr?+h?
< (Wri+h?=r)+ro
<2rp.

Then it follows that
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E > QysM

= Qu (Vr2+h2—nM

o <(r2+h2)—r2)M
=Qy | —F/—/——
N2+ hr4r

M

h2
1/rg +4r§ +rg

> Qu2MA —o)y™MpM

> Quy

where we obtain the last inequality by using the definition of ry, i.e., (9.19), and, for
simplicity, we have replaced +/5 + 1 by the larger number 4.

We have shown that any two points in spt 7 N C(0, o) whose projections onto
BM (0, 1) are separated by a distance less than 2 ro will have their projections by q
separated by less than

7172 Q;/OM) (1— 0)1/2 gl/em)

But any two points x; and x; in B¥ (0, o) are separated by a distance less than 2 o,
so if the two points are separated by more than 2ry = (1 — o), then we can form a
sequence of points z; = x1, 22, ..., 2y = Xz such that |z;41 — z;| < (1 — o) = 2ryp.
We can take L to be the smallest integer exceeding 20 /(1 — o). Thus we have

20 _l—i—o 2

L<1 = .
- +1—o 1—c7<1—0

Hence we may set
(M, o) = L-212Q,/*M (1 — )12
< 23/2 Q;/[l/(zM) a- O,)—l/z ) O

Lemma 9.2.2 (Lipschitz approximation). Let y with 0 < y < 1 be given. There
exist constants c;, c3, and c4 such that the following holds:

If the hypotheses (H1-H4) are satisfied with ¢ = €y(M,2/3) in (H4), where
€o(M,2/3) isasin Lemma9.2.1, then there is a Lipschitz function g : BM (y, p/4) —
R satisfying the following conditions:

1
sup {12) — gl : 2 € B, p/) | <eap (ET.y. )™ 022)
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L[ BY (. 0/ \ {2 € BY (. p/4) i 0T @ Nspt T = (2,820} | |

< oMy y M ET, y, p), (9.23)

IT — TE|C(y, p/4) < pM esy M E(T, y, p), (9.24)
where

7¢ = Gy (EMLBY (v, p/4) ). (9.25)

with G : BM(y, p/4) — C(y, p/4) defined by

Gx)=(x,g(x)), forx eBY(y,p/4).

Proof. Fix the choice of 0 < y < 1 and specify a value of ¢ for which the conclusion
of Lemma 9.2.1 holds with o chosen to equal 2/3. That s, if the hypotheses (H1-H4)
hold with € = ¢ and with z and § in place of y and p, respectively, then

sup {a (X1) = (X)| 1 X1, X2 € sptT N C(z,28/3) |

1

= as(ET.29)™. (9.26)
Consider n with
O0<n<eg. (9.27)

Set

A= {z e BM(y, p/4) : E(T,z,8) <nforall§ with0 < § < 3p/4} (928

and set
B=B"(0,p0/4\A.

For each b € B there exists §(b) with 0 < §(b) < 3p/4 such that the excess
E(T, b, (b)) is greater than 7, that is,
1

—f T —eMP2d|T|| = 8™ - E(T.b,5(b)) > n - 5(b)M . (9.29)
2 Jew,sby)

Applying the Besicovitch covering theorem (i.e., Theorem 4.2.12) to the family
of closed balls —u
B={B"®.50) : ben].

we obtain the subfamilies By, Bs, .. ., Bx of B such that each I5; consists of pairwise
disjoint balls and

K
B<| B,
i=1
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where —u
B; = U B (b, 8(b)).
B b.5(b))eBi

Here K is a number that depends only on the dimension M. Using (9.29), we see
that, foreachi =1, 2, ..., K, we have

e ay=n Y au[iw]”

BY b.5(b))eBB;s

<Qu ), S ET,b,5b)
B (b.6(b))eBi

1 N
—QM/ T — eMPa|T]
2 Bi

IA

1 N
—QM/ T —eMPRd|T) .
2 Cyp)

We conclude that

K
nMB) <Y LM (U Bi)

i=1
K N

< —szM/ T —eMPd|T|
2 C(y.p)

=cspM E(T,y, p). (9.30)
If x1,x2 € IB%M(O, p/4) N A, and if X1, X, are points with
X;esptT Np ' (xp), i =1,2,

then
lx; — x2| < p/2,

so we can apply (9.26) with z = x| and with 6 chosen to satisfy
3lx; —x2]/2 <8 <3p/4. 9.31)
Letting 6 in (9.31) decrease to 3 |x; — x2|/2, we conclude that
9 (X1) —q(X2)] < e/ |x) —xa, (9.32)

where we set
ce = max{3/2, (3/2)ci, & ' }. (9.33)
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Thus we may choose

2M 2M 1

n=y MM < oM <! < g,

so that cg n'/@M) = y holds, and consequently we have

lq(X1) —q(X2)| <y lx1 — x3]

for any points
xi,x2 € BY(0, p/49 N A,

where

X e sptTﬂpfl(xl) and X; € sptTﬂpfl(xz).

(9.34)

(9.35)

In particular, (9.35) shows that, for any x € A N BM (0, p/4), there is exactly one
Xep ) () spt T. Thus, we can define g* : A (B (0, p/4) — R by requiring

{ (x, g*(x)) } =p ') (spt7T, whenever x € A ﬂIBM(O, p/4).

Inequality (9.35) tells us that Lip (¢g*) < y holds on AﬂIB%M(y, p/4), so by
Kirszbraun’s extension theorem (see [KPk 99, Theorem 5.2.2]) ¢* extends to g** :

BM(y, p/4) — R with the same Lipschitz constant.
By Lemma 9.2.1, if we set

g:min{oz, max{ B, g**}},

where

a=g(y)—c EVM(T y p)p, B=g®) +c EVCM(T, y p)p,

then
{ (x, g(x)) } —p ') spt T whenever x € A(BM (0, p/4)
and
sup {1g(x) — g+ BY (v, p/4) | < et V(T y, p) p
will both hold.

Using (9.17), (9.30), and (9.34), we see that

ITI] @Y, p/4)\ A) x R ]

1
=BG+ s [
BM (y,p/H\A) xR

1 N
< £M[B] + 5/ T — eMPd|T|
C(y.p)

< les+ 1) pME(T, y, p)
= (csc2My™M 1 1) pM E(T, y, p)

<(escM + 1)y M pM E(T, y, p).

| T —eM2d|T|
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So we conclude that (9.23) holds with ¢z = ¢5 c6 + 1.
Finally, we have

I7 = TEICGy, p/4) < ITI[ BY (v, p/4)\ 4) x R]
+ TN BY (v, p/4)\ 4) < R |
< ITI[B" (v p/4)\ 4) x R |+ LY(B]
<2+ 1)y M pM E(T, y. p)

so we see that (9.24) holds with ¢4 = 2 (c5 c2M + 1).

9.3 Currents Defined by Integrating over Graphs
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Currents obtained by integration over the graph of a function are particularly nice and
are helpful to our intuitive understanding of the concepts being developed here. We
will show how the cylindrical excess of such a current relates to a familiar quantity

from analysis, namely the Dirichlet integral (see Corollary 9.3.7).

Notation 9.3.1. Let f : B¥ (0, 0) — R be Lipschitz.

(1) We use the notation F for the function from B (0, o) to RM*+! given by F(x) =

(x, f(x)).

(2) We use the notation G r for the M-dimensional current that is defined by inte-

gration over the graph of f, that is,

Gr = FEMLBY(0,0)).
Writing

JE() = (A (DF(x)), "),
we have
Grivl= [ (W £, T ) dLM )

BM(0,0)

for any differential M-form ¢ defined on C(0, o).

Lemma 9.3.2. If f : B¥(0, 0) — R is Lipschitz, then we have

G r(F() = (1+|DfP)/2 (e +ZaTeA>,

= 2.-1/2 v e[ Of
DA(G p) = (1+|Df») dx +Z<37) dxr) |
i=1 !

(9.36)

9.37)

(9.38)
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DA(G r) — DA(M) =

2.-1/2 ( M J <3f> ) M
(14 |DfP) dx™ + 3" (== ) dxp ) —dx™. (9.39)
i=1

axl‘

Proof. By definition, we have

M " af
(Aw (DF@), €)=\ (e + -—ewr ) -
i=1 !
So "
Jp=e"4)" g_f er. (9.40)
Xi

We obtain (9.37) from (9.40) by dividing by the norm of Jr. Equation (9.38)
follows from (9.37) and (9.7). Equation (9.39) follows from (9.38) and (9.8). O

For the record, we note that the coefficient of dx™ in (9.39) is
(L+[DfIHV2 1.
Lemma 9.3.3. Define a map from RM to RM+1 py
x=(xp,x2,...,xp)— X =(1+ I)clz)_l/2 (I, x1,x2, ..., xpm) .

If A and B are the images of a and b under this map then

(1) |A—B|<la—bl;
(2) for each 0 < ¢ < oo, it holds that
lal, |b| < ¢ implies |a — b| < (1 +c*)*|A — B|.

Proof. The mapping x — X is the composition of two mappings: the distance-
preserving map

x = (x1, x2, ..., x0) > (1, x2, .00, )
followed by the radial projection onto the unit sphere

y = ()’1, Y2, ~--7)’k+1) [ |)’|71 ()’17 Y2, ~--7)’k+1)~

Part (1) follows from the fact that the radial projection does not increase the distance
between points that are outside of the open unit ball.
To prove (2), we note that

T4a-bl <1+ la»> A+ bH"?

holds, with equality if and only if a = b. Thus
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0<@+1aP2A+ P2+ +a-b)
always holds, so we may compute

(IL+1a»H"2 1+ 1p»HV? A - B)?

=2[ A+ 1P 2 A+ P2~ (1 +a b ]

—2[ (4124 D 24 tan]
{a+iaPya+pP - a+a-p?]

- z[(l +laH'P A+ B2+ A +a .b)]fl

L1a = b2+ 1P P - @ 5)? ]

~1
> 2[(1 a2 A+ V241 +a- b)] la — b2,

The estimate in (2) now follows readily.

Proposition 9.3.4. We have

IE\F(F(X)) — G r(FO))| < IDf(x) — DF (Y]

and, provided |Df (x)|, |Df (y)| < ¢, we have

IDf(x) = DFO)| < (1 + A% |G r(F&x) — G r(F(y)| .

Proof. This result follows immediately from Lemma 9.3.3 and (9.37).

We leave the easy proof of the next lemma to the reader.

Lemma 9.3.5. Fort € R we have
0<1—(+H"2<min{ie?, 1]}

If additionally |t| < C < oo holds, then we have

2
t
— < 1—(14+)7V2,
2(0+C? ~ o
Proposition 9.3.6. It holds that

2

[1+Lip (/)12 IDfP < |G r—eM

< min [ IDfP. 21011}

271

(9.41)

(9.42)

(9.43)

(9.44)

(9.45)
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Proof. By (9.37) we have

M
Gr—e" =+ |DfH)'? [(1 —(A+IDfP e+ ﬂeT} :
io 0%
SO
G r e =1+ DA [ 1 =200+ IDF D2 + (1 + |DfP) + DS ]
= (1+1Df D720 +1DsD) =201 + 1D )2 |

_2 [ 1—(1+ |Df|2)_1/2] .
The upper bound follows from (9.43), while the lower bound follows from (9.44). O

Corollary 9.3.7. It holds that

271 [+ Lip ()] 2 oM /BM(O IDrRaLY < E(Gr.0.0

<27 lg™M f IDfIZdcM .
BM(0,0)

Proof. The corollary is an immediate consequence of Proposition 9.3.6 and the defi-
nition of the cylindrical excess, i.e., Definition 9.1.4. O

Proposition 9.3.8. We have

‘DA(@F)—DA(eM) §min{|Df|2, 2|Df|}. (9.46)

Proof. By (9.39), we have
DA(G ) — DAEM)
M af
= (1+|DfIH~ 12 [(1 — (1 4+ IDFH2axM + ; (5) dXT] ,

so we can proceed as in the proof of Proposition 9.3.6 and apply (9.43). O

9.4 Estimates for Harmonic Functions

The heuristic behind the regularity theory for area-minimizing surfaces is that, at
a point where an area-minimizing surface is horizontal, the closer you look at the
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surface, the more it looks like the graph of a harmonic function. This is made plausible
by the fact that an area-minimizing graph is given by a function u that minimizes the

integral of the area integrand
y 1+ [Dul?,

while a harmonic function ¥ minimizes the integral of
1
—|Dul?.
2

Since the area integrand /1 + | Du|? has the expansion
1,5 (12 %
I+ 31Dul +k§<k |Dul*,

we see that, at a point where the graph is horizontal, minimizing %|Du|2 must be
nearly the same as minimizing /1 + |Du|2.

To turn the heuristic discussion above into a useful estimate, we will need to in-
vestigate the boundary regularity of solutions for the Dirichlet problem? for Laplace’s
equation’ on the unit ball. To obtain a sharp result we must use the Lipschitz spaces
that we introduce next.

Notation 9.4.1. Let B denote the open unit ball in R¥ and let ¥ denote the unit
sphere.

(1) For g : ¥ — R, we say that g is differentiable at x € ¥ if G defined by
G(@) =g@/lz)  (#0)

is differentiable at x. This definition exploits the special structure of X, but it
is easily seen to be equivalent to the usual definition of differentiability for a
function defined on a surface (for example, see [Hir 76, pp. 15ff.]).

(2) If g : ¥ — Risdifferentiable at x € ¥ and if v a unit vector, then the directional
derivative of g at x in the direction v is defined by

a—g(x) ={(DG(x), v). (9.47)
av

We will also use (9.47) as the definition of dg/dv when v is not a unit vector.

(3) For § with 1 < é < 2, we say that g : ¥ — R is Lipschitz of order §, written
g € As(X), if g is differentiable at every point of X, g—ﬁ(x) is a continuous
function of x for each unit vector v, and there exists C < oo such that for each
unit vector v,

d 0 _
—ag @) — B xo)| < Clay — xo*!
v v

holds for xg, x; € X.

2 Johann Peter Gustav Lejeune Dirichlet (1805-1859).
3 Pierre-Simon Laplace (1749-1827).
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(4) If g : ¥ — Ris Lipschitz of order 6 on X (1 < § < 2), then we set

d
28 ()

=5
llgllas up | =

xex

lvl=1

+ osup v —xol' —( - —(xo) . (948)
X)X €X, xFX]
lv|=1
The number ||g]|a; defines a seminorm on As(X). Had we wished to define a
norm, we could have done so by including the term sup .5, |g(x)| as an additional
summand on the right-hand side of (9.48).

We have defined the Lipschitz spaces As(X) for § in the limited range 1 < § < 2
because those are the only spaces we will need in this section. For a comprehensive
study of Lipschitz spaces, the reader should see [Kra 83].

Lemma 9.4.2. For § with 1 < § < 2 there exists a constant ¢; = ¢7(8) with the
following property:

If g € As(2) and ifu € CO(B) () C*(B) satisfies

Au=0on B,
(9.49)
u=gon %,

then the Hilbert—Schmidt norm of the Hessian matrix of u (i.e., the square root of
the sum of the squares of the entries in the matrix) is bounded by

[ Hess [u()]] = ¢7 - lglla, - 0% 2. 9.50)

Here, of course, A denotes the Laplacian Z,Ai 1 9%/ Bxiz.

Proof. Our proof will be based on the fact that the function « solving (9.49) is given
by the Poisson integral formula.* Recall (see [CH 62, pp. 264ff.], [Kra 99, p. 186],
or [Kra 05, p. 143]) that the Poisson kernel for the unit ball in R is given by

r(M/2) 1—|x?

Px.y) =57 P—; 9.51)
_(M/2) o(x) (2 —0x))
T o2gM2 T x — M ©-52)
where
o(x) =1—|x|

4 Siméon Denis Poisson (1781-1840).
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is the distance from x € B to X. The solution to the Dirichlet problem (9.49) is
given by

u@)=:L1%LyndwdHM_RW- (9.53)

Interior estimate. Observe that if x € B stays at least a fixed positive distance away
from X, then each |0 P/dx;| (and all higher derivatives of P as well) will be bounded
above. Thus we can obtain estimates for the derivatives of u by differentiating the
right-hand side of (9.53) under the integral and estimating the resulting integral. Thus
we have (9.50) for x € BM(0, 1/2).

Notation. For v € RM a unit vector, 3f/dv will denote the directional derivative of
the function f in the direction v. Here f may be real-valued or vector-valued.

Of particular interest are the directional derivatives of the Poisson kernel P (x, y).
Since P depends on the two arguments x € RM and y € RM, we will augment our
notation for directional derivatives to indicate the variable with respect to which the
differentiation is to be performed. The notation d P /9, v will mean that the directional
derivative of P(x, y) in the direction v is to be computed by differentiating with
respect to x while treating y as a parameter. We have

P P
— = Z Vi — . (9.54)

On the other hand, when we wish to differentiate P(x, y) as a function of y while
treating x as a parameter, we will write 0 P /0,v . We have

M
oP P
— =) v —. 9.55)
dyv ; "y

Equations (9.54) and (9.55) remain meaningful when v is not a unit vector, and later
we will have occasion to apply (9.55) in such a circumstance.

Estimates for derivatives of P. Fix a point x € B \ {0}. Let y be a point on X.
Using (9.51), we compute the derivatives of P (x, y) as follows: Let v be a unit vector.

Since
0x
— =
v
(that is, the directional derivative, in the direction v, of the map x — x is v itself),
we have

_FWﬂ)< 2x v Mﬂ—MW@—WW)

BP(
L (- _
o T 2 T\ Ty [ — y |2

Similarly, we find that

P r(M/2) M(1—|x]*>)(x—y)-v (x—y) v
9ov = : =M P .
ayv(x,)’) 2 T M/2 Ix — yM+2 X — (x,y)
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If we consider v = 7, where 7 is a unit vector tangent at x to the sphere of radius
|x| centered at the origin, then we have x - T = 0. We conclude that

ap TM/2) —M(1—-xP)(x—y-z x—y-t
Ik y) = : =—-M-—="_ P(x,
b = g0 I — Y TR
(9.56)
and that
P IP
— @y =—-=K,y). 9.57)
O T oyt

(Note that the vector t is the same vector on both sides of (9.57). The subscript y in
the notation gv—i (x, y) on the right-hand side of (9.57) merely tells us to differentiate
with respect to y while treating x as a constant; the subscript in no way implies that
T is tangent to ¥ at y.) From (9.56), we also obtain the estimate

apP

S| = Mx - TP, y). (9.58)

Similarly, if 7 is also a unit vector tangent at x to the sphere of radius |x| centered
at the origin, we have

a%p 32 P
—=(x, y) = - =
0xT OxT 0yT OxT

(x, ). (9.59)

For the vector v, which here need not be a unit vector, we find that

2P v-T
9 = M P 9
8yvaﬂ(x ¥) TG x, y)
_ M + M?) [(x—y)~t][()i—y)-v] P(x.y).
|x — ¥
and we obtain the estimate

2

.| = BM + M) o] |x — y| 2 P(x, ). (9.60)
Oyv 0y T

Suppose x € B\ {0} and let v = x/|x| be the outward unit normal vector at x to
the sphere of radius |x| centered at the origin. We compute

(x,y)

Y T oogM2

P _F(M/2)< 2x-v M(1—|x|2)(x—y)-v>
S —yM x — y|M+2

We obtain the estimate

* y)' _ /2 1— |x? <ZIX~VI I(X—y)-VI)

oP
=2 =y (= 1xP =P

OxV




9.4 Estimates for Harmonic Functions 277

r(M/2) 1—|xf ( 2 x| y |x—y|>
T 2aM2 x —yIM \o(x) 2 - 0(x)) lx — yI?

P(x,y) Qo) "+ M|x—yI™h

IA

<P@,y)-(M+2)-00)7", (9.61)
where we have used the fact that o(x) < |x — y| (which holds because y € ), thus
implying

<o (9.62)
lx — vl

In the remainder of the proof, we will use the identity (9.59) for tangential deriva-
tives and the estimates for the derivatives of P to obtain estimates for the second
derivatives of .

Estimates for tangential second derivatives of u. Fix a point x € B \ {0}. Let ¢
and 7T be unit vectors tangent at x to the sphere of radius |x| centered at the origin.
Since Hess [ u(x) ] is unaffected by adding a constant to g, we may suppose for
convenience that
8 (x) =0, (9.63)

where ¢ (x) = x/|x| is the radial projection of x into X. It also will be convenient to
use “C” to denote a generic constant, the specific value of which may vary from line
to line.

We compute

92u
At 0T

9P
_ / S8 dHM”(y)‘
x 0xT 0xT

9’ P
=/ () g0 dH 1(y>'
> y xT

oP 0
- / =) SEman )
5 OxT 0yt

a aP
- / o (—A<x,y>g<y>> dHM*(y)‘
x 0yT \0xT
P a d
< ‘ / =) [—g@)——g(g(x))} dHM”(y)‘
x O0xT 0yT dyT

‘/ T ( —(x, y)g(y)) dHM~ 1(y)‘
> O0yT x

=I1+1I.

Here we have also used the fact that
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(9.64)

278
P
[ =t anlo) =0,
b3) 8x‘L'
Equation (9.64) holds because
/ P(x,y)dHM '(y) =1 (9.65)
b
implies
oP _
— @, »dH" ().

_ 9 M-l _
0= e Px,y)dH"  (y) =
T Jx by) ax‘L'

(9.66)

Set
si={yeziy-cwizew],

S={ver: y—twl>ow} (9.67)

(see Figure 9.3).

.- -
e - \
4 ~
. .
I' *
, - R
’ . ,’ A
/ . . \
, , , \
. b / \
' X! X X ' ((X
: . §(x) A 3 4(x)
] hd 4 hd
' ' \ '
\ \
\ . S1 . B
X . W
\ .~ N
| -
. .
. .
. .
Ny . Y]

Fig. 9.3. The regions S| and S in X.

Using (9.58), we can estimate that / is bounded by

Px,y) lglas Iy — P aHM(y)

/ 1
M
s lx =yl
1
=M / P(x,y) liglas Iy — £ P dHM ()
s v =l
1
+M / P, y) llglas Iy — )P~ aHM (y)
§y lx =yl

=L+1.
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We estimate /7 by using (9.62), (9.65), the nonnegativity of P, and the fact that
on S, it holds that

ly = 2P < 0(x)*!

because § — 1 > 0. We have

= ligllas ~Q<x>‘1fs P(x,y) |y = @) aHM ™ ()
1
< llgllas ~Q(x)‘1/; P(x.y) o)~ dHM ()
= |lglla; -Q(x)S_Z/S P(x, y)dH" 1 (y)
1

< llglla, ~Q<x)“f2 P(x, ) dHM 1 (y) = llgla, - 0(x)° 2.

To estimate I, we first note that
[y —=¢)| <y —x[+6(x) —x[ =y — x| +olx) <2y — x|, (9.68)

which implies that

<2ly—¢[".
lx =yl

Also we note that on S», it holds that
ly =) < o)’?

because § — 2 < 0. We estimate

I < 2igllas ,/S P, )|y — ¢ 2aHM 1 (y)
2
= 2liglas /S P(x,y) 0(x)* 2 dH" 1 (y)
2

— 2 lglla, - 0(0)P2 fs Pr, ) dHM L (y)
2

< 2|gllay ~Q<x)‘”f2 P(x, y) dHM 7 (y) = 2|glla, - 0(x)° 2.

To obtain an estimate for /1, suppose without loss of generality that ¢ (x) = e;
and T = e;. Setting

T=Tu) =0+ 2 (—ye +yie),
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foreach y = (y1, y2, ..., ym) € X, with (y1, y2) # (0, 0), and applying the funda-
mental theorem of calculus, we see that

0 P
/ 7 (a ", y)g(y)) dHM 1 (y) = 0

more specifically, we parametrize the sphere by

(rcos@,rsin@,y’,j: 1 —r2— |y’|2> ,

where 0 <7 < 1,0 <0 <27,y € RM73, with 0 < |y'| < +/1 — r2, and integrate
first with respect to 6.
Setting v = v(y) = v — T (y) and using (9.63), we have

d d
Il = /;J(ay—r—ﬁ)< A(x Y)g(y)) dHM™ l(y)‘
0
= /3_( T = y)g(y)> dHM~ I(Y)‘

A<x Mgl —g¢(x)1dHM~ 1<y>‘

IA

+

oP g _
f I o) 28y anM 1y
s 0xT dyv
=1L+11,

where we have used the assumption that g(¢(x)) = 0.

Consider y = (y1,¥y2,...,ym) € % and write (y1, y2) = (rcosé, rsin0),
where 0 < r < 1. It is easy to check that 1 — cosf < 2(1 — rcos#) holds for
0 < r < 1. The law of cosines tells us that |t — T (y)| = +/2(1 — cos ) and that
[(y1, y2) — (1, 0)| = V/2(1 — r cos 0), so we have

(9.68)
T =T < V2ly—¢)| < 2vV2|y —x|. (9.69)

Observe that |g(y) — g(¢£(x))]| is bounded by || g|| o, multiplied by the distance
from y to ¢ (x) measured along the sphere. Thus we have

18(y) =8N = C-llglas - [y =) =2C - llgllas - [y — xI.

Using (9.60) and (9.69), we may estimate

I <c/ - L PGy - ligha - Iy — xldHM=1 ()

=C-liglias -
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Next, observe that

< lvl-ligllas

‘ —(y)

s0, by (9.58) and (9.69), we see that
—1 M—1
112§C/E|X—y| P(x,y)-lIgllas -1t = TIdH™ ™ (y)

=C-llgla; -

Thus we have 5

9t 0T

for x € B\ {0} and unit vectors 7,7 witht - x =7 - x = 0.

C - ligllay -0(x)° 2, (9.70)

Mixed normal and tangential second derivatives. Fix a point x € B \ {0}, let t
be a unit vector tangent at x to the sphere of radius |x| centered at the origin, and let
v = x/|x| be the outward unit normal vector at x to the sphere of radius |x|.

We have

9%u 9Zp
— , d M—1
e /Eavar(x e dH” " (y)

_/ap
_gaxv

0 0
=f PRGIEY [8%) CACLL SN c)(x>] dHM ' (y).  (9.71)
) T 0yt

We can proceed as before, with S7 and S> defined as in (9.66) and (9.67), to estimate

suguA/
’ ) 8x
- ||g||M/
S
+ ||g||A5/
$

=I1I11+1V.

9%u

dv ot

§—1 dHM—l(y)

P
PR y)’ Iy — ¢~ aHM (y)

oP
PR y)‘ ly — ¢) P aHM 1 (y)

We use (9.61) to estimate
117 < ligllas - (M +2) - 0(x)° 2.

Estimating 7V is more complicated. We use the estimate (9.61) to see that
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aP 1

ax—v(x,y) =M+2)-0(x)" - P(x,y)
B -1 TWM/2) o(x) 2 —o))
=MD e T ey
- F(M/2) 2-oW)
_M4TM/2) ]
— TM/2 |x _ ylM :

Then, using the estimate |y — x|~ < 2]y — ¢(x)|”!, we obtain
IV <C- gl fs ly =@M anM ().
2

To estimate this last integral, we suppose without loss of generality that {(x) =
(1,0,...,0). We write

D1, Y2 eesym) =,y m) with Yy = y1, ¥ = (2. y30 -, yu—1)s 1= Ym .
so that ¥ can be parametrized by
n= :I:(l _ y/z _ |y//|2)l/2

with
dHM—l(y) — (1 _ y/2 o |y//|2)—1/2 dEM_l(y/, y//) )
We have |y — ¢(x)| = (2 —2y)'/2, s0

1—o(x)?/2 (2 — 2y/)6=1-M)/2
y) M=2, 1 /
IV < Cliglla / / AL 20" dL )
8 1 Iy |= /l—y’2 (1 _ y/2 _ |y//|2)1/2

We note that the integral

y/2 _ |y//|2)—1/2 dEM_Z(yN)

1 -
/y//lz /17),/2

equals the (M — 2)-dimensional area of the upper hemisphere of radius /1 — y’2 in
RM=1_ Thus we have

1—o(x)?/2
1V = C ||glla, f (2 —2y)CT =M (1 — y Y M=DIZ g £y
—1

1—o(x)?/2 NI
< Cliglas f (1 =y 2ary’
—1

< Cliglla, 2MT=D2/5 — 1),
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and we conclude that

‘ 9%u

1
<C- : . =2 9.72
03| = 7 llgllas - o(x) (9.72)

1)

The second normal derivative. Fix a point x € B \ {0} and let v = x/|x| be the
outward unit normal vector to the sphere of radius |x| centered at the origin.

If 71, 12, ..., Ty—1 are pairwise orthogonal unit vectors, all tangent at x to the
sphere of radius |x|, then

| QJ
N

M—
Z
so that
2

73| = C - llgllas o)’ 9.73)

Summary. For x € B\ {0}, we can make an orthogonal change of basis such that
x/|x| coincides with one of the standard basis vectors. Then (9.70), (9.72), and (9.73)
give us the required bound for the Hilbert—Schmidt norm of the Hessian matrix for u
at x. O

Lemma 9.4.3. Fix0 < 8§ < land 1 < 6 < 2. There is a constant cg = cg(8) such
that if
¢:BY0,6) > R

is smooth and u € C°(B) N C%(B) satisfies
Au=0 on B,
u=g on %,
then

(1) sup{ Ix —z| 7% |Du(x) — Du(z)| : x,z € B, x # 2 } + SL;p|DM|

<cg- (sup{ |x —Z|_8 |[Dg(x) — Dg(2)| : x,z € BM(0,6), x * z}

+ sup [Dgl).
BM(0,4)
5 12
2)  sup ‘Hess[u(x)]‘fcs </’Hess[u(x)]‘dLM> ,
BM(0,1/2) B

2
G3) sup  |Du(x) — Du(0)? < cg 72 f ‘Hess[u(x)] ’ acH
xeBM(0,7) B
foreach0 <7 < 1/2.
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Proof.
(1) Since
sup | Dul < sup | Dg|
B )

holds by the maximum principle, it suffices to estimate

sup{ |x —z|_8 |[Du(x) — Du(z)| : x,z € B, x #z2 ]

We do so by comparing
|Du(x1) — Du(xo)|

to h%, where X0, X1 € Bandh = |x; —x¢|. We need only consider # small, and again
by the maximum principle, we need to consider only x( near X.

Setd = 1+ 8. We will apply Lemma 9.4.2 with § replaced by 8. By that lemma,
we have

[ Hess [u()]| = ¢+ liglla; - 0002

for x € B, where o(x) = 1 — |x|. Note that
lglla; < sup{1x =217 |Dg(x) = Dg(@)| : x, 2 € BY(0,6), x # 2|

+ sup |Dg|
BM(0,6)

holds. In what follows, C will denote a generic positive, finite constant incorporating
the value of ¢7.

We need to estimate | Du(x1) — Du(xg)|. The proximity of the boundary ¥ makes
it difficult to obtain the needed estimate. Rather than proceeding directly, we replace
each point x; by a point X; that is at distance h farther away from X (see Figure 9.4).
Remarkably, it is then feasible to estimate the individual terms | Du(xp) — Du(xo)],
|Du(x1) — Du(x1)l, and | Du(xp) — Du(x1)|.

$oc--e

Fig. 9.4. Moving the points away from the boundary.

Let x; be such that
¢(x7) = ¢(xp),
IXi| = |xi| — I

then we have



9.4 Estimates for Harmonic Functions 285

|Du(x1) — Du(xo)| < |Du(x1) — D(x1)|
+ [Du(x1) — Du(%o)|
+ [Du(xo) — Du(xo)|
=14+11+111.

Set v = xp/|xo|. We have

h
1115/
0

h
5] ‘Hess[u(xo—tv)]‘dﬁl(t)
0

3(Du)

Vv

(xo — 1v)| dL' (1)

h .
§C||g||/\(§/0 o(xo —1)°2dL (1)

h )
< Cllgla; /0 loGo) + 12 dL) (1)

= Clgla; (leGo) +hP~" = ox0)™")

<ch'=chn,

if 0(x0) is small. (Note that §—1> 0.)
Likewise, we estimate

5—1
I<Cliglah*".
To estimate 1/, we note that

h
11 5/ h‘Hess[u(ﬁ)+E)]‘dﬁl(Z), (9.74)
0

where X0 + & is a point on the segment between X\ and x7. The right-hand side of
(9.74) is bounded above by

h N h
c ||g||Agh/0 0 + 6 2dL (1) = C gl h/o W2ac o)
< Cliglia; 1.
(2) Fixi,j e {1,2,...,M}and x € BM(0,1/2). For 0 < r < 1/2, by the mean
value property of harmonic functions, we have

92u _ 92u _
P x)=C-r! M/ (x+y)dHM (y).
Xi 9x; (vilyl=r) 9% 3%,
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But then
52 12 52
“_w|=c / r“M/ L) dH T () dL )
dx; 9 1/4 (vilyl=r) 0%Xi Ox;
8%u
<c / @ dL ()
BM (x,1/2) 0Xi 0X;
, 2 12
<C / 0w 1" gpm
B 3xi axj'

holds and the result follows.

(3)Fixi € {1,2,...,M}and x € BM(0,1/2)\ {0}. Set v = x/|x| and
0
Yt = a—”(w)
X

for —1 < ¢ < 1. Thus ¥/ (¢) is the directional derivative of du/dx; in the direction v
at the point ¢v. It follows that [/ (¢)| is bounded by the operator norm of the Hessian

matrix for u at rv. Hence |v/(¢)| is bounded by a multiple of ‘ Hess [u(tv)] .

Using the fundamental theorem of calculus, we estimate

2

W' (1) dL (1)

ou ou 2 Il
- - 0 —_
lOR ‘

< el sup [ W00 <1 < i

2
< x> sup |Hess[u(y)]]| ,
yeBM(0,1/2)
so we see that conclusion (3) follows from conclusion (2). m]

9.5 The Main Estimate

The next lemma is the main tool in the regularity theory. The lemma tells us that
once the cylindrical excess (see Definition 9.1.4) of an area-minimizing surface is
small enough, then the excess on a smaller cylinder can be made even smaller by
appropriately rotating the surface.

Lemma 9.5.1. There exist constants

0<60<1/8, 0<e<(0/4)M, 9.75)
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depending only on M, with the following property:
If0 e spt T, if Ty = TLC(0, p/2), and if the hypotheses (H1-H5) (see page 262)
hold with

then

sup |q(X)[ < p/8 (9.76)
XesptTy

holds and there exists a linear isometry j : RYT1 — RM+1 iz

6M E(T, 0, p) < 1/64, (9.77)
Ij — Tgwa |2 < 07M E(T, 0, p), (9.78)
E(j3To. 0, 0p) <O E(T. 0, p). (9.79)

Here Igu+ is the identity map on RM+1,

Proof. Since we may change scale if need be, it will be sufficient to prove the lemma
with p = 1. We ultimately will choose

€y < €0, (9.80)

where €¢ is as in Lemmas 9.2.1 and 9.2.2 (in particular, Lemma 9.2.1 is invoked with
o = 2/3), so we will assume that 0 € spt 7 and that the hypotheses (H1-HS5) hold
with y = 0, p = 1, and with € = ¢(, where ¢ is as in Lemma 9.2.1.

We set

s_ L
T oom?’

E=E(T, 0,1).

Lipschitz approximations. We can apply Lemma 9.2.2 to obtain a Lipschitz function
whose graph approximates spt 7'. In fact, there are two such approximating functions
that will be of interest:

+ Welet gs : BM(0, 1/4) — R be a Lipschitz function as in Lemma 9.2.2 corre-
sponding to the choice
y = E?9.

« Weleth : BM(0,1/4) — R be a Lipschitz function as in Lemma 9.2.2 corre-
sponding to the choice y = 1.

Smoothing gs. Letp € C*°(RM) be amollifier as in Definition 5.5.1 with N replaced
by M. As usual, for 0 < v,

e set

vv(z) = M

p(v~12);
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* let f x ¢, denote convolution of f with ¢,,.

Let 0 < ¢9 < oo satisfy
sup [¢] < co,
sup [Dg| < ¢,

sup [x — 2|7 [ De(x) — Dp(2)| < c9.
X#z
Defining
85 = 8 * ¢E ,
we obtain the following standard estimates:

sup |DZsl < sup |Dgs| < E® < E°,
BM(0,1/8) BM(0,1/4)

sup |8 —gsl <E sup |Dgs| < E'P,
BM(0,1/8) BM(0,1/4)

sup{ |x — z| 72 |DZs(x) — DEs(2)| : x,z € BM(0,1/8), x #z}

< sup |Dgsl-suplx —z| P |p(E" x) — p(E7!

BM(0,1/4) x#z

< E25~E“S-sip|x—l|_5 |fp(x) — ¢ (2)]
XFZ

< ¢9 ES.
The graph of g5. We next define
§=Gy(EMLB(0,1/8)),
where G : BM(0,1/8) — C(0, 1/8) is defined by
G0 = (x, 8s(x)) -
Choosing o. Foreach0 < o < 1/8 we let

T, = TLC(0, o), S, =SLC,o0).

9.81)

9.82)

(9.83)

2)|

(9.84)

(9.85)

We wish to show that there is a finite positive constant ¢ such that there are infinitely
many choices of 1/16 < o < 1/8 for which the following inequalities all hold:

HM—l{x c aBM(0,0) : gs(x) # h(x) } < ¢ EVAMS
||3T(r||(RM+1) S ClO,

HBTU”{X CP(X) - X[ > E1+8} < C10E1—4M8’

(9.86)

(9.87)

(9.88)
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where P is the “vertical retraction” of C(0, 1/8) onto the graph of g5. That is, for
X € C(0, 1/8) we have
P(X) = (p(X), 8@ X)) .
Notice that P4T, = S, by (9.18) and the definition of .
e First, by (9.23) and by Theorem 5.2.1, i.e., the coarea formula, we have
1/8

M- { x € aBM(0,0): g5(x) £ h(x) ] ALl (o)
1/16

= (B (v, 1)\ {2 € BY (v, 1/4) 1 @ Nspt T = (G, h) | )

+ L (BY 0, 14\ {2 e BY (. 1/4) :p ' @ Mspt T = {(x, g5} | )

<314+ E®E<2¢E'™,

e Because 9T has its support outside the cylinder of radius 1, we can identify 97,
with the slice (T, r, 0+), where r is the distance from the axis of the cylinder. We
conclude that

1/8
/ 10T, |(RM Ty acl (o) < / d|IT|
1/16 C(0,1/8)

holds.

e Third, by (9.83), if X = (x, gs(x)) coincides with the point p “1(x) (spt T, then
X and P(X) are separated by a distance not exceeding E'*%. So we use (9.24) to
estimate

1/8
/ 18T, 1{ X : |P(X) - X| > E'™ }dL' (o)
1/16

1/8
=/ KT, r,oH) L X : [P(X)—X| > E'"™ ydc (o)
1/16

1/8 _
= / IKT — S, r, 0 +)IC(y, 1/4)d L (o)
1/16

<|IT = SIC(y,1/4) < cs ET¥° E,

where we note that, in the notation of Lemma 9.2.2, S corresponds to 788,

The homotopy between T; and §a. LetH : [0,1]xC(0,1/8) — RM+1 pe defined
by H(t,x) =tP(X) + (1 —t)X. By the homotopy formula (7.22), we have

AV =T, — 98, , (9.89)
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where
V = Hu([0,1] x 0T,) .

By (7.23) and Lemma 9.2.2 applied with y = E?® (in particular, using (9.21) and
(9.23)), and by (9.83), (9.86), and (9.88), we have

|V [(RMFT
szf|P<X)—X|d||Tn||

< 2( sup  |P(X) — X|) : ||8Tg||{X X — P(X)| > E }
XesptdT,

Fep BN

< ¢y EVF1/CM-AMS gl

<cnE', (9.90)
where we have made use of the fact that § = (9M?2)~!.

The approximating harmonic function. The aim is to show that with 1/16 < o <
1/8 chosen such that (9.86), (9.87), and (9.88) hold, T L C(0, o) can be very closely
approximated by the graph of a harmonic function.

Let 1/16 < o < 1/8 be such that (9.86), (9.87), and (9.88) (and consequently

(9.90)) hold. Let u : EM (0, o) — R be continuous and satisfy

Au =0 on BM(0, 0),
(9.91)
u =35 ondBM(0,0),

where g is as in (9.81), s0 (9.82) and (9.84) will hold.
Recall that (9.82) and (9.84) are the estimates

sup  |Dgs| < E?
BM(0,1/8)

and
sup{ |x — z|"® |DZs5(x) — DZs(z)| : x,z € BM(0,1/8), x # 2} < co E°.

By applying Lemma 9.4.3 with 6 = 1/(80), g(x) = gs(x/0), and ) = n/o, we see
that there exist constants c3 and cy4 such that if u is as in (9.91), then the following
estimates hold:

sup{ |x — zl_‘s |[Du(x) — Du(z)| : x,z € BM(0,0), x # 7}

+ sup |Du| <ecp3E?, 9.92)
BM(0,0)
sup  |Du(x) — Du(0)|*> < cian? / |Dul>dCM (9.93)
xeBM (0,n) BY(0,0)
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foreach0 < n < o/2.

The comparison surface and the first use of the minimality of 7. Define G :
BM(0,0) — C(0, 0) by setting G (x) = (x, u(x)) and set

S =GEMLBM0,0)).

We have 05 = ng, where we recall that gg = §LC(0, o) and that S is defined
in (9.85). Consequently, we have

I(V+S—-T,)=0, (9.94)
by (9.89). This last equation tells us that
a(V+S)=0T,,

so we can use V + § as a comparison surface for the area-minimizing surface 7.
Since it is true for any V and S that

A[V]+A[S] = A[V + S],

we have
A[VI+A[S] > A[V + S] > A[T,], (9.95)

because 7, is area-minimizing.

The first calculation of the difference between 7, and S. We extend E\ to all of
C(0, o) by setting

N N

SX) =5 (p(X) up (). (9.96)

Using the extension of S in (9.96) and noting that 7, = T holds || 7y ||-almost
everywhere, we get

A[T,]— A[S] = /A<?>d||To|| —fA@)duSn
Z/(Aﬁ)_(m(?), T ))dIT|
+/<DA<?), T )dIT,| —/A(?)dIISII
=/(A(?>—(DA<?>, T ))dIT, |

+/<DA(?), ?)dnTgu —/<DA(?), ?)dnsn, (9.97)

where we have also used (9.6) to conclude that A(E\) = < DA(E\), E\ >
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By (9.12) we have
A(T)—<DA(S),T)=§‘T—S‘. (9.98)
For integrands other than area, a Weierstrass condition would be used here instead of

(9.12). Recalling from (9.7) that we may also treat DA( S ) as a differential M-form,
we have

/(DA(?), ?>d||T<,|| —/<DA(?), ?>d||5|| = [T, — S](DA(?)).

(9.99)
Using (9.97), (9.98), and (9.99), we see that

AIT,] — A[S] = % f ‘ T-7% ‘zdIITGII T, — S](DA(?)). (9.100)

Use of the comparison surface and the second use of the minimality of 7. Since
(9.94) tells us that 9(V + S — T,,) = 0, we have

V+S§S~-T, =0R
for some (M + 1)-dimensional current R, so (see (9.3) for notation)
(V+S—T,) (dxM) — (OR) (dxM> =R (d dxM) —0.
Since (9.7) tells us that DA(eM) = dx™, we conclude that
(V+S—T,) <DA(eM)> —0.
Thus we have

1 N N2
AIT,1 — AIST = 5 /\ 75 [ai
+ (T, - 9) (m(?) - DA(eM>)

v (DA(eM)) . (9.101)
From(9.95), (9.100), and (9.101) we obtain
A[V] > A[T,] — A[S]

> [T -5 am
(T, —S)(DA(?)—DA(eM))

+ V(DA(M)). (9.102)
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By (9.90), we have A[V] = ||V||(RM*+1) < ¢}, E'*? and consequently also
‘ V(DA@EM)) ‘ <epEM
Thus we have

1 N N2
2o B = 2 /\ 75 [

(T, — S)( DA(S) — DA(eM)) . (9.103)

Estimating the second term on the right in (9.103). We wish to estimate the second
term on the right in (9.103) by an expression similar to the first term on the right. The
argument to obtain the desired estimate is sufficiently complicated that we state the
result as a separate claim.

Claim. There exist constants ci5 and cy¢ such that

‘ (T, — S)(DA(?) - DA(eM)) (

N 2
< s EM 42006 E? /‘ ST ‘ d|T, . (9.104)

Proof of the Claim. We recall that & is as in Lemma 9.2.2 with y = 1, and we
introduce
1) = GYEM LB (0,0)),

where Go(x) = (x, h(x)). By (9.24) of the Lipschitz approximation lemma, we have
170 — T,C0,0) < s E, (9.105)

becausey = 1, p = 1,and o < 1/8.
The estimate (9.92) gives us the bound |Du| < cy3 E’. Then, using (9.46), we
obtain

’ DA(S) — DA(eM) ‘ <2c EP. (9.106)

By (9.105) and (9.106) we have

( (T, — S)(DA(?) - DA(eM)) ‘
< ‘ (T - S)(DA(?) _ DA(eM)) ‘ n ‘ (T, — TQ)(DA(?) — DA(eM)> ‘

< ‘(T(Q—S)(DA(?)—DA(eM))‘+c4E- 213 E°. 9.107)
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Because S is the current defined by integrating over the graph of u, we apply
(9.39) with f = u to obtain

DA(S) — DA(M)

M
= (1+|Dul®)~'? <dxM + Z(Dxiu)dx7) —dxM . (9.108)

i=1

Because T(9 is the current defined by integration over the graph of &, we may apply
(9.36), (9.40), and (9.37), with f = h, and use (9.108) to find that

T(Q(DA(?) - DA(eM))

M
— / [(1 + |Du>H)~1? (1 +ZDx,.quih) - 1} dcM . (9.109)
BM(0,0)

i=1

Similarly, taking f = u, we obtain

S(DA(?) _ DA(eM))

M
=/ (1+ |Du®)~'/? 1+ZDxl.quiu —1|dcM. 9.110)
BM(0,0)

i=1

Combining (9.109) and (9.110), we find that

(10 — S)(DA(?) _ DA(eM))

M
=/ [(1 + |Du|>)~/? ZDxiqu[.(h —u)] acM. (9.111)
BM(0,0)

i=1

We will simplify the integrand in (9.111) so that we can use the fact that u is a
harmonic function. To this end we use (9.43) to bound

M
/ A+ 1Dul>)""* Y " Dyu Dy (h —u)y | dL
BM(0,0)

i=1

M
—/ |:ZDxiqui(h—u):|d£M
BM(0,0)

i=1

above by
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M

Z D.uD,.(h —u)

i=1

arcv

/ | Dul
BM(0,0)

5/ \Dul |Dul |D(h — )] dC”
BM (0.0)

5/ \Du| | Du| (th|+|Du|)dﬁM
BM(0,0)

</ |Du|3d£M+/ |Du| |Du| |Dh|d LM
BM(0,0) BM(0,0)
1
5[ |Du|3d£M+—/ |Du| <|Du|2+|Dh|2)ch
BM(0,0) 2 JBM©,0)

3
§—f |Du|(|Du|2+|Dh|2)d£M.
2 JBM©,0)

So, using the bound |Du| < cy3 E? from (9.92), we can write

(T2 — S)(DA(S ) — DA@EM)) = /
BM(0,0)

M
[ZDX,.qu,.(h —u):| dcM™ + R,
i=1

9.112)
where

|R| < (3/2) c13 E? / |Du|? + |Dh|2)d,cM. (9.113)

BM(0,0) (

The fact that u is harmonic will allow us to express the integrand

M
Z Dyu Dy, (h — u)

i=1

in (9.112) as the divergence of a vector field, and thereby allow us to use the Gauss—
Green theorem to replace the integral over the disk by an integral over the boundary
of the disk.

Set

M
w=(h —u)ZDx,.uei.
i=1
We compute

M

3
divw =) r[(h — u) Dy u]
iy O
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M

Dyu Dy, (h —u) 4+ (h — u) Z
i=1

8%u
Bxiz

0

Il
-

Dyu Dy (h—u).

o

I
_-

Applying the Gauss—Green theorem (Theorem 6.2.6), we obtain

/ divw dcM :f w-y dHMT,
BM(0,0) BM(0,0)

where 7 is the outward unit normal to 8B (0, o). Hence we conclude that

M
/ [ZDxiqu,(h—u):| ac
BM(0,0)

i=1

M
(h —u) D,.l,tn-dHM_l
/aIB%M(o,a) Z S

i=1

M
[IRRCE ) ST
2BM (0,0) =

where we use the boundary condition in (9.91) to replace u by gs in the last term.
Thus we have

(10 — S)(DA(?) _ DA(eM))

M
=/ ) (h —35) ZDx,,udeM‘1+R.
aBM (0,0) P

Now, using (9.92) to estimate |Du| < ci3 E?, (9.22) to estimate |h — gs| <
2¢, EVCM (9.83) to estimate |gs — 25| < E'T9, and (9.86) to estimate
HY = x € 0BY(0,0) ¢ g5(x) # h(x) | < e B,

and recalling that § = 1/(OM 2), we obtain the estimate

M
/BBM(O - 25) ) Dyun; dHM!
N

i=1

<

M
/BBM(O )(h &) Z Dty 1
Ned

i=1
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+

M
/BIB%M(O )(ga — %) Y Dyun; dHM!
Ked

i=1

<o EY ( / lh — gal dHM!
IBM (0,0)

+ / lgs — §3|dHM_1)
3IBM(O,a)

<3 E® (2C2E1/(2M) o EVAMO 4 E“”SMQM)

151/2

_ cm(zczc,oEﬁ’ +MQy E‘S> EF. (9.114)

Combining equation (9.112) with the estimates (9.113) and (9.114), we obtain the
estimate

‘ (T° - S)(DA( S)— DA(eM)> ‘
< e BV 4+ (3/2) ey B / (1Dul® + [ DhPydLM
BM((,0),0)

where we set c;7 = c13 (2cyc10 + M Q2 ), as we may since E < 1.
Next, noting that we have Lipu < 1 and Lip/ < 1, we apply Proposition 9.3.6
to conclude that

Dul + DR =4 (1S — M4 TP - eM2).
Assume now that the function 7 has been extended (as has S ) to all of C(0, o)

by defining ?(Q(X ) = ﬁ)[p (X), h(p (X))] at points where the right-hand side is

defined and T2(X) = eM otherwise. Using also the fact that the measure || 75 || is
larger than the measure LM we obtain

‘ (10— S)(DA(?) — DA(eM)) ‘

s B tecE? [ (15 - P T - MR ) alt,

with cj¢ =4 - (3/2) c13.
Since

5[ < (|5 T[T ) a5 T |7 )

we deduce that
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‘ (T° — S)(DA(?) - DA(eM)) ‘

N 2 N 2 N 2
+c16E“/(2‘ S — T‘ +2‘ T —eM‘ +‘ T;’—eM‘ )d||Tg||
148 5 N 2
— e EM 4 2¢6E ‘ S - T ‘ dIT, |
s - M |?
+2c6E /)T—e )d||T(,||
s e M |?
vaok [|T0- e[ aim)
14 s (1< 7
senEW 4200 B || =T | ity
s s B m|?
dcwE - E+ciE /( 7O —e ‘ d|T, . 9.115)

Using the fact that 7)Y and 7' are H™ -almost always simple unit M-vectors, we
note that

N 2
[|72-e"[air
N M2 _\0 M2 N M2
< [|7 - aimn+ ||| T -e"P—|T —e | |aizs )
_\O M2 SN M2
<2E+ HTU—e ‘—‘T—e ‘ ‘dlngH
52E+2/)(T£— T)~eM‘d||TU||

52E+2/’?,9—?‘d||ﬂ,||.

By (9.24), we have
ITY - T,]IC(0,0) < s E,
SO

/\ 70— T \dnTausaE,

and we conclude that
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N M 2
f) T —e ‘ AT, <2 +ci) E. 9.116)
Combining (9.107), (9.115), and (9.116), we obtain the estimate

) (T, — S)(DA(?) - DA(eM)) ’

N 2
<cis EVPP 42016 E /‘ ST ‘ AT,

with
cis=c4-2ci3+cirt+4cigt+cie-2(1+cq).

Thus the claim has been proved.

Combining the estimates. Combining (9.101) and (9.104), we obtain the estimate
N 2
(1/2—2c16E3)/’ S - T ’ AT, | <2cn EVF 4 cps EM.

So we have .,
/‘ S =T [T, < ey B, 9.117)
where c;g3 = 4 (2 ¢12 + ¢15), provided that
cie E® < 1/8 (9.118)
holds.

Considering candidates for 6. Consider an arbitrary 0 < 6 < o /4. We have

N N 2
/ T -S| ]
C(0,20)

IA

N 2 N N 2
2/ ‘T—S‘dl|T|I+2/ ‘S—S(O)‘dHTH
C(0,20) C(0,20)

IA

N — 2 N —_ 2
2/ ‘T—S‘ d||T||+2< sup (S—S(O)) )~||T||C(O,2«9).
C(0,20) C(0,20)

Now

1 N 2
nTmmaw—QM@mM=—/ | T e[ aITi < E
2 Jc,26)

(see (9.16)), so that
IT(IC(0,20) < Qu COHM + E < (1 + u2M) oM, (9.119)

provided that
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E <oM (9.120)
holds. Successively applying (9.41), (9.93), and Proposition 9.3.6, we see that

N N 2
sup ) S — S(O)‘ < sup |Du— Du(0)
C(0,20) C(0,20)

< c1492/ |Du|> dcM
BM(0,0)

— 2
§4c1402/‘ S —eM‘ dIT,1l.  (9.121)

Using (9.119) and (9.121), we then deduce, subject to (9.120), that

1

—_ —_ 2
3| T -Solan
C(0,20)

N — 2
<[ |-y
C(0,20)

N 2
+eno"? [|5 - e[y

N — 2
<[ |T-F[am
C(0,20)
M2 N 2 N M2
+2e100 /(\ ST +|T e[ )air

N 12
- <1+2c19>/| T -5 [ dIT i+ 4"k, 9.122)

where cj9 = 4 ¢4 - (1 + 2372M). Combining (9.122) and (9.117), we deduce that

1 N N 2
—/ ‘ T — S(O)’ AITI < (142¢10) - 218 EP 4 4o 0MP2E
2 Jcw,20)

SO
1 M N N 2 2
e ‘ T — 5(0)‘ AIT| < (1 +4c10) 0% E (9.123)
2 C(0,26)

holds, provided that
c16 ES < 1/8, E <6/, (14 2cro) c15 E® < 62. (9.124)

Note that (9.124) includes conditions (9.118) and (9.120).

Bounding the slope of the harmonic function at 0. By definition we have
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1 _ 2
—9—M/ ‘ T —eM‘ AT <0 ™E. (9.125)
2 C(0,26)

Using Q7 (2 NHM < ||IT|I[C(0, 20)], we can estimate
N 2
S@—M‘

SO 50—
ITIC0.20) Jeo.20

1 / N M 2
< — SO —e” | dIT|
Qu COM Jeo.20) ‘ )

N — 2 N 2
. M/ (|5@-T[+|7 -e[)air
Qup 2™ Jewo,20)

1 1

N — 2
< oz;0 " [ |So-T[an
Qu2M-2 2 C(0,26)

1 1 — 2
-0 M/ ‘T—eM‘dHTH.
Qu2 2 C(0,20)

By (9.123) and (9.125), we have

+

N 2
‘ S (0) —eM‘ <0 ME, (9.126)

provided that (9.124) holds, where we may set ¢y9 = 23-M Q;,Il (14 2c9).

Defining the isometry. It is easy to see that there exists a constant cp; such that
(9.126) implies the existence of a linear isometry j of R¥*+! with

</\Mj, S (0) > —e” and j—Igwoi > <cn6 ME. (9.127)

One way to construct such a j is to set v; = ( Du(0), e; ) fori = 1,2, ..., M. Then
apply the Gram—Schmidt orthogonalization procedure to the set

{vi,v2, ..., vp. eprpr}

to obtain the orthonormal basis {wy, wa, ..., wy41}. Finally, let j be the inverse of
the isometry represented by the matrix having the vectors w; as its columns.
Recall that Ty = T |_C(0, 1/2). By (H1) (see page 262), we have

sptaT < RM*T1\ C(, 1).

So we see that
dist(spt a7y, C(0,1/4)) =1/4.
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By Lemma 9.2.1 and the assumption that 0 € spt 7', we have

sup Iq (X)| <y EVEM) (9.128)
XeC(0,1/2)Nspt T

sospt a7y C B(0, 1/2 4 ¢4 EV/@M) By (9.127), we have
X —J) < (ca 07 E)'/Z - (1724 ¢y EVEM)
for x € sptdTy. Thus if
(1 O ME)2 . (1/24 c, EVOMDY < 1/4 (9.129)

holds, then we have
spt 8jsTo € RN \ C(0,1/4).

A similar argument shows that if
(0 ME)2 .0+, EVEMY <9 (9.130)

holds, then we have
spt To ()§~1C(0, 0) < C(0,26).

Selecting 0 and ¢, to complete the proof of the lemma. If we satisfy the conditions
(9.124), (9.129), and (9.130), then we obtain the estimates (9.123), (9.127), and
(9.128). Those estimates are

1 Y, — — 2 (9.123) 2
307 [T =Sl avaan e,
2 C(0,20)

. (9.127) _
Ij—Tguai > < en6ME,

(9.128)
sup lq(X)| < s EVCM,
XeC(0,1/2)Nspt T

We must choose 0 and €, so that the estimates (9.123), (9.127), and (9.128) will
imply that (9.76), (9.78), and (9.79) hold. Finally, we need to meet the conditions
(9.75) in the statement of the lemma and the condition (9.80) that allowed the use of
Lemmas 9.2.1 and 9.2.2. Thus a full set of conditions that, if satisfied, complete the
proof of the lemma is the following (of course, 6 and €, must be positive):

9.75)
< 1/8, (9.131)
(9.75)
€ < /9™
(9.80)
€y < €0,
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5 (9.124)
ccE’ =178,
9.124
E ( < ) QM ,
(9.124)
(l‘i'2019)C13E‘s < 92’
9.129
(167 B2 (1724 e EVEDY  CZ0
(c21 0~ EYY/2 (9 + ¢, EV/ M) ©.130) "
(9.128)=(9.76)
¢y EVGMD % < ’
(9.127)=(9.78)
C21 9_M E SO 2 9—2M E i (9132)
©.77)
9—2M E < 1/64 ’
5 ., 5009.123)=(9.79)
(1+4c9)0°E < 9.133)

We first choose and fix 0 < 6 such that (9.131), (9.132), and (9.133) hold. This
choice is clearly independent of the value of E and the choice of ¢,. Then we
select 0 < €, such that, assuming that £ < €, holds, the remaining conditions are
satisfied. m]

9.6 The Regularity Theorem

The next theorem gives us a flexible tool that we can use in proving regularity; the
proof of the theorem is based on iteratively applying Lemma 9.5.1.

Theorem 9.6.1. Let 0 and €, be as in Lemma 9.5.1. There exist constants ¢y and
¢23, depending only on M, with the following property:

If0 € sptT, if Ty = T LC(0, p/2), and if the hypotheses (H1-H5) (see page 262)
hold with

then
E(T,O,V)SCZQE(T,O, 10)’ for 0<r§pa (9134)

and there exists a linear isometry j of RM+1 such that

spt djzTo N C(0, p/4) =0,

Ij — Tpusill <4072M E(T, 0, p) <472, (9.135)

E(uTo, 0, 7) <cn-—E(T, 0, p) for 0<r<p/4. (9.136)
P
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Proof. Set jo = Igm+1. We will show inductively that, for g = 1,2, ..., there are
linear isometries j, of RM+1 such that, writing

Tq = jq#TO P
we have

sup lq(X)| <07 ' p/2 for q=>2, (9.137)
Xespt T,—1NC(0,07~1 p/4)

E(T,,0,07p) <O E(T,—1,0,09 ' p) for ¢=>2, (9.138)
i, —Jg_1l <0~ M@ V2 ECT, 0, p)!/2, (9.139)
E(T,, 0,07p) <01E(T, 0, p). (9.140)

Note that for ¢ = 2, 3, ..., (9.140) follows from (9.138) and from the instance
of (9.140) in which ¢ is replaced by g — 1. Thus we need only verify (9.140) for the
specific value ¢ = 1.

Start of induction on ¢ to prove (9.137)-(9.140). For ¢ = 1, conditions (9.137)
and (9.138) are vacuous, so we need only verify (9.139) and (9.140). Let j; be the
isometry whose existence is guaranteed by Lemma 9.5.1. Then the inequality (9.78)
gives us (9.139), and the inequality (9.79) gives us (9.140).

Inductive step. Now suppose that (9.137)—(9.140) hold for ¢g. We apply Lemma9.5.1
to T, with p replaced by 69 p. We may do so because Ty = j,470 is mass-minimizing.
Inequality (9.76) of Lemma 9.5.1 gives us (9.137) with g replaced by g + 1.

The isometry j whose existence is guaranteed by Lemma 9.5.1 satisfies

I — Igmar || < OM E(T,,0,090)' 7%, (9.141)
E(j#<Tq LC, qu/Z)), 0, 9‘1+‘p) <0 E(T,.0,07). (9.142)
By (9.140) and (9.141), we have
Ij — Tguill <0~M092 E(T, 0, p)'/2.
Setting j, .1 = j o j,, we obtain
g1 —Jg Il = 1G = Traen) 0y Il = i — Tgwa [| <0~ 692 E(T, 0, p)'/?,

which gives us (9.139) with g replaced by g + 1.
Since

j#(Tq [LC(0,6%p/2) ) LC(0, 87T p) = (j,T,)LC(0, 67 p),

we have
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E(Ty41, 0, 677" p)
= £(js(7,LC0.69p/2)), 0, 6071 p ) <0 E(T,, 0, 6%p),
which gives us (9.138) with g replaced by ¢ + 1. The inductive step has been
completed.

Next we show that j, has a well-defined limit as ¢ — oo. For @ > ¢ > 0, we
estimate

0+1 00
lig —dgIl < D ligs1 =gl =07 > 0% E(Tp,0, p)'/?
S=q s=q

1
— gla/n-M E(Tp, 0, p)1/2 . m < 29@/2-M E(Ty, 0, p)l/z'

Thus the j, form a Cauchy sequence in the mapping-norm topology. We set

i=Jim i,
and conclude that
i — g1 < 46972M E(Ty,0, p) < 1/16 (9.143)

holds for 0 < q.

Recall Corollary 9.1.7, which tells us how the excess is affected by an isome-
try. Using (9.143) together with (9.137), (9.139), and (9.140), we see that with an
appropriate choice of ¢4,

E(j3T0,0,09p) < c24 07 E(T0, 0, p) (9.144)

holds for each ¢ > 1. Using (9.144) together with (9.76) and (9.143) with ¢ = 0, we
see that, with an appropriate choice of c;s,

E(j3T0,0,7) < ¢25 (r/p) E(T0, 0, p)

holds for 0 < r < p/4, proving (9.136). Finally, we see that (9.134) follows from
(9.76), (9.136), (9.137), and (9.143), again with ¢ = 0. O

We are now ready to state and prove the regularity theorem.

Theorem 9.6.2 (Regularity). There exist constants
0<er, 0 < ¢y < 00,

depending only on M, with the following property:
If the hypotheses (H1-HS) (see page 262) hold with

€ =€1,
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then spt T N C(y, p/4) is the graph of a C' function u. Moreover, u satisfies the
following Holder condition with exponent 1/2:

sup || Dull + p'/? sup lx — 2|72 | Du(x) — Du(2)||
BM(y,p/4) x,z2€BM (y,p/4),x#2

1/2
< 026<E(T, v, p)) . (9.145)

Remark 9.6.3.

(1) Once (9.145) is established, the higher regularity theory applies to show that u
is in fact real analytic. The treatise [Mor 66] is the standard reference for the
higher regularity theory including the results for systems of equations needed
when surfaces of higher codimension are considered.

(2) By the constancy theorem, the regularity theorem implies immediately that

TLC(y,p/4) = G#<EMLBM()),,0/4)), where G is the mapping x +—>
(x, u(x)).

Proof. We set
€ = min{GZM €y, M c(:ZM c{zl

)

where 6 and €, are as in Lemma 9.5.1, ¢y is as in (9.134) in Theorem 9.6.1, and c¢¢
is as in (9.32) in the proof of Lemma 9.2.2.

In (9.75) in the statement of Lemma 9.5.1, we required that 0 < 6 < 1/8 and that
0 < €, < (0/4)*M Thus we have €] < €,/2M,s0 E(T, y, p) < € implies that
E(T, z, p/2) < €, foreach z € BM(y, p/2). Therefore, after translating the origin
and replacing p by p/2, we can apply Theorem 9.6.1 to conclude that

E(T, z,7r) <cn E(T, z, p/2) <2M e E(T, y, p) (9.146)

holds for 0 < r < p/2 and z € BM(y, p/2). Theorem 9.6.1 also tells us that

. r
E(juTz, z,r) < co3- FyE E(T, z, p/2)
<2M e E(T, v, p) (9.147)

holds for 0 < r < p/8, where T, = TLC(y, p/4). It also says that j, is an
isometry of RM+1 with spt 0j,41T:NC(z, p/8) =1, j,(z, w) = (z, w) for some point
(z, w) € spt T, and

IDj, — Xgus || <467M E(T, 2, p/2) <472, (9.148)

In (9.80) of the proof of Lemma 9.5.1 we required that €, < €p, where € is as in
Lemma 9.2.1. Thus we also have €] < €g. Now we look in detail at the construction
in the proof of Lemma 9.2.2 with y = 1. In particular, when the choice

—2M
n==cg
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is made in (9.34), we guarantee that n = ¢ m

27M M holds, (9.146) implies that

is strictly less than €p. Since €] <

E(T,z,r)<c;*M=n

holds for 0 < r < p/2 and 7 € IB%M(y, p/2). Thus the set A defined in (9.28)
contains all of BM(y, p/2). We conclude that there exists a Lipschitz function g :
BM(y, p/4) — R such that

Lipg <1, (9.149)
TLC(, p/4) = Gy EY LBY (v, p/4) ). (9.150)
with G : BM (y, p/4) — C(y, p/4) defined by G(x) = (x, g(x)).

If L, : RM — R denotes the linear map whose graph is mapped to RY x {0} by
Dj, then estimates (9.147), (9.148), (9.149) and equation (9.150) imply that

rM / IDg — L 1?dLM < ¢y (r/p) E(T, y, p) (9.151)
BM (z,r)

holds for 0 < r < p/8 and z € BM(y, p/4), where c,7 is an appropriate constant.
We will apply (9.151) with z1, z2 € B (y, p/4) and with r = |z; — 22| < p/8.
Setting z, = (z1 +z2)/2 and B = BM (z1,r) N BM (25, r), we estimate

Qu (/M ||Ly, — Lo, |I* < / IL;, — Lo, |*dc
B
<2 [ (IDLo = DgIP +1Dg = Lo P) dc”
B
<2 / IDL., — Dgl?dLM
BM(zy,r)

+2 f IDg — L,||>dcM
BM(z5,r)

<2rMexn (r/p) E(T, y, p).
Thus we have
1Lz, = Loy I < 2Y%1 Q0 e (121 = 221/p) E(T, 3, p).
Since (9.151) also implies that
Dg(z) =L

holds for £M -almost all z € BM (v, p/4), we conclude that
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IDg(z1) — Dg(z)ll < cas (|21 — 221/p) > E(T, y, p)'/? (9.152)
holds for £M-almost all z;, z2 € BM (y, p/4), where we set

—1/2 1/2
Cop = 2MHD/2 Q12 U2

Since g is Lipschitz, we conclude that g is C! in BM(y, p/4), that (9.152) holds for
all z1, zo € BM(y, p/4), and that (9.145) follows from (9.148) and (9.152) when we
setu = g. [}

9.7 Epilogue

In our exposition of the regularity results, we made the simplifying assumptions
that the current being studied was of codimension one and that it minimized the
integral of the area integrand. Relaxing these assumptions introduces notational and
technical complexity and requires deeper results to obtain bounds for solutions of the
appropriate partial differential equation or system of partial differential equations.
Nonetheless the proof of the regularity theorem goes through—as Schoen and Simon
showed.

What is affected fundamentally by relaxing the assumptions is the applicability of
the regularity theorem and the further results that can be proved. It is the hypothesis
(H3) that causes the most difficulty in applying Theorem 9.6.2.

Because we have limited our attention to the codimension-one case, we have
Theorem 7.5.5 available to decompose a mass-minimizing current into a sum of
mass-minimizing currents each of which is the boundary of the current associated
with a set of locally finite perimeter. Thus we have proved the following theorem.

Theorem 9.7.1. If T is a mass-minimizing, integer-multiplicity current of dimension
M in RM*1 then, for HM -almost every a € spt T \ spt 3T, there is r > 0 such that
B(a, r) (\sptT is the graph of a C! function.

The more general form of the regularity theoremin [SS 82] extends Theorem 9.7.1
to currents minimizing the integral of smooth elliptic integrands and, in higher codi-
mensions, yields a set of regular points that is dense, though not necessarily of full
measure.

Suppose that T is an M-dimensional, integer-multiplicity current in RY, and
suppose that 7 minimizes the integral of a smooth M-dimensional elliptic integrand
F. Let us denote the set of regular points of the current 7 by reg 7' and the set of
singular points of 7' by sing 7. More precisely, reg T is defined by

regT = (sptT \ sptaT)
N{a : 3r > 0 such that B(a, r) () spt T is the graph of a C! function}

and
singT =spt T \ (sptdT (JregT) .
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Table 9.1. Interior regularity of minimizing currents.

F=A F#A
N — M = 1|dimgy (singT) < M —7 HM=2(sing T) = 0
[Fed 70] [SSA77]

N — M > 2|dimyy (singT) < M —2|reg T is dense in spt T \ spt 9T

[Alm 00] [Alm 68]

Table 9.1 summarizes what is known about reg 7" and sing 7' (and gives a reference
for each result). In the table, A denotes the M-dimensional area integrand.

One can also consider the question of what happens near points of spt a7, that
is, boundary regularity as opposed to the interior regularity considered above. The
earliest results in the context of geometric measure theory are in William K. Allard’s
work [All 68], [All 75]. Allard’s results focus on the area integrand. Robert M. Hardt
considered more general integrands in [Har 77]. For area-minimizing hypersurfaces,
the definitive result is that of Hardt and Simon [HS 79], which tells us that if 97
is associated with a C? submanifold, then, near every point of spt 37, the set spt T’
is a C! embedded submanifold-with-boundary. More recently, Frank Duzaar and
Klaus Steffen (see [DS 02]) have given a unified argument applicable to the interior
and boundary regularity of currents that “almost’ locally minimize the integral of a
general elliptic integrand.

Regularity theory is not a finished subject. The finer structure of the singular
set is not generally known (2-dimensional area-minimizing currents are an important
exception—see [Cha 88]), so understanding the singular set remains a challenge.
Also, techniques created to answer questions about surfaces that minimize integrals
of elliptic integrands have found applicability in other areas, for instance, to systems of
partial differential equations (e.g., [Eva 86]), mean curvature flows (e.g., [Whe 05]),
and harmonic maps (e.g., [Whe 97]). The future will surely see more progress.






Appendix

A.1 Transfinite Induction

We provide a sketch of transfinite induction over the smallest uncountable ordinal.
Since we use transfinite induction only for the specific purpose of constructing the
Borel sets, we have kept the discussion here minimal. The reader interested in a more
complete discussion should see [Hal 74, Sections 17-19].

Definition A.1.1. A relation < on a set Z is a well-ordering if

(1) for x, y € Z exactly one of x < y, y < x, and x = y holds,

(2)forx,y,ze Z,x <yandy < zimply x < z,

(3) if A € Zis nonempty, then there existsa € A suchthata < x holdsforallx € A
with x # a; in this case, we call a the least element of A and write a = min A.

Recall the well-ordering principle (see for instance [Fol 84] or [Roy 88]).
Theorem A.1.2 (Well-Ordering Principle). Every set can be well-ordered.

Now choose any uncountable set Z, and let it be well-ordered by the relation <.
Every nonempty set has a least element. In particular, the entire well-ordered set will
have a least element: Let 1 denote that least element of Z, so 1 = min Z. Now
that 1 has been defined, we can write 2 = min (Z \ {1}). Of course, this process can
be continued by using induction over the positive integers. Below we will describe
induction over an ordered set of cardinality strictly larger than the cardinality of the
integers.

The set of predecessors of o € Zis{z € Z:z < a }. We would like to consider
the minimum of the set

A:{er:{zeZ:z<x}isuncountable}.

At the moment we cannot guarantee that this set is nonempty. If A happens to be
empty, change the name of Z to Z and let the new Z be Z = ZU{x*}, where x* ¢ Z.
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Extend the ordering < from ZtoZ by requiring that x < x* hold for every x € Z.
With these changes, Z will still be well-ordered and A will be nonempty.

Let w; be the least element of Z for which the set of predecessors is uncountable;
that is,

w1 =min{x eZ:{zeZ:z <x}isuncountable}.
By Definition A.1.1(3), we have
{z € Z : 7 < w1} is uncountable. (A.1)

The next lemma describes induction over wj. This is an instance of transfinite induc-
tion.

Lemma A.1.3 (Transfinite Induction over w;). Suppose that P («) is a statement
that is either true or false depending on the choice of the parameter ¢ < w1. If

(1) P(1) is true and
(2) for a < w1, P(@) is true whenever P (B) is true for all B < «,

then P (@) is true for all o < wy.

Proof. f A ={a:a < wy, P(a) is false } were nonempty, then @ = min A would
exist. Note that by (1), & cannot equal 1. Then by (2), & cannot be any other element
of {z € Z: z < w1}, and we have reached a contradiction. O

The next lemma tells us that we cannot traverse @ in countably many steps.
Thus there is an essential difference between induction over the positive integers and
induction over w;. In the construction of the Borel sets, this lemma allows us to
conclude that induction over w is sufficient to construct all the Borel sets; that is, no
new sets would be constructed if we continued the inductive construction beyond w;.

LemmaA.14. If o1, a2, ... is a sequence in Z and if «; < w1 holds for eachi =
1,2, ..., then there is «* with o«* < w| and a; < ™ forall i.

Proof. Since o; < w1, the set of predecessors of «; is countable. Thus the set

o0
A:{ai:i=1,2,...}UU{er:x<a,~}

i=1

is a countable union of countable sets and hence is countable.
By (A.1), {z € Z: z < w1} is uncountable, while A is merely countable, so there
exists

a*e{z:z<wi}\A.

For each i, o™ is unequal to «; and is not a predecessor of «;, S0 &; < «* must hold.
Thus o™ is as required. O



A.2 Dual Spaces 313

A.2 Dual Spaces

Throughout this section we let V be a vector space over the real numbers.

Definition A.2.1. The dual space of V, denoted by V*, is the set of real-valued
linear functions on V together with the operations of scalar multiplication and vector
addition defined, for @ € R and &, n € V*, by setting

(@&)(v) = a(§(v)), forveV,
E+n =EW)+ M), forveV.

With these operations, V* forms a vector space in its own right.

Remark A.2.2.

(1) The elements of the dual space V* are often called functionals, providing a briefer
way to say “real-valued linear functions.” Elements of V* are also called dual
vectors or covectors.

(2) Our emphasis in this section will be algebraic. On the other hand, if the vector
space V is endowed with a topology and if the vector space operations are con-
tinuous with respect to that topology, then V is called a ropological vector space.
It then makes sense to consider the continuous linear functionals on V. The set
of continuous linear functionals is denoted by V’ and it forms a subspace of V*.
The continuous linear functionals are the object of study in functional analysis.

Notation A.2.3. Because of the way the vector space operations are defined in V*,
the expression

£(v),

where & € V*, v € V, is linear in both & and v. The symmetry of this situation is
better emphasized by writing

(. v)=8m.

The bilinear function (&, v) is called the dual pairing.

Example A.2.4. When R" is viewed as a vector space, its elements are typically
represented by column vectors:

XN
Elements of the dual space (R")* are represented by row vectors:

E=E & ... &v).

With these notational conventions the dual pairing is expressed as
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X1
X2

Ex)=E& ... | . | (A.2)
XN

where the operation on the right-hand side of (A.2) is ordinary matrix multiplication.
Equation (A.2) justifies our convention of writing the element of the dual space on
the left in the dual pairing. This convention is not followed universally, since some
authors put the dual space element on the right. O

Definition A.2.5. Suppose a basis for V has been selected:
B = {ba}aea

where A is some index set. For each b, we define b} € V* by setting

1, ifa’ =a,

i bay =1

0, ifa’ # a,

for basis elements b, and extending by linearity to all of V. The mapping
by —> b}

can in turn be extended from B to all of V by linearity, thus defining a mapping
in:V—> V™~

Remark A.2.6. We will see in Corollary A.2.9 that when V is finite-dimensional, the
set of {b}},ca forms a basis for V* called the “dual basis.”

Lemma A.2.7. The map i : V — V* is one-to-one.

Proof. Suppose ip(v) = 0. Write v = Z?‘:l ajb,; as we may since B is a basis for
V. By linearity

n
iB() =Y a;igba)
j=1
holds, so for any jo € {1, 2, ..., n}, we have

0 = (i5). bay)

n
= Zaj <b2j’ b“jo)
j=1
= &j -
Thus we have o] = ap = --- = «,, = 0 and consequently v = 0. O

Lemma A.2.8. The map iz : V — V* is an isomorphism if and only if V is finite-
dimensional.
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Proof. By Lemma A.2.7, we need to show that ig is surjective if and only if V is
finite-dimensional.
First suppose V is infinite-dimensional. We define X € V* by setting

n n
<X, Zafbaj> = ZO{/’.
j=1 j=1

We cannot express X as a finite linear combination of the functionals b, so X is not
in the range of iz (one can write X formally as an infinite linear combination of b,
namely as X = ), .z b}, because whenever X is evaluated on v € V only finitely
many of the summands will be nonzero).

Now suppose that V' is finite-dimensional. We can write
B={by,ba,...,bn}.

Letting £ € V* be arbitrary, we see by linearity that

N
§=) (6 bi)b}. o
i=1

From the proof of Lemma A.2.8 we obtain the following corollary.

Corollary A.2.9. If V is finite-dimensional with basis B = {by, ba, ...,by}, then
B* = (b}, b}, ..., bN} is a basis for V* called the dual basis.

Remark A.2.10. As was noted in Section 6.1, for the special case of RY with coor-
dinates x1, x2, ..., xy and standard basis e, e, ..., ey, itis traditional to write dx;
to denote the dual of e;; that is,

dxize;", fori=1,2,...,N. (A.3)
The reason for this notation is made clear in Section A.3.

Remark A.2.11. One can consider the dual space of V*, denoted by V**. Itis always
possible to embed V into V** using the mapping Z : V — V** defined by setting

(Z(v), &) = (5. v),

forv € Vand & € V* If V is finite-dimensional with basis B and dual basis
BB*, then one checks that Z = ig+ o ig. Thus by Lemma A.2.8, we see that if V is
finite-dimensional, then 7T is an isomorphism. Because the natural embedding 7 is
an isomorphism when V is finite-dimensional, it is common in the finite-dimensional
case to identify V and V**.
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The Dual of an Inner Product Space

In this subsection, we assume that V also has the structure of an inner product space
and let the inner product of x, y € V be denoted by x - y. In this case, every element
x € V defines a corresponding element &, € V* by setting

(Ex, y)=x-y.

The mapping x —— &, is one-to-one because (§,, x) = x - x = 0 if and only if
x=0.

Remark A.2.12. If V has the orthonormal basis 3, then the mapping ig is the same
as the mapping x ——> &,

Lemma A.2.13. If V is a finite-dimensional inner product space, then the mapping
X +—> &, is an isomorphism of V onto V*.

Proof. If V is finite-dimensional, then V* is also finite-dimensional and dim V =
dim V*. Since the mapping x — & is one-to-one, its image must have the same
dimension as its domain, thus it maps onto V*. O

Lemma A.2.13 gives us a natural way to define an inner product on the dual of a
finite-dimensional inner product space, which we do in the next definition.

Definition A.2.14. If V is a finite-dimensional inner product space, then the dual
inner product on V* is defined by requiring the mapping x —— &, to be an isom-
etry. Equivalently, if 3 is an orthonormal basis for V, then we decree 5* to be an
orthonormal basis for V*.

Remark A.2.15. Even with the extra structure of an inner product on V, if V is
infinite-dimensional, then V and V* are not isomorphic. What is true is that if V is
given the metric topology derived from the inner product and if V is complete in that
metric, then V is isomorphic to the vector space V' of continuous linear functionals (a
result known as the Riesz representation theorem). Such a space V, namely, an inner
product space that forms a complete metric space when endowed with the metric
derived from the inner product, is called a Hilbert space. A pertinent reference is
[Con 90].

A.3 Line Integrals

In a course on vector calculus, a student will learn about line integrals along a curve
in Euclidean space, first in R? and then more generally in R3, or perhaps even in RV
Such an introduction typically will involve two types of line integral, one being the
integral with respect to arc length
f fds
C

and the second being the the integral of a differential form
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/ fdx+gdy+hdz.
C

The vector calculus definition of a line integral is operational.

Definition A.3.1. If the curve C is parametrized by the smooth function y : [a, b] —
RN, then the integral with respect to arc length of the function f over the curve C is
given by

b
/Cfds :=/ Fly 11y @) dt.

If we suppose the component functions of C are yy, y», . .., and yn, then the integral
of the differential form fi1dx; + fadxa+---+ fy dxy over the curve C is given by

b
/Cfl dxi + frdx> +---+ fydxy :=/ (Zfil Jily ()] y/(t)) dr. (A4)

a

The mnemonic for the latter definition is that the component functions could be
written

xi1(t), x2(1), ..., xn(1),
inspiring the mechanical calculations
dx) = x{(t)dt, dxy = x5(@t)dt, ..., dxy = x(1)drt.
The operational definition of the line integral of a differential form leaves unan-
swered the question of what a differential form is. To answer that question, recall that
if RY has coordinates x1, xa, . .., x5 and has the standard basis ej, ez, . .., ey, then

dxy,dxo, ...,dxy are dual to ey, ey, . . ., ey, respectively. So for any fixed point in
the domain of f1, f2,..., fn,

fidxi + fodxo+ -+ fydxn

is an element of the dual space of R In light of this interpretation of the differential
form, the integrand on the right-hand side of (A.4),

YL fily 017/ @),
is the dual pairing of
fidxi + fodxy 4+ -+ fndxn
against the velocity vector of the curve

viyer+yt e+ -+ yyey.
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Exterior Differentiation

The fundamental theorem of calculus tells us that integration and differentiation of
functions can be thought of as inverse operations. We might wonder whether the line

integral is also inverse to some type of differentiation. Indeed, “exterior differentia-
tion,” which we define next, plays that role.

Definition A.3.2. Suppose that U € R" is open. If F : U — R is differentiable,
then the exterior derivative of F, denoted by d F, is the differential form defined by

oF oF oF
dF = —dx1+ —dxo+ -+ —dxy . (A.5)
0x1 0x2 oxy

Example A.3.3. Fix i € {1,2,..., N}. Suppose F : RN — R is defined by setting
F(xi,x2,...,xn) = X; . (A.6)

We compute

dF = dx,‘ . (A~7)

The function F' defined by (A.6) is often denoted by x;. If we were to use that notation
then (A.7) would become the tautology “dx; = dx;.” O

The next theorem shows us that the line integral is indeed the inverse operation
to exterior differentiation, justifying the use of the notation “d F.”

Theorem A.3.4. If U € RY is open, F : U — R is continuously differentiable, and
C C U is a curve with initial point po and terminal point p1, then

/CdF — F(p1) — F(po).

Proof. Suppose C is parametrized by the smooth function y : [a, b] — RY. Then
the initial point of the curve is pg = y(a) and the terminal point of the curve is
p1=y(b).

Consider the function ¢ : R — R defined by ¢ (t) = F[y(¢)]. The fundamental
theorem of calculus tells us that

b
/ ¢’y dt = (b) — dp(a) = F(p1) — F(po).

On the other hand, the chain rule and (A.4) tell us that
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b braF IF aF
/¢>(t)dt=/ (—yl<r)+—yz(r>+~~+8—yN<r>)dr=de. !
a a XN C

3)61 8)62

A.4 Pullbacks and Exterior Derivatives

Theorem 6.2.9 tells us that for differential forms, the operations of pullback and
exterior differentiation commute. In this section, we give an alternative proof of that
theorem. The proof given here hinges on the fact that the order of differentiation does
not matter in a second derivative of a C? function.

We will need to develop a new expression for the exterior derivative.

Definition A.4.1. Suppose that the differential m-form ¢ : U — A" (RV) is given
andis C'. For any vector v € RN the directional derivative of ¢ in the direction v is
the m-form, denoted by D, ¢, that when applied to the m vectors vy, va, ..., vy € RN
at the point p is defined by setting

<(DU¢)(p)>, VIAUIA - A vm>

— lim (d(p+1v), Vi AVIZA - AVpy) —(P(P), VI AVIA -+ AUp)
t—0 t .

(A.8)

To obtain an (m + 1)-form by differentiating ¢, we need to modify the directional
derivative so as to make it an alternating function of m + 1 vectors. The standard way
to convert a multilinear function into an alternating multilinear function is to average
the alternating sum over all permutations of the arguments. Since the underlying
m-form ¢ is already alternating in its m arguments, the required alternating sum
simplifies to the following:

m+1
%ﬂ S EDTH(Dud ) v A A v AV A A ) - (A9)
i=1

Expressions such as v A -+ A vi_1 A Vj+1 A --- A Upy1 occur with enough
frequency that it is useful to have a special notation for them.

Notation A.4.2. Given vectors vy, vy, ..., Uy, We set

VIA AV A AV =V A= AVj_1 AVjp1 A=+ Ay, (A.10)
vl/\~-~/\7)7/\-~-/\ﬁ;‘/\--~/\vg
=UVIA AV AVHI A AV AVjpl A A Vg (A.11)

Of course, we would like to see that the expression in (A.9) agrees with the exterior
derivative as previously defined. That is the content of Proposition A.4.3.

Proposition A.4.3. Suppose that the differential m-form ¢ : U — N\™ (RV) is given
and is C1. Then, for any set of m + 1 vectors vy, va, ..., Uy4] € RN, we have
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dd(p), VI AVIA - AUy A Upps1)

1 m+1

i ;(—1)i+1<(Dvi¢(p)), vl /\~-'/\'v7/\~-'/\vm+1>. (A.12)

Proof. The result is easily verified by checking that it is true when the v; are all
chosen to be standard basis vectors. O

Theorem A.4.4. Suppose that U € RY is open and F : U — RM is C?. Fix a point
p € U. If the differential m-form ¢ is defined and C" in a neighborhood of F (p),

then d (F#q)) = F*# (dq)) holds at p.

Proof. Fix vectors u, vy, v2, ..., Uy € RN, We do a preliminary calculation of the
directional derivative in the direction u of ¢* F applied to the m-vector v; A va A
-+ A vp. Writing w = D, F, we obtain

(Dy(F*$), v1 Ava A=+ A vy)

— llm <(F#¢)(p+tu), V1 A A Um) _ ((F#d))(p), V] N /\‘Um>
t—0 ¢

= lim [ (¢ 0 F(p+1u). Doy F(p+tu) A-- A Dy, F(p +1u)
—

—($ o F(p). Dy F(p) A~ A Dy F(p)) | [t

= (DudlF(p)l. DyyF ADyF A~ A Dy, F)
+(poF, DDy FAD,FA---AD, F)
+ (¢ o F, Dy F AD,DyFA---AD, F)
+ -4 (poF.DyF AD,FA---AD,D,,F).

Now fix vectors vy, v2, ..., Up+1 € RY. Writing w; = D, F and using (A.12),
we see that

(m + 1)<d(F#¢), V] /\vz/\~~-/\vm+1>

m+1
=Y (=1)UD, (F*). vi Ao  ATT A Avg)

i=1

m+1
=Y (=D"*NYDw,¢lF(p)]. Dy F A+ ADyF A+ AD

i=1

F)

Um+1
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m+1 l—l
+ Z(_l)t-‘rl(
i=1 j=1
Dy F A- --/\DvivaF/\-~-/\D/vl.\F/\~--/\Dvm+|F>
m—+1 /\
+ ) <¢oF,DUIFA~-~ADU,,FA---ADU,.DUI.FA~-~ADUMF>).
j=i+1

Again using (A.12), we have

m+1

D (=D FUDY GIF ()], Dy F A+

i=1

= (m+ 1) (do¢[F(p)], Dy, F A ---

= (m+1)<F#<d¢>,v1/\v2/\...

Also we have
m—+1

Z( ])Z-H

m—+1

+ ) (¢

j=i+l

|
—

i

s

S entfpor,

1

Ly

DUiD,,J.F/\DUIF/\m

m+1 m+1

+3 > o go R,

i=1 j=i+l

Dy, Dy F ADyFA---ADyF A A

m+1

2

1<j<i<m+l

()i {goF,

Dy, Dy,F ADy F A---

m—+1

> 0 gor,

I<i<j<m+1

+

(Z(qsoF DyFA---ADyDyFA--ADyFA---AD

—_—
ADy,F A A

—_—
ADy FA---A

—

ADyFN---ND

Um+1 F>

AND F)

Um+1

AN Um+1> .

F)

Um+1

oF,DU]F/\~-~/\D/Ul.\F/\-~-/\DviDUjF/\~-~/\Dvm+|F))

—

Dv-F/\"’

i

A Dvm+l F)

A Dvm+l F>

—

DU_F/\...

i

/\Dvm-HF)

321
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Dy, Dy F ADy FA---ADyFA---ADyFA---

=0,

where the last equality follows from the fact that D, i Dy, F = D,,D, i F, that is, from
the fact that the order of differentiation can be interchanged. O
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product, 178, 183

regularity, 309

invariant
integral, 78
metric, 83

isoperimetric inequality, 222

Jacobian
K -dimensional, 127
matrix, 3

kth differential, 5

LP
functions, 20
-norm, 20

least element, 311

Lebesgue
decomposition, 112
differentiation theorem, 96
integrable function, 16

Index

measure, 10
space, 20
Lipschitz
approximation lemma, 265
constant, 66
function, 66
of order §, 273
local
bounded variation, 151
-ly finite perimeter, 199
lower
density of u at p, 62
derivate, 109
p-integral, 19
Luzin’s theorem, 13

m
-linear, 159
-vectors in RN ,23
Mandelbrot set, 69
mapping norm, 4
mass, 181
-minimizing, 244, 259
maximal function, 94, 234
for a measure, 122
MBY, 232
function, 232
measure, 6
Cartesian product, 21
regular, 7
metric

-space-valued functions of bounded

variation, 232
flat, 242
Minkowski’s inequality, 20
mollifier, 152, 185
monotone Daniell integral, 78
Morse—Sard—Federer theorem, 133
"
-almost
functions, 12
sets, 12
every, 12
everywhere, 12
-integrable, 16
-integral, 15
-measurable, 6
function, 12
multi-index, 2
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multilinear, 159
multiplicity, 196

of faty, 65
mutually singular, 112

N-dimensional Lebesgue measure, 22
negative part, 14

norm, 1

nucleus, 44

open
ball, 1
covering, 91
set, 2
operation (A), Suslin’s, 44
operator norm, 174
orientation, 196
function, 181
oriented boundary, 171
orthogonal
group, 77
injection, 57
projection, 57
outer measure, 7
outward unit normal vector, 169

p
-integrable functions, 20

-vector field, 178
parametric integrand, 245
partial derivative of a distribution, 176
partition, 64
perimeter, 199
Poincaré¢ inequality, 155, 156
Poisson kernel, 274
polar decomposition, 128
polyhedral approximation theorem, 223
positive
Daniell integral, 78
integrand, 246
orientation, 165
part, 14
predecessors, 311
pullback of an m-form, 170
pushforward
measure, 86
of a current, 190
Pythagorean theorem, generalized, 27

Rademacher’s theorem, 134

Radon measure, 8
Radon—Nikodym theorem, 112
real analytic, 2
rectifiable set, 148
reduced boundary, 199
refinement of a covering, 91
regular

-ity theorem, 305

-ly embedded C! submanifold, 143

measure, 7
relative

differentiability, 144

differential, 144

gradient, 144

Jacobian, K -dimensional, 144
representable by integration, 181
restriction of a measure, 63
Riemann-Stieltjes integration, 64
Riesz—Fischer theorem, 20

Riesz representation theorem, 116, 151, 180,

316
rotated coordinates, 29

Sard’s theorem, 133
semielliptic integrand, 247
o

-algebra, 6

-finite, 21
simple

covectors, 161

function, 14

m-vector, 23
slice of a current, 205, 208
smooth

function, 2

ing a current, 186

-ness, 2
special orthogonal group, 77
spherical measure, 56
square integrable function, 20
standard

basis, 1

dual, 160

dual basis, 160

inner product on A\ ,, (RM), 25
star-shaped, 195
Steiner symmetrization, 38
Stokes’s theorem, 166, 172
subcovering, 91



sublinear, 94
submanifold, 143
support, 2

of a distribution, 175
Suslin

operation (A), 44

sets, 8, 44

generated by M, 44

tangent space to a submanifold, 144
Tonelli’s theorem, 22
topological
group, 77
vector space, 313
total variation measure, 232
of a current, 181
transfinite induction, 312

uniformly distributed measure, 83
upper

Index

density of u at p, 62
derivate, 109
p-integral, 19

valence of a covering, 91
Vitali covering theorem, 93

weak
-% topology, 174, 175
topology, 174, 175
-x, 174, 175
type
00, 95
p, 95
(p, p), 95
wedge product, 25
Weierstrass condition, 259
well-ordering, 311
Whitney extension theorem, 136
Wiener covering lemma, 92
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